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NOTATION

Throughout the notes, we will use the following notation:

(1)
(2)

()
(6)

For N € Z>, the space of N times continuously differentiable functions with support
in K C R" is denoted by CY(K).

For an open set 2 C R", denote by C*°(Q2) the space of smooth (infinitely differen-
tiable) functions on €; by Cg°(Q2) the space of compactly supported smooth functions.
Similarly C™(£2) denotes the space of N-times continuously differentiable functions
on ).

Given a multi-index o = (ay,... ,a,) € (Zx0)", denote |a| = Y1, a; and 0% =
Ao Write D* := (—i)lelge.

S < L —
Ozt 0z

For p > 1 and Q C R" open, denote by LP(2) the Banach space of LP-integrable
functions with the norm ||¢[|7, = [, [¢[P(x)dz. If p = oo, denote by L>(Q2) the Banach
space of bounded (up to measure zero) functions with the norm ||¢|| = = sup,cq |¢|.
Denote by L} (2) and L2 (€2) the larger spaces of functions that are L and L> over

any compact set K C €2, respectively.
Denote N :=Z~; = {1,2,...} the set of natural numbers. Ny :=Z>o = {0,1,2,...}.

For z € R™ and p > 0, B(z, p) denotes the open Euclidean ball of radius p centred at
x.
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1. SUMMARY: LoCALLY CONVEX SPACES, DISTRIBUTION THEORY, FOURIER ANALYSIS

Distribution theory makes sense of the ad-hoc constructions coming from physics and
provides a framework to study partial differential equations (PDEs). For example, the Dirac
delta 0y is the distribution that makes sense of the following, for all f € C*°(R")

| e @yt = 110)

Aim: define the space of distributions containing objects such as §(z), as the dual space to
Ce°(R™) with suitable topology, with built-in differentiability properties defined by duality.

1.1. Topological vector spaces. In what follows, all vectors spaces will be assumed to be
complex for definiteness (and the case of real vector spaces follows with obvious changes). A
topological vector space X is a vector space equipped with a topology in which multiplication
with a scalar

CxX>3(cz)—>crelX, XxXs(@xyr—ar+tyeX (1.1)

are continuous operations. In fact, since translation is continuous, to specify a topology on
X it is enough to specify a base of neighbourhoods at zero.

Moreover, a topological vector space X is called locally convex if there is a base of neigh-
bourhoods at zero consisting of sets which are absorbing, balanced, and convex. A set U C X
is called absorbing, if for all z € X there is a t > 0 with z € tU = {ty | y € U}; balanced
if cx € U for all z € U and ¢ € C with |c¢| < 1; and finally convez if tz + (1 — t)y € U for
all z,y € U and 0 <t < 1. All the topologies we will consider in the course will be locally
convex; for simplicity, we will abbreviate a locally convex topological vector space by LCS.

Exercise 1.1. For a topological vector space, any neighbourhood of zero is absorbing. More-
over, there exists a base of open sets at zero which are absorbing and balanced.

Proof. For the first claim, let x € X and 0 € U C X an open set. By the continuity of
multiplication M : Cx X — X, M~YU) 3 (0,z) is open. Hence 36 > 0 such that V|c| < 4,
cx € U, i.e. U is absorbing.

Similarly, for any U open neighbourhood of zero, M~!(U) 3 (0,0) is open. Hence there is
an open set V' 5 0 and ¢ > 0, such that ¢V C U for |¢| < 6. This means that c0V C U for
lc] <1, and W := Uj;<1¢0V is an absorbing and balanced neighbourhood of zero contained
in U. This completes the proof. 0

A seminorm p on a vector space X is a function p : X — R, homogeneous in the sense
p(cx) = |e| - p(z) Ve e X,Vee C
and which satisfies the triangle inequality

p(z+y) <plx)+ply), VeyelX
A family of seminorms P on a vector space X is called separating if for all x € X, there is
a p € P with p(z) # 0. Given a separating family P of seminorms on X, we may induce a
locally convex topology on X, by declaring the base of neighbourhoods B at zero:
B:={NY ,U(e;p:) | N >1,¢;>0,p; € P}, Ule,p) :={x | p(z) <e}.

Exercise 1.2. Show that B indeed induces a LCS topology on X. Call the obtained LCS
topology on X the topology generated by the seminorms in P.
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Proof. We need to show that the operations in (1.1) are continuous, in order to see that
X is a topological vector space. Let us prove it for the addition map M (the continuity
of multiplication follows similarly). Tt suffices to show M~'(z + U) is open for an open set
U =nY,U(e;,pi) as above. For that, it suffices to write 2 = x + y for some x,y € X. Then
(r,y) € M~1(2 + U), and we take V := NN ,U(e;/2,p;), so by the triangle inequality for p;
we get (z,y) € (x+ V) x (y+V) C M~Y(2+ U). This completes the proof. O

Example 1.3. Typical examples of spaces with LCS topology:

1. Any normed space;
2. For any topological vector space X, we may equip its continuous dual X' (the space
of continuous linear functionals) with the topology generated by

P={p., | xe X},
where p,(u) = |u(z)|. This is known as the weak*-topology on X.

Conversely, let X be a locally convex topological vector space. If U is an absorbing,
balanced, and convex neighbourhood of zero, introduce the Minkowski functional of U

pu(z) =inf{t > 0|z € tU}.

Exercise 1.4. py is a seminorm. Moreover, the topology on X is generated by these semi-
norms.

An important special case happens when P is countable, say P = {p1,ps,...}. Then it

can be shown that
o

_ & Pz —y)
d(z,y) ._;2 T p—

gives a metrisation of the topology on X generated by P. Conversely, one can show that if a
locally convex topological vector space is metrisable, then it can be generated by a countable
family of seminorms.

A Fréchet space is a locally convex topological vector space which is metrisable with a
complete metric.

Example 1.5. Given a compact set K C R", introduce the norms py for N € Z>, on
CI(K) as follows

PNk (9) = Z sup [0“¢(z)|.

la]<N zeK
Exercise 1.6. Show that C}'(K) with norm py x is a Banach space.

Similarly, we may topologise C°(K) by using the seminorms in the set P = {pnx | N >
0}. The obtained LCS topology is a Fréchet topology, since C3'(K) is a Banach space with
the norm py g, and one has for (¢;)2, C C;°(K)

d(Gi, 05) —ijsoe 0 = DNK(Di — @) —ijsoe 0, V.

If Q@ C R™ is an open set, and K; 7 €} is an increasing, exhausting sequence of compact
sets, that is, K; C Kji for j € Z>¢, and U;>0K; = Q, then we may equip C*(€2) with the
locally convex topology coming from the family P = {pnx, | IV,j € Zxo}. Similarly to the
previous paragraph, it follows that C*°(£2) is a Fréchet space with this topology.

We finish the section with a criterion for continuity of maps between two LCS.
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Proposition 1.7. Let X and Y be two LCS and f : X — Y a linear map between them.
Assume P and Q are two families of seminorms generating the topologies on X and Y,
respectively. Then f is continuous if and only if, for each q € Q, there exists p1,... ,pny € P
and a constant C' > 0, such that for all x € X :

¢(f(2)) < Cmax (pi(2),... ,pn(2)).
Proof. See the proof of [3, Proposition A.1]. O

1.2. Space of distributions. Consider an open set {2 C R™ and the space C§°(€2). We will
define a locally convex version of the inductive limit topology on C§°(2) (also known as an
LF-space structure).
This is done by specifying a base of open sets B at zero. By definition, X € B if
1. X is balanced and convex,
2. for any compact set K C , X N C§°(K) is open in the uniform topology defined in
Example 1.5.

The sets X € B are absorbing by Exercise 1.1, since C§°(K) are LCS.
Exercise 1.8. The topology induced by B on C§°(R2) is LCS.

Proof. 1t suffices to check that the operations in (1.1) are continuous. Let us check that
for the addition map M (continuity of multiplication is analogous). Let ¢; € C§°(2) for
i = 1,2,3 such that ¢; + ¢ = ¢3, and B € B. Tt suffices to show M~!(¢3 + B) contains
an open neighbourhood of (¢1, ¢2), which we may take to be W := (gbl + %B) X (qbg + %B)
Indeed, by convexity M (W) C ¢3 + B and W is clearly open, completing the proof. 0

Next, consider the dual of C§°(€2) denoted by

Q) = (CgO(Q))'.

Call the space D'(2) equipped with the weak*-topology, the space of distributions on Q.
Notice that the inclusions C§°(K) C C§°(Q2) are continuous by definition; so if u € D'(Q),
then u|cso (k) is continuous for all compact K.

Proposition 1.9. A linear functional u : C§°(2) — C belongs to D'(QQ) if and only if for all
compact K C ), there is N € Zso and C' > 0 depending on K, such that for all ¢ € C§°(K)

(@) <C S suplool. (1.2)

la] <N

Proof. 1f u € D'(2), then the restriction to C§°(K) is continuous, so the inequality (1.2)
follows from Proposition 1.7.

Conversely, if u is a linear functional satisfying equation (1.2) for all K, by Proposition
1.7 it is continuous on C§°(K). For ¢ > 0, if we take an e-ball 0 € B. C C, we easily see
that u='(B.) is convex and balanced, and intersects each C§°(K) in an open set. Similarly
we argue that u~'(c + B.) is open for ¢ € C and so u is continuous. 0

Note that the Dirac delta J, satisfies the conditions of Proposition 1.9 with C' = 1 and
N =0 and so §y € D'(12).

Remark 1.10. It can be shown that C§°(€2) does not have a countable basis at zero; therefore
it is not metrisable.
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Proposition 1.11. Let (¢;)52, C C°(). Then ¢j —j o0 0 in C5°(Q) if and only if there
exists a compact set K C Q with supp(¢;) C K for all j, and ¢; =0 0 in C§(K).

Proof. Given that ¢; are compactly supported in K and converge to the zero function in
C°(K), the convergence in the LCS topology of C§°(€2) immediately follows from its defini-
tion.

Conversely, suppose for the sake of contradiction that the supports of ¢, are contained
in compact sets K; , Q and we assume K, = () for convenience. Find points z; € Kj,
g € Ko\ Ky,...,2; € K;\ Kj_1,... for j = 2,..., such that ¢;(z;) # 0. Introduce, for

¢ € C5°(Q2)
?) = leup{ ajgg)

For each compact set K C Q and ¢ € C§°(K), p(¢) is estimated by a constant multiple
of sup|¢| and so by Proposition 1.9 (by the analogous version valid for seminorm maps
X — R), p is continuous when restricted to C§°(K). It is then straightforward to check
(using the triangle inequality and the homogeneity of p) that p is continuous on C§°(2) (by
the definition of the topology on C§°(2)). Hence p(¢;) — 0 as j — oo by assumption; but
by construction p(¢;) > 1, contradiction.

Therefore there is a K with supp(¢;) C K for all j, and the main claim easily follows. O

|z € K;\ KH}. (1.3)

Now given a partial derivative 0%, we may extend its action to distributions via duality
(0%, @) := (u, (=1)I9%¢),  Yu e D'(Q),Vp e CF(NQ).
Similarly, extend the multiplication by a function f € C*(2) as
(fu, @) = (u, f¢).

end of Lecture 1, 20.09.2022
Given a linear partial differential operator P = Z\al <m a,0% of degree m, where a, €
C*(Q), we extend its action to distributions via

(Pu,¢) = (u,"Pg).
Here 'P is the adjoint of P, given by

'Po=Y " (-1)0*(ag). (1.4)

|a|<m

Exercise 1.12. Show P : D'(Q) — D'(Q) and P : C(2) — C(L) are continuous linear
maps, and that *(*P) = P.

Proof. For both of the continuity statements, it suffices to consider the case P = 0% and
P = My, where M/ is the multiplication operator by a function f € C*°(2). Let us consider
only the latter case (the former is follows analogously). By the definition of the weak*-
topology, the map My : D'(2) — D'(Q2) is continuous if and only if for each ¢ € C§°(€2),
D'(2) 5 u > [{u, fo)| € R is continuous, which again follows from the definition.

Next, we see that My : Ci°(K) — C§°(K) is continuous for each K C € compact (one
needs to use the Leibniz rule). Using the definition of the topology on C§°(€), it is then
easy to show that M, Y(B) € B is open for B € B, and the continuity follows by using the
linearity of Mjy.

The final claim follows directly by linearity and checking the cases P = 0% and P = M. O
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Example 1.13. The following are distributions:
1. Any f € L (Q) defines a distribution by

uwwzéﬂmwmm, b CR(Q).

In particular we have C*(Q) C Li. () € D'(Q).
2. For a hypersurface S C R", d5(¢) := [4 ¢ is the Dirac distribution on S. (If S = {0}
is a point, then we recover the Dirac delta dy.)

3. Principal value distribution. For ¢ € C{°(R), this is defined as:

Py, (1) () = lim u@) g

T e—0t R\[—¢,¢] X

It is an ezercise to show that p.v. (L) € D'(R) (such that one may take N = 1 in
(1.2)).
Note that we may restrict the distribution v € D’(€2) to any open subset U C (2 and obtain
a distribution in u|y € D/(U) (simply set (u|y, ) := (u, ¢) for all ¢ € C§°(U)). Say that
u = 0 on U if the restriction u|y is zero. Define the support, supp(u), of the distribution u
as the complement of the set

{z € Q| u=0 in a neighbourhood of x}.
Say that u has compact support if supp(u) C €2 is compact and write u € £'(Q).

Proposition 1.14. The distributions in E'(Q) C D' () may be extended to continuous linear
functionals on C*°(Q). Moreover, we have an identification £'() = (COO(Q))/.

Proof. Given u € &'(2), pick x € C§°(€2) such that x = 1 on supp(u). For ¢ € C*(2), define
(u, @) := (u, x - ¢); this is clearly independent of the choice of y. In fact, u is continuous on
C>(2) by Propositions 1.7 and 1.9 (recall the LCS topology on C'*(2) was introduced in
Example 1.5).

Conversely, by Proposition 1.7 for any continuous linear functional u : C*°(Q2) — C, there
exist NV and a compact set K C €2 such that |(u, ¢)| < Cpn k(¢), which shows in particular
that supp(u) is compact and that v € £'(€2). O

We may also define the singular support of u € D'(2), singsupp(u) C €, to be the
complement of the largest open set U C €2 such that u|y € C®(U), i.e. u|y is identified with
a smooth function (see Example 1.13, 1.). For instance, singsupp(dy) = {0}, and in general:

sing supp(u) C supp(u).

1.3. Schwartz kernel theorem. Let us consider integral transforms of the form

fwhﬂzﬂﬁmwﬂw@

where k is called the kernel of the transform, a (singular) function on X x Y, where X C R
and Y C R™ are open sets. Clearly k£ maps functions on Y to functions on X.

Write ¢ ® ¢¥(x,y) := ¢(x)(y) for the tensor product of functions ¢ € C*°(X) and ¢ €
C>®(Y). Given k € D'(X x Y'), we may consider the following bilinear form:

Co*(X) x C°(Y) 3 (¢, ¢) = (k, 0 @ ¢) € C. (1.5)
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For fixed 1) we get a linear functional (k, ¢) := (k, ¢ ® 1) on C§°(X), and similarly for fixed
¢, we get a linear functional on C§°(Y).

Exercise 1.15. For each ¢ € C°(Y'), ki is a distribution. Moreover, the following map is
sequentially continuous:

k:CR(Y) 31— kip € D(X). (1.6)

Proof. For the first claim, since k is a distribution, by Proposition 1.9 we deduce that ki is
a distribution.

For the second claim, if ()2, C C§°(Y) is such that ¢; — ¢ in C§°(Y), then for any
¢ € CP(X) we have ¢ @ 1h; — ¢ ® ¥ in C°(X x Y); here we use the interpretation of
sequential convergence proved in Proposition 1.11. Thus k¢; — ki) as 1 — 00, completing
the proof. O

Say that the map in (1.6) is generated by a Schwartz kernel k. The main point of this
section is the following theorem, known as the Schwartz kernel theorem, which associates a
kernel to a sequentially continuous map in (1.6):

Theorem 1.16 (Schwartz kernel theorem). A linear map p : Cg°(Y') — D'(X) is sequentially
continuous if and only if it is generated by a Schwartz kernel k € D'(X x Y'), such that:

(u,0) = (k,o @), Vo e CF(X), V¢ € C5o(Y).

Moreover, the kernel k is uniquely determined by .

Proof. See the proof of [3, Theorem 6.1.1]. (Note that the uniqueness follows from the density
of Cg°(X)@CP(Y) C CP(X xY).) O

By swapping = and y, we obtain the transposed kernel 'k € D'(Y x X), by requiring that

('kox) = (k,'x),  Vx € (Y x X),
where "y (z,y) = x(y,z). Call a kernel k € D'(X x Y) a regular kernel if it has the following
mapping properties:
k:C3o(Y) — C™(X), 'k CP(X) — C=(Y).

We can then extend & and 'k to continuous maps k : £'(Y) — D'(X) and 'k : E&'(X) — D'(Y)
by duality:

(kv,¢) == (v,'k¢),  (ku,¥) = (u, ky)) (1.7)
for all u € £'(X) and v € £'(Y), and test functions ¢ € C§°(X) and ¢ € C§°(Y). If we equip
E'(2) with the weak*-topology of (C’OO(Q))/, by the definition of weak*-topologies, k and 'k
are continuous. We will often meet regular kernels in the course (e.g. the Schwartz kernel of
a pseudodifferential operator).

Exercise 1.17 (Differential operators). Consider P : C§°(X) — C§°(X) a differential oper-
ator with C* coefficients. Then the Schwartz kernel of this operator is given by

]Cp(l', y) = tP(y7 ay)é(l' - y)7
where 6(x —y) € D'(X x X) (equivalently, 6(x — y) = 0a is the Dirac distribution on A,
where A = {(z,z) | x € X} C X x X is the diagonal) is the Schwartz kernel of the identity
map P = 1d, defined via

(k1a, x) = / X(x,x)dz, X € CP(X x X).
X
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Proof. Note that P is continuous by Exercise 1.12. The case of P = Id follows from the
computation, valid for ¢,9 € C§°(X):

(k1,6 ® ¥) = (6,9) = /X (@)p(@)dz = (5(z — ), 6 ® B).

Next, the general case follows from the computation:

(P(y, 8,)8(z — ), 6 ® 1) = <(x—y>,¢®P¢>=L¢<x>P¢<x>dx:<Pw,¢>.
]

1.4. Fourier transform. In this section we recall the definition and the basic properties of
the Fourier transform.
The Fourier transform of a function f € L'(R") is given by, for £ € R™:

FI©) =10 = | J()eda. (18)

Here x - £ = Z?:l x;&;. It is an immediate consequence of the Dominated convergence
theorem that f € C(R") for f € L'(R").

Note that we cannot use duality directly to extend the Fourier transform to D'(R™), since
F does not map C§°(R") to itself. We therefore introduce the space S(R™) of Schwartz
functions or rapidly decreasing functions, by declaring ¢ € S(R™) if ¢ is smooth and

1$lla,s = sup [2°0°¢] < oo, Va,B € (Zzo)", (1.9)
zeR™
where ¢ = 20" x3? - - - 22, The definition (1.9) means that every derivative 9°¢ is decaying

faster than any polynomial. In fact, we have:

Exercise 1.18. The seminorms ||e||, 3 defined in (1.9) above generate an LCS topology on
S(R™) that is Fréchet.

Let us collect a few basic properties of Fourier transform in one claim:
Proposition 1.19. Let f,g € L*(R™). Then:
L AFEOI < 1l @ny and f(n) = 0 as |n| — oo;

2. Jan f( xAxdx:fRnA ()d:c

3. The convolution f % g fRn x —y)g(y)dy exists for almost all z € R™. Also,
frgeL'(R"), and f*g = f4;

4. S(R") — LY(R") continuously;

5. D) = £°6(¢) and 226 = (—1)"D*G(€) for ¢ € S(R");

6. F: S(R") — S(R") is a continuous isomorphism and its inverse is given by
(@) = (2m) ™" [ H&)ede. (1.10)
Rn
Hence, F extends by duality to an isomorphism on the space of Schwartz distributions,

S'(R™") — S'(R™), where (F(u),¢) := (u, F(¢)) for u € S'(R") and ¢ € S(R™). (By
definition S'(R™) is the dual space of S(R™).)
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7. The Fourier transform extends continuously to an isomorphism F : L*(R") — L*(R"™),

such that || Ff|lze = 27)2||f|z2 for any f € L*(R™).

Proof. 1. The first inequality follows directly from (1.8). For the second property (known as
the Riemann-Lebesgue Lemma), observe firstly that it is true for the characteristic function
f = XTI, (asps) Of the rectangle [T\, (a;, b;) C R™, by an explicit computation. Hence it is
also true for any linear combination of characteristic functions. Finally, it suffices to use the
density of step functions in L*(R™).

2. By 1., fg, fg € L*(R™). Therefore by Fubini’s theorem:
~ dr — —1x-€ de = —iz-§ dr = F dx.
[ rwiawis= [ s [ e=to@ac= [ o) [ et = [ g

This is sometimes known as Parseval’s identity.

3. Note that [o. [on [f(z — y)g(y)|dedy = || f]|z1]|lg]/r1, so by Fubini’s theorem f * g(x)
exists almost everywhere, and f * g € L'(R™). Again by Fubini’s theorem:

P9 = [ oy [ s in= [ gy [ e = i),
where in the second equality we used the substitution = y + z. This completes the proof.

4. Observe that for N > n/2, we have (1 + |z|>)™" € L'(R"). Now for any ¢ € S(R"), we
have for some C' > 0:

L+ 2PNe@)] <C > [¢llag. Vo eR™

la|<2N

It follows that with a possibly different C' > 0, [[¢[lzr < C' 3, <on [|#]la,0, Which completes
the proof by using Proposition 1.7.

5. By 4., and since S(R™) is invariant under differentiation and multiplication by polyno-
mials (easy to check from the definition (1.9) of seminorms), these Fourier transforms exist.
In fact (by induction), it suffices to prove the claim for |« = 1. We have for k € {1,... ,n}:

Dyd(€) = | Dpg(a)e ™dx = / (Di(¢e™€) + ¢ - Ere™ ) dr = £.0(€),

Rn n

where in the third equality the first term integrates to zero by the decaying property of
¢ € S(R™). The other claim follows similarly.

6. To show the continuous mapping property, for any ¢ € S(R"), «a, 5 € (Z>o)", we have:

18llap = 1= D=(276) oo < [ID*(276)]| 1.

where we used 5. in the first equality and 1. in the last equality. Thus the map is continuous
by Proposition 1.7.
Next, we show (1.10). To start with, we claim that the Fourier transform of a Gaussian is:

n 1

F <6—%|m|2) — (2m)Fe 3P, (1.11)
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To see (1.11), observe that F (e_%|$|2> =11 Foses (e_%f”?), so it suffices to show the case
n=1.Set ¢ :=e 2" € S(R) and observe
(iDy+2)p =0 — (iDg+&)p =0,
where we used 5. for the implication. So by uniqueness of solution to ODE,
6(6) = Var e 2, (1.12)
by the classical formula /271 = fR e 2% dx.
Now let € > 0, and apply 2. to [ := e~2¢’le1” and g = ¢, to get:

~

d(€)e 2=l ge = (2m)ie™ [ @(z)e 2 dx = (2m)% | ¢(ex)e 2 dx,
R - .

where in the first equality we used (1.11) (the re-scaled version) and in the second equality
we used the substitution z := £. By the Dominated convergence theorem applied to the two
sides of the previous equality:

[ dlepte = o) [ e = 2m0(0)

This shows (1.10) for = 0; for arbitrary x € R™, it suffices to observe that the translation
T0(y) = oy +z) € S(R) satisfies 7,0(¢) = ei€¢(€), and apply the previous result to 7,¢.
This completes the proof of (1.10).

Now (1.10) shows injectivity of F : S(R") — S(R™) directly, and the surjectivity also fol-
lows by taking (&) := (2r)"¢(—¢) and observing 1) = ¢. Continuity of the inverse follows
similarly.

7. Let us first take ¢ € S(R™); then applying 2. to f := ¢ and g := }A, we get

I913: = | 19©)PdE = | 6()ota)dr = (2n)l7-

o~

~ —
~

where in the second equality we used g(f) = ¢(—¢) and (1.10) applied to ¢ (so ¢ = (27)"¢).
Now, since S(R") C L*(R") is dense (see Exercise 1.20 below), F admits a continuous

extension to L?(R™), mapping to L*(R"). Similarly (using (1.10)), it is invertible. O
Exercise 1.20. C°(R") C L*(R") is dense.

Proof sketch. Given f € L*(R"), then it is easy to see xp,f — f in L?*(R") as 1 — oo, where
X B, is the indicator function of the ball B; C R" of radius ¢. Therefore it suffices to consider
f € L*(R"™) of compact support. Now, let ¢ € C$°(R") be a smooth cut-off function such
that [, ¢(x)dz = 1 (also called a mollifier). Then set ¢, := k"¢ (kx) € C5°(R™). It is then
an exercise to check that 1) the convolution ¢, x f € C5°(R™), and 2) ¢y, x f — f in L*(R") as
k — oco. (The proof is similar to [3, Theorem 1.2.1]. The whole process is called mollification
or regularisation of f, and applies to more general situations.) 0
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2. SYMBOL CLASSES AND OSCILLATORY INTEGRALS

In this section, we introduce symbol classes, following the first chapters of [4,5], that we will
use to define distributions called oscillatory integrals, which in turn will serve as Schwartz
kernels of pseudodifferential operators.

Motivation and aim. Given a differential operator P = Z\al <N @aD* with constant

coefficients a, € C, we observe (by Proposition 1.19, 5.) that for ¢ € C§°(R"):
Po=F"'(pF¢), p= Y anl"
lal<N

Our goal is to define more general p (non-polynomial and depending on x), called symbols, for
which we will get more general (pseudo)operators P, that will form a calculus. For instance,
if p= ﬁ we get:

1+ [¢]?

where —A := — 3" | 92 is the Laplacian, and this operator defines an inverse to (1 — A), a

non-differential operator.

(1—A)1:}“1< ! ]—“>,

end of Lecture 2, 27.09.2022

More generally, for arbitrary p(x, &) and a test function ¢ we formally have (by Proposition
1.19)

Poa) = FpFoe) - [

yeR”

o(y)dy (2m) " / €, €)dE (2.1)

EER™

J

K ()=
Then K is the Schwartz kernel of P, and we would like to understand for which p is K a
well-defined distribution.

2.1. Symbol classes. Let X C R"™ be an open set and N € N. In the following definition
take 0 < p<1,0<6<1.

Definition 2.1 (Symbol classes). Define S7'5(X x RY) as the space of all a € C*(X x RY),
such that for all compact K C X and all multi-indices o € Ny, 3 € NIV, there is a constant
C = Ckapla) such that:

0985 a(z,0)| < C(1+|g))m—rlf+olel  y(z 0) € K x RV, (2.2)
Say that S)s(X x RYN) is the space of all symbols of order m and of type (p,0). If p =1
and § = 0, use the notation S™(X x RY) := ST} (X x RY).

Remark 2.2. We will be almost exclusively interested in the case p = 1 and § = 0, that is,
the symbol class S™(X x RY). Most of the results of this section will however be valid more
generally for arbitrary (p,d) as above.

The space of symbols of order —oc is defined by
STO(X x RY) = () S™(X x RY). (2.3)

meR
Equivalently, it follows from the definition that symbols a of order —oo are such that for all
compact sets K C X, multi-indices « € NI and 8 € N, M € R, there is a C' > 0 such that:

099 a(z,0)] < C(1+0)™™,  (2,0) € K xRY. (2.4)
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Exercise 2.3. We give a few examples of symbols:
1. If a, € C%(X), then a(z,0) =3, <, @a(r)0* belongs to S™(X x RY).
2. More generally, if a € C®(X xRY) is positively homogeneous of degree m (or positively
m-homogeneous) for |0| > 1, i.e. a(x,A\0) = A"a(x,0) for A > 1 and |f| > 1, then
a € S™(X x RN).
Proof. Let K C X be compact. For instance, if o and g are zero, then if C' :=
SUD,e g g1<1 la(z, )] it holds

la(z, 9)]
(fop= = ©

where the inequality is obvious for |#| < 1, and for |0] > 1, we use the homogeneity
of a. In the general case, by the chain rule it follows that

Aa(z, N0) = X" Pl a(z,0),  A>1,|0|>1,z€ X,

i.e. dya and so 920 a are positively (m — |3|)-homogeneous for |#] > 1 and A > 1.

The conclusion follows. O
3. The symbol e " € §=°(X x RN).
4. We have et € S§ | (R" x R"), but e¢ ¢ S™(R" x R") for any m € R.

Proof. Compute the derivatives

85‘856“'5 — Z’\a|+|ﬁ\§axﬁeiw-£_
It is evident that for = in each compact set K C R", this satisfies the estimates (2.2)

for p =0 and 6 = 1. On the other hand, a ¢ S™(R"™ x R™) for any m, since applying
0% produces powers of € in the derivative, contradicting (2.2) forp=1and 6 =0. O

5. Exotic: assume f € C*(X x RY;[0,00)) and is positively homogeneous of degree 1
for || > 1. Then e~/ € S9 , (X x RY).

Proof. See [4, Example 1.4]. O

Remark 2.4. There is little point in introducing S7%5(X x RY) for p > 1 (or § < 0). For
instance, if a € S7%(X x RY) for m < 0 and p > 1, equation (2.2) yields that after applying

the 85 derivative many times and then integrating, that there is a gain in the decay in 82,6 -1
derivative. Iterating, we obtain a € S™°(X x RY).

Equip the space S™(X x RY) with the LCS topology given by the seminorms, for each
compact set K C X and multi-indices a € Ng, 8 € NJ':

0505, 6)|

Py opla) = sup ",

g (@o)ekxxey (14 [0])m=1A

Exercise 2.5. Let K; ,/* X be an exhausting sequence of sets. Then the family P :=
{Pr,ap | J = 1,0 € Ny, 8 € NI} generates an LCS topology in S™(X x RN) which is

Fréchet. Similarly, the space S™°(X x RY) carries the natural Fréchet topology, by choosing
“the best” constants in (2.4).

a € S™(X x RY). (2.5)

Proof. We prove the first claim only and the second one follows similarly. Assume (a;)$2, is
a Cauchy sequence in S™(X x RY). Equivalently, px.qs(a; — a;) = 0 as i,j — oo, for all
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compact sets K C X and all multi-indices « and /3. In particular, this implies that (a;)$2, is a
Cauchy sequence in C*(K x{|0| < L}) for any L > 0, i.e. it is Cauchy in C*°(X xR¥). Since
the latter is a Fréchet space (see Exercise 1.6), we conclude that there exists a € C°°(X xRY)
such that a; — a in C*(X x RY). Next, being Cauchy in S™(X x RY) implies boundedness
(i.e. each seminorms is bounded on the sequence), and it is then straightforward to show
a € S™X x RY).

To show convergence in S™(X x RY), let ¢ > 0. Then for 7,5 > M for some large M,
Pk,ap(@i —aj) < e. Therefore, for any L > 0 and j > N:
qp ZOla—a) o %) o (e, —a)

rxqol<ry (1+10)™718 = goqoi<ey (L+10)™ 18 koqo<ny (14 10])m18

By the convergence in C*°(X x R¥) the first term on the right hand side can be made as
smaller than e, and the second term is smaller than . This shows a; — a in S™(X x RY)
and completes the proof. O

Next, observe that 929, : S™(X xRN) — §™18l(X x RN) is continuous (using Proposition
1.7), and that S™(X x RY) C S™(X x RN) if m < m'.

Let us now prove a few basic properties about the topologies on the spaces of symbols,
with the aim to make sense of an asymptotic formula a ~ 7% a; where a; € S™ (X x RY)
for mj — —oo0 as j — oo.

Proposition 2.6. Assume my,my € R. Then the bilinear map (a,b) — ab
S™(X x RY) x §™2(X x RY) = §mtm2(X x RY)
1s well-defined and continuous.

Proof. If we apply the Leibniz’ formula to 83‘85 a, we get
020y (ab) = > Clon, 0, b1, 32)02 95 a - 9220, (2.6)

a1tas=«

B1+B2=p8
for suitable multinomial coefficients C'(ay, az, 1, B2). Well-definedness follows from the esti-
mates (2.2) applied to each summand on a set K x RY, showing that 928} (ab) € S™72(X x
RY). Continuity follows by using (2.6) to estimate the seminorms of S™*™2(X x RY) by
sums of products of seminorms on S™ (X x RY) and S™2(X x RY), and using an appropriate
version of Proposition 1.7 for bilinear maps. O

Next we prove a convergence lemma in the symbol space topology.

Proposition 2.7. Let (a;)52, be a bounded sequence' in S™(X x RN), which converges
pointwise for each (x,0) € X x RN. Then the pointwise limit a belongs to S™(X x RY) and
for every m' > m, we have a; — a as j — oo in the topology of S™(X x RYN).

Proof. Step 1. By assumption, the Pk, g(a;) are bounded uniformly in j. Using this for
|| + 18] = 1 and Arzela-Ascoli Theorem, we conclude that a; — a uniformly in C°(X x RY)
(i.e. uniformly on compact subsets in the C%norm). Let us give the argument to show
that a; — a uniformly in C1(X x R¥Y). Next, consider d,,a; — by the same argument using

LA subset S C F of an LCS space F is called bounded if for each seminorm p € P we have p is bounded
on S (by a constant depending on p), i.e. sup,cgp(s) < 0.
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Arzela-Ascoli Theorem, 9,,a; — b in C°(X x RY). In particular, integrating, for some fixed
(r,0) € X x RY, and for all £ > 0 small enough, we get

1/ b + ter, )t — 2 Ee) —alo)
0

S £

where e; € R" denotes the i¢th standard coordinate vector. Taking ¢ — 0 and by the
fundamental theorem of calculus, we conclude b(x,0) = 0,,a(x,0). This argument works
similarly 9,, and Jp,, and shows that a is continuously differentiable and a; — a in C*(X x
RY). Similar (inductive) argument works for higher order derivatives and shows a; — a in
C>®(X x RM).? Tt follows that a € S™(X x RY).

Step 2. In order to prove convergence in S™ (X x RY), consider a compact set K C X
and multi-indices a, 8. For each (x,0) € K x RY we have:

0005t —a)| _ 1 |205(a—ay)]
(1078 = (8= L+ 18

k‘j(l‘, 0) =

For any ¢ > 0, we may take L large enough such that for |#| > L, by the boundedness of
the second factor, we have k;(z,0) < e on K x {|0] > L}. In the regime where |0| < L, by
uniform convergence in C*(X x RY) we have k;(z,0) =, 0 on K x {|6] < L}. Therefore,
combining the two estimates we see that

sup  kj(z,0) — 0, j — o0,
(z,0)€K xRN

completing the proof. O

Symbols of order —oo are in fact dense in other finite order symbol spaces.

Proposition 2.8. If m’ > m, then S™°(X x RY) is dense in S™(X x RY) in the topology
of S™ (X x RN).

Proof. Let y € C°(X x RY) with x =1 for [§] < 1 and x = 0 for || > 2. Then define the
re-scalings x;(6) == x(?) for j € N, which we claim is a bounded sequence in S°(X x RY).
Indeed, we have that

_o, i 0] > 23 or [6] <

o
aa (0) = -—|a|aa - ||
ixsl0) = 0X< ) < 2l (1 + %) 108z (1 4 [0))71,  otherwise.

J

(This follows since derivatives of x are supported on 1 < |0 < 2.) Let a € S™(X x RY)
and define a;(x,0) := x;(0)a(x,d). By Proposition 2.6 we know a; € S™°(X x R¥). Since
a; — a pointwise, Proposition 2.7 applies and proves the result. U

Now comes one of the main points of this section: we may sum the symbols asymptotically.

2Alternatively, conclude that aj = a in C° by Arzela-Ascoli as above. Then apply the interpolation
1 1
inequality |f'(0)] < C=(IfZ=llf"IZ + || fllLe), valid for any f € C?([—¢,¢e]). More precisely, argue that
(aj)72, is Cauchy in C' by applying this inequality to each coordinate of the terms (a; — a;), iterate to get
Cauchy in C* for each k, and use Exercise 1.6.
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Proposition 2.9. Let (m;)52, C R such that mj \, —co as j — oo and let a; € 5™ (X xRY).
Then there exists a € S™ (X x RY), unique modulo S™°(X x RY), such that
k—1
a—) a; € S™(X xRY),  VkeN, (2.7)

Jj=0

If (2.7) holds, we write a ~ Z;io a; and call this an asymptotic sum or asymptotic devel-
opment.

Proof. Uniqueness part follows from the fact that, if @’ € S™ (X x RY) also satisfies (2.7),
then a —a’ € S™ (X x RY) for all k and so a —a’ € S™°(X x RY).

For the existence, let P; = {p,o,Pj1,-..} be an enumeration of the seminorms defining
the topology of S™i (X x RY), such that we have p;; < pjx for 7/ > j and all k (this can
achieved by taking an exhaustion K; X by compact sets, ordering {(Kj;, o, ) | j, o, B} =
{a1,as, ...} in a sequence, and defining p; & to be the seminorm (2.2) corresponding to a; and
order my). Then Proposition 2.8 implies that, for every j € Ny, there is b; € S™°(X x RY)
such that forall 0 < pu <j—1

Pju(a; —b;) <27
Therefore, the sum -2, (a; — b;) converges in S™ (X x RY) for all k € Ny, since the partial

sums Zﬁzk(aj — b;) are Cauchy with respect to the seminorms in Py, or equivalently they

are Cauchy with respect to the Fréchet topology on S™ (X x RY) (see Exercise 2.5). If we
set a =y > (a; — bj) € S™ (X x RY), then

k—1 k—1 00
a — Zaj = —Zb] + Z(aj — bj) € Smk(X X RN),
§=0 §=0 j=k
completing the proof. O

Remark 2.10. A couple of remarks concerning Lemma 2.9:

1. The proposition is reminiscent of a statement known as Borel’s lemma, which states
that we may construct smooth functions with prescribed jets, i.e. for any given
sequence (aq)aens, there exists f € C*(R") with aqa! = 9% f(0).

2. The form of the a we constructed can be seen as follows:

=3 (1-1(§)) st ),

where t; — 0o are chosen to grow sufficiently fast so that the sum and the derivatives
converge, and x as in Proposition 2.8.

end of Lecture 3, 04.10.2022

2.2. Oscillatory integrals. For a € S™(X x RY) and ¢ a phase function, we would like to
make sense as distributions of the integrals of the form

I(a,p)(z) == /RN =0 q(x,0)do. (2.8)

Call the integrals of this form oscillatory integrals. The kernel (2.1) is an instance of an
oscillatory integral (where ¢(z,y,¢) = (x —y) - € C°(X x X x R")). Next, the conditions
that ¢ needs to satisfy can be formalised in the following definition:
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Definition 2.11. A function ¢(x,0) € C* (X X (]RN \ O)) is called a phase function if for
all (z,0) € X x (RV\ 0)

1. Imp > 0;

2. o(x, \0) = Ap(x,0) for X\ > 0 (positive homogeneity);

3. dy o = (00,0, .-+ s 0,0, 09,0, ... ,Ogyp) # 0 (p has no critical points).

Remark 2.12. For the applications we have in mind we can safely assume that ¢ extends
to a function in C°(X x RY). (For instance we will often take ¢(z,y,&) = (z —y) - & €
C>(X x X x R™) as discussed above.)

Observe that if m < —N — k for some k € Ny the integral in (2.8) converges and I(a, @) €
C*(X) (use the Dominated convergence theorem for continuity; that this is C*-regular is
obtained in a similar fashion). To make sense of it as an element of D’(X) we integrate by
parts many times to trade z-derivatives for inverse powers of (1 + |6)|).

Lemma 2.13. Let ¢ be a phase function. There exist a; € S°(X x RY) and by,c € S7HX x
RN) forj=1,... ,N and k =1,... ,n, such that

N
L:Z;ajae Zbk——i—c (2.9)
=

satisfies 'Le'? = ¢'?. Here 'L is the adjoint of L (see (1.4)) and is given explicitly by

N n
J(a;u) O(bgu)
t _ J _
Lu= E 20 ,;1 Dy + cu

J=1

Proof. Introduce

(2.10)

002 e | Dy
@(x,e):;]a—%‘ +10] ;‘%
=1 j=

Note that ®(x,8) > 0 for § # 0 since ¢ has no critical points, ®(x, \d) = A\?®(z, 0) for A > 0
and 6 # 0. Let y € COO(RN ) a bump function such that y = 1 near zero. Let

o dp 0 dp 0
L= (z, 9 <| I 289 89 Zaxkﬁxk) X(©),

CL;- — 1._ X(G) | |2890 b;c — 1._ X(9> . 3@ : C/ — X(G)
i®(z,0) a90;’ i®(z,0) Oxg

Clearly ¢ € S7°(X x RY). Since the expressions in the definition of @/ and b}, are 0 and —1-

homogeneous for large |6, respectively, by Exercise 2.3, item 3, we have a; € SO(X xRYN) and

b, € STHX x RY). It is straightforward that 'Le” = ¢* and the formal adjoint L = *(*L)

satisfies the conditions of the lemma. (More precisely, the coefficients of the operator L in

(2.9) are given by a; := —a}, by := —b}, and ¢ := ¢’ — Zjvzl Do, a5 — > p_y Onbi.) O

Next we extend the oscillatory integrals (2.8) to the space of all symbols continuously:

Theorem 2.14. Let ¢ be a phase function. Then, there exists a unique way to extend I(a, @)
from ST(X x RY) to S°(X x RY) := U,,erS™(X x RY), such that

S™X xRYY 3 aws I(a,p) € D'(X) (2.11)
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is continuous for all m € 7.

Proof. Uniqueness is clear, as we have S™°(X x RY) dense in S™(X x RY) in any topology
S™ (X x RN) for m’ > m by Proposition 2.8. For existence, we integrate by parts formally.
Namely, for a € S™°(X x RY) and u € C§°(X), we have:

(I(a //RN”” a(z, 0)u(z) do dz.

Consider now the differential operator L given by Lemma 2.13. For a € S™(X x RY) and
k € Ny, observe that L*(a(z,0)u ( )) Sm=k(X x RY) by Proposition 2.6. Choose k € Ny
with m — k < —N and define I;(a, ¢) by the following expression:

(I //RN ¢#@0) [F (a(x, O)u(x)) dO da. (2.12)

Observe we have the following estimate, for any compact set K C X:

|L* (au)]
sup —————— < f; sup |0%u 2.13
B T oy < Jenle) 2 sl 219

where f;. i (a) is a suitable seminorm on S™(X x RY) (involving the seminorms Py, 5 defined
in (2.5) for |a] + |8] < k). Taking K = supp(u) this implies that

[(Ik(a, ), u)| < Cirla) - Y sup [0%ul,

|a|<k

which by Proposition 1.9 implies u € D'(X) (in fact it is continuous as a map to D'*)(X)).
Moreover, it implies that S™(X x RY) 3 a + I;(a, ) € D'(X) is continuous (by Proposition
1.7).

It is left to notice that by integrating by parts in (2.12), for any choice of k' with m — k' <
—N, we have I/ (a, p) = I;(a, ) and I(a, p) = Ix(a, ) for any a € S7°(X xRY). Therefore,
the extension is well-defined which completes the proof. 0

Given a phase function ¢ on X x (R \ 0), define the critical set of ¢ as
C, = {(z,0) € X x (RV\0) | dpep(x,0) = 0}. (2.14)

Note that dyp(z, ) is positively 0-homogeneous, so the set C,, is closed (in X x (RV\ 0)) and
conical, that is, it is invariant under scaling by positive reals in the 6 variable. The following
statement shows that the singularities of I(a, ) are determined by the behaviour of a and
¢ near Cy,. Let IT: X x RY — X be the projection to the first coordinate.

Proposition 2.15. The following two claims hold for a € S™(X x RY):
1. singsupp I(a, p) C II(C,,);
2. If a vanishes on a conical neighbourhood of C,, then I(a,y) € C=(X).

Proof. For the first part, define R, := X \ II(C,), an open set. Note that the critical set
of ¢ restricted to R, x (RY \ 0) is empty by definition, and that the restriction satisfies
I(a,¢)|r, = I(a|p,xr~,¥|r,x@®N\0))- Therefore, Item 2 implies Item 1 (as in this case the
critical set is empty).

3Moreover, if k € N and m — k < —N, then S™ 3 a — I(a,¢) € D'(®) is continuous. Here, by D' (%) (X)
we denote the space of distributions of order < k, which is by definition the dual space of CF(X).
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For the second part, we will follow the proof of Lemma 2.13. Introduce

N
~ a(p
t E — 2 §

where y, xo € C®(X x RY) (Where Xo is compactly supported in the 6 variable), are chosen
such that: x is positively 0-homogeneous for large |f|, x =1 on C, U X x B(1), supp(x) C
{a=0}UX xB(2) where B(R) C RY denotes the ball of radius R > 0, and we set xo = X1,
where x; € C5°(RY) satisfies x; = 1 on B(2). Notice in particular that these conditions
imply supp(xo — x) C {a = 0}. Then as in Lemma 2.13:

N
0 _
L:Zaja—ej—i-c, a; € %X xRY), ce STHX xRY).

It is straightforward to compute Le® = (1 — x + xo)e*?. Therefore, if a € S™°(X x RY),
we see that I(a,¢) = I(LFa, ) for any k € Ny (note that (1 — x + xo)a = a and L contains
no z-derivatives). More generally if a € S™(X x RY), by Proposition 2.8, there is a sequence
aj € S7(X x RY) (obtained by multiplying a by a cut-off function in 6), such that a; — a
in S™ (X x RN) for m’ > m; by Theorem 2.14 we have that:

I(ah@) - ](Lka“¢> — ](Lka’gp) - ](CL?QO)? T — 0,

where we use LFa; — L*a in S™*(X x RY). Using L¥a € S™*(X x RY), and taking k to
be arbitrarily large, we deduce that I(a, ) € C*(X), completing the proof. O

As an example of previous theory, consider X x Y x RV, where X C R" and Y C R™ are
open sets. An operator A : C5°(Y) — D'(X) is called a Fourier Integral Operator (in short
FIO), if there exists an a € S™(X x Y x R") and a phase function ¢ such that

// vz y, Ou(y)dddy,  ue CX(Y). (2.15)

Here we view the oscillatory integral K4 = I(a,¢) € D'(X x Y) as a Schwartz kernel
generating an operator A via (recall Theorem 1.16)

(Au,v) := (K4,v Q@ u), v e CP(X).
In the particular case when X =Y, N =n, p(x,y,£) = (r —y) - £, and K4 = (2m) "I (a, p)

(the extra (27)~™ factor is to align this definition with (2.1)), the operator A is called a
pseudodifferential operator (in short PDO). More explicitly, for PDOs we have

Op(a)u(z) := Au(z) = (2m)~ //n =Sz, y, )u(y) dE dy, u e C°(X), (2.16)

where Op(e) is referred to as quantisation of a. Denote the space of such PDOs as U™ (X)
and say that A € U™ (X) is of order m. Write U~>°(X) for the set of operators of order —oo,
that is, U=°°(X) := Nyez¥P™(X), and call elements of V=°(X) smoothing.

Next, we show some basic properties of PDOs. Denote by A := {(z,z) |z € X} C X x X
the diagonal.

Proposition 2.16. Let A € V(X)) for some m € R or m = —oco. Then:
1. A is a continuous map A : C(X) = C®(X);
2. There exists a well-defined transpose operator 'A € V™(X) satisfying (*Av,u) =
(Au,v) for all u,v € C§(X);



LECTURE NOTES: MICROLOCAL METHODS 21

3. A has a unique continuous extension A : E'(X) — D'(X) (recall £'(X) was introduced
in Proposition 1.1/ as the set of distributions with compact support);

4. K4 is smooth outside of A, i.e. Ka|xxx\a € C®(X x X\ A);

5. Forallu € C§°(X), we have sing supp(Au) C singsupp(u), that is, A is a pseudolocal
operator.

Proof. Item 1. Note that d,¢p = (=&, —y) # 0 for all points (z,y,£) € X x X x (R"\ 0)
(i.e. ¢(z,e, @) is a phase function on X x (RY \ 0) for every fixed € X). By the proof
of Lemma 2.13, there is an L = Y7, ;0 + >, by0y, + ¢, where a; € SOX x X x R"),
b, c € S’l(X x X x R™), such that *L(e?) = e'?. More explicitly, as in Lemma 2.13 we have

'L = ($ Y, 5 (|£| Z — Y aﬁg ng yk) +X (I)(I,y,f) — |§’2<|1’ . y|2 I 1)
Then for u,v € C§°(X ) and k € Ny with m — k < —n — k, by definition (see Theorem 2.14):

(Au,v) = (K4, v ® u) /// @Sy (z) LK (a(x,y, E)uly)) d€ dy dx,

where we used that L has no y-derivatives. Therefore, as L¥(au) € S™*(X x X x RY), Au
is the C*-regular function given by the oscillatory integral

Au(z) = (2m)™" /X /n ey ek (a(m,y,f)u(y)) dg dy, (2.17)

and since k can be taken arbitrarily large, we conclude Au € C*°(X). The continuity of
A:CP(X) — C®(X) follows from this formula and the estimate in (2.13). (More precisely,
by Proposition 1.7 it suffices to show for any compact set K C X and any multi-index «, that
sup,cx [0“(Au)(z)| is a bounded seminorm on C§°(X). By Proposition 1.9 (the analogous
version for seminorms), it suffices to show an estimate of the form (1.2), which follows from
(2.13) and its variant for 0% L(au) (the estimate (2.13) works for a = 0)).

end of Lecture 4, 11.10.2022

Item 2. For the second part, in view of Schwartz kernel Theorem 1.16, the transpose of A,

PA: C°(X) — D'(X), is given by exchanging the roles of z and y:
("Av,u) == (Au,v) = (Kp,0v @ u) =: (Kig,u @ v), u,v € C°(X),

where K 4(z,y) = Ka(y, x) is the Schwartz kernel of ' A. Tt follows that K:4 = (27) "I (a, (z—
y) - &), where a(z,y,§) = a(y,z, —§) € S™(X x X x R"), s0o 'A € V" (X).

Item 3. By Items 1 and 2, we get 'A : C3°(X) — C°°(X). Therefore, there is a unique
continuous extension given by (see also (1.7))

(Au,v) = (u,"Av), uwel'(X), velCPX).

Item 4. Since the critical set of ¢ = (z —y) - € satisfies C, = A x (]R” \ O), the third point

follows from Proposition 2.15, first item.

Item 5. Let u € &£'(X) and take o € X \ singsupp(u). Take 1,19 € C3°(X) with
supp(¢1) Nsupp(vy) = 0, ¥1 = 1 near xy and 1 = 1 near sing supp(u). Let us write

It suffices to show that the two terms on the right hand side are in C*°(X). In fact, by Item
1 above we have A((1—1»)u) € C(X). Next, since by Item 4 above 11 (z) K a(z, y)i(y) €




22 M. CEKIC

C>°(X x X), which is the Schwartz kernel of the operator u + 11 A(¢ou), we get that the
second term is also in C*°(X') by Proposition 2.17 below.
UJ

Finally we show that smoothing operators arise as operators that ‘smoothen out’ every
distribution. (The equivalence of first two points is ‘standard’ in distribution theory.)

Proposition 2.17. For a continuous operator A : C(Y) — D'(X) with Schwartz kernel
Ka € D(X xY) (see Theorem 1.16), the following three statements are equivalent:

1. A extends to a continuous operator A : E'(Y) — C>*(X);
2. Ky € C®(X xY);
3. (when X =Y ) A is smoothing, that is, A € U~>°(X).

Proof. 2. = 1. Given u € £(Y), we may define Au(x) := ¢(x) := (u, Ka(x,e)), where
K(x,e) € C*(Y) is considered as a smooth function, and we claim that ¢ is in fact a smooth
function. Firstly, if x; — x, then p(z;) — p(x) since Ka(z;,®) — Ka(z,o) in C*(Y) and
by continuity of u, showing ¢ € C%(X). Next, for i € {1,... ,n} introduce

CLl(LU) = <u7 ale(I’, .)>7

and by the analogous argument a; is continuous. We claim that 0., = a;. To see this, for
any z € X, and € > 0 small enough, we have:

/ a;(x + se;)ds = / (u, 0y, K(x 4 se;, ®))ds
0 0

— <u, /OE Oy, K (x + se;, 0)d8> = p(z + ce;) — p(x),

where in passing to the second line, we wrote the foe integral as a limit of Riemann sums, and
used that they converge uniformly and eventually in C*°(Y"). Taking the limit ¢ — 0 and
using the Fundamental Theorem of Calculus proves the claim, and so ¢ € C'(X). Iterating
this argument, we get ¢ € C°°(X), proving the initial claim. The continuity of the map A
follows similarly.

1. = 2. Let us ‘plug in’ suitable distributions. Define K(z,y) := (Ad,,d,). We claim
that K € C*°(X x Y). To check continuity, notice that if (z;,y;) — (z,y), then Aj,, — A9,
in C*°(X), and so K(xz;,y;) = (Ady,, 65,) — K(x,y). For differentiability, notice that for any
(z,y), any i € {1,... ,n}, and |s| small enough, we have

K(x + se;,y) — K(x,y)
S

= <A5y, (Sm“es—_%> — (Ady, 01,0,), s—0,

since M — 0,0, in £'(X). By the analogous argument as in the previous paragraph,
(Ab,,0,,0,) € C°(X xY), and we conclude that K € C*(X x Y). Iterating this argument,
we get that K is smooth.

It suffices to prove K = K 4. Let B be the operator with the Schwartz kernel K. Notice that
for any y € Y, Ad, is a smooth function which by definition agrees with B, at any z € X,
hence A, = Bd,. It now suffices to show that the space spanned by Dirac distributions
is dense in the topology of distributions. That is, since C*(Y) C D'(Y) is dense (see
Example 2.18 below), it suffices to show that any ¢ € C*°(Y) is a limit in D'(Y") of a linear
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combination of Dirac masses. To do this, for each £ € N, enumerate Y N (%) by (Yk.a)a-
Define ¢y, := ), k) ~ a) Oy,.. € D'(Y) and notice that for any 1) € C5°(Y') we have:

[ et Z”’”‘ k) [ eto) 0

where in the last limit we used the convergence of Riemann sums. It follows that ¢, — ¢ in
D'(Y) as k — oo. Consequently, by continuity Ay = B, so A = B which implies K = K4
completing the proof (by Theorem 1.16, operators uniquely determine their Schwartz kernels).

2. <= 3. when X =Y. Assume first A € U~>°(X). By definition, the symbol a defining
A satisfies a € ST°(X x X x R") so the oscillatory integral K4 defined in (2.16) is smooth,
showing Item 2.

For the converse, assume we have a smooth Schwartz kernel Ky € C*(X x X). In
particular we may choose a(x,y,&) = (2m)"Ka(z,y)e @9y (€) € S™°(X x X x R"),
where x € C5°(R™) is such that [ x(x)d§ = 1. It follows that Ky = (27) "I (a, (z — y) - §)
and so A € U~°(X), i.e. it satisfies (2.16). O

Example 2.18 (Convolution operators are smoothing). Take a cut-off function xy € C3°(R™)
that integrates to 1, i.e. fRn ) dr =1 and x = 1 in a neighbourhood of zero. For ¢ > 0,
set xe(z) = ¢ ”X(f) and deﬁne A u = xe *u for u € C§°(R™) (recall * denotes convolution,
see Proposition 1.19, Item 3). By definition of convolution, the Schwartz kernel K, of A, is
equal to K.(z,y) = x.(x —y) € C®°(R™ x R"). So by Proposition 2.17, A.u € C*(R"™) for
any u € £'(R"). It can be shown that A.u — u as € — 0 in the distribution sense (exercise),
so smooth functions are dense in the space of distributions.
3. METHOD OF STATIONARY PHASE

Aim. In this section we consider integrals of the form, for ¢ € C*°(X;R) and u € C§°(X):
I(\) = / e @y (x) d, A > 0. (3.1)
X

We are interested in the asymptotic behaviour of I(\) as A — oc.

As a first result, we record:

Lemma 3.1 (Non-stationary phase lemma). If dp # 0 on X, then for all N > 0 there exists
C' = C(N, p,supp(u)) > 0 such that:

IT(V)] < CAY x ( 3 sup|8au(x)|>.

laj<N ¥
Proof. Let 'L = W >ty Ouyp - Oy, similarly as in Lemma 2.13, so that ‘Le™? = %,
Integrating by parts k times, we get
I(\) :/ e Lry du,
X

and after observing that |L¥u| is bounded by A% times a constant depending on ¢, supp(u),
and k derivatives of u, the result follows. O
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Next, we turn to the more difficult case when ¢ has critical points. We will see that I(\)
has a polynomial expansion in inverse powers of A near critical points of ¢ with coefficients
depending on wu.

Recall that zy € X is a non-degenerate critical point of ¢ if dp(x¢) = 0 and det ¢"(z¢) # 0.

2

Here the symmetric matrix ¢”(z) = (%)?j_l(x) denotes the Hessian.
? J sJ =

Lemma 3.2 (Morse lemma). If zq is a non-degenerate critical point of @, there exists a local
diffeomorphism H : U — V C R™ with xg € U, H(zo) = 0, such that:
2 2

1
E(x%—k...%—xz—mﬂrl—...—xn),

where 1 is the mazimal dimension of a subspace V- C R™ on which the matriz ©"(zo) is
positive definite.

gpo'H_l(xl, o ,l‘n) = 4,0(1‘0) +

Proof. For instance, see [4, Lemma 2.1]. O

If r is the value from Lemma 3.2, define the signature of ¢"(xq) by sgn¢”(zo) = 2r — n.
Morse lemma reduces the study of (3.1) to considering a symmetric, non-degenerate matrix
() with signature sgn Q = 2r — n. Arguing as in the derivation of (1.11), it is possible to
derive the following identity (the Fourier transform of a ‘complex Gaussian’):

f(€%<x,Qz>) (5) — (27T) 5 624 sgnQ| det Ql—%e—%@@*lf)’ (32)
where we make use of the following one dimensional identity (analogous to (1.12)):
F(e*37)(§) = vam - e* T etie

Note that the Fourier transforms are interpreted as Fourier transforms of Schwartz distribu-
tions (see Proposition 1.19, Item 6).

Theorem 3.3 (Stationary phase lemma). Let ¢ € C®°(X;R) such that xq € X is a non-
degenerate critical point of ¢ in X, and dp(z) # 0 for v # xo. For v € Ny there exist
differential operators A, of order at most 2v (depending only on ), such that for every
compact set K C X and N € Ny, there exists C = Ck n > 0, such that for all u € C§°(K):

| / e Wu(w) da?—e““"(””(NZ_I(AQV(x,aI)u)(x@-Av’5)‘
X

v=0

<COX N3 Z sup |0%u(x), A> 1.

la]<2N+nt1 €K

n ;T 1
om) 2 et d sen e (zg)
Moreover, we have Ay = (2m)2 e

1
| det " (a0)| 2

Proof. Step 1: reduction to quadratic phase function. Let x € C§°(X) such that x = 1 near
xo and supp(y) C U, where U is the open neighbourhood of x4 given by Lemma 3.2. Then

/ idp(z) ( )d:v—/ i)\tp(l_ )u dx+6iAsD(xo)/ M w.Qy) ( )dy,
X

v

where v(y) = (x - w)(H'y) - det J(y), Ji;(y i is the Jacobian matrix of H™! =

(HiY .. HY), and Q = < Ig ) y Lemma 3.1, the first term is decaying faster
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than any polynomial in A, i.e. for all N > 0 there is a Cy > 0 that bounds the term
by CxyA~"N. For the second term, it suffices to show the claim for the special case of a
quadratic function (note that J(y) depends on ). Finally, to compute Ay, we will simply
use (3.6) below together with the fact that Q = J(0)7¢"(x()J(0) which implies (det J(0))? -
det ¢"(zg) = det Q. (For this, apply the chain rule to compute for ¥ := ¢ o H~! that

02 !
o = 3y (o) = Tk at y = 0.)

Step 2: quadratic phase function. By Parseval’s identity, Proposition 1.19 7. (i.e. that
(2m)"(f,q) = (f,q)), we obtain:

/ eMEQy(0) dy = (27) 3 1T Q) det QA3 / eHEQOG(E) de. (3.3)
X n
By Taylor’s formula we have that for all N € Ny:

N-1 k N
ot 1
- NI’

teR.

Therefore, we obtain for some Ry(§, \):

N-1

i e o1 11 b
Q0 =Y (a6 QTO) FRaE N, IRN(EN] <

(€. QO™

(3.4)
Next, by the properties of the Fourier transform (see Proposition 1.19, Items 5 and 6), we
obtain

/Rn (€, Q71O () ds = (2m)"F ({6, Q7€) u(€)) (0) = (2m)" ({Dz, Q7' Da)"u) (0).  (3.5)

(2/\)NN'

Here (D,,Q7'D,) denotes the constant coefficient differential operator —Qi_jlaxﬁxj associ-
ated to @~'. Combining (3.3), (3.4), and (3.5), we obtain:
N-1

ey () i S RV 1
/ne u(e) dx_zk"detQ\ \et s ( D, @ 1DI>) w(0) + Sn(w,A), - (36)

where the remainder term Sy (u, A) can be estimated as, using (3.4)

S (u, A)] < | det Q72A7F (20) V(N1 ™! \<5@15>\N|u< &)| de
SﬁX( >, SuplDQU(l“)I),

la|<2N—+n+1 °

(3.7)

where C' = C(supp(u), N, Q) > 0, and in the second line we used Proposition 1.19, Ttems 1

and 5, to estimate the integral. This completes the proof. 0
- 0 Id . . .
Let us now specialise to Q) = — i 0) where each block is an n X n matrix, and switch

o (z,y) € R* variables, and record (3.6) in this case for future use. Then

1
§<(33',y),@(1',y)> = —T-Y, <D(‘T’Z/)7Q71D(‘B’y)> - 22836 9
J
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Note also that sgn(Q) =0, Q™! = Q, and | det Q| = 1. By equation (3.6)

N-1

(%)"/ / e P u(z,y) de dy = Z k:'/\k‘< Zam]ayj) (0,0) + S (1, \)

1 [eZATe]
= > ~ixalar 0 0y u(0,0) + Sy (u, ),
jal<N-1

(3.8)

where Sy () satisfies the estimate from Theorem 3.3.

end of Lecture 5, 18.10.2022

Remark 3.4. This method is useful in various areas of mathematics and physics, for instance:
in PDEs, Chern-Simons theory (infinite dimensional setting), proving various formulas.

4. ALGEBRA OF PSEUDODIFFERENTIAL OPERATORS

Aim. In this section we show basic properties of pseudodifferential operators. More
precisely we show that, up to smoothing operators, the symbols of PDOs can always be
taken to be independent of the y-variable, i.e. in left quantisation. Moreover, we show that
composition of PDOs is still a PDO, and invariance under coordinate changes.

4.1. Compositions. Say a closet set C C X xY is proper if the projections Il : X xY — X,
(,y) — x,and I, : X xY — Y, (z,y) — y, are proper maps when restricted to C. Here
we recall a map f: V — W between topological spaces is proper if f~}(K) C V is compact
for all compact sets K C W. An operator A : C°(Y) — C>(X) is properly supported if
supp(K4) C X x Y is proper.

Proposition 4.1. Assume A € V™(X) is properly supported. Then for all uw € C§°(X):
supp(Au) C 11, ( supp K4 N X X supp(u)) = Hx(supp KsnN H;l supp(u)). (4.1)
Moreover, A extends as a continuous map:
C(X) = CF(X), C®(X)—C*X), &X)—=¢&(X), DX)-—D(X).

Proof. To show (4.1), simply observe that if v € C§°(X) is such that supp(v) is contained in
the complement of Hm(supp Kan H;l supp(u)), then supp(K 4) Nsupp(v) X supp(u) = 0, so
(Au,v) = (Ka,v®@u) = 0.

Next, (4.1) shows that Au € C{°(X), so A : C5°(X) — C§°(X) is a continuous map-
ping. Here continuity follows by definition of topology on C§°(X) and the continuity of
A CP(X) — C=(X) shown in Proposition 2.16, Item 1. Similarly A extends to a
map A : C®(X) — C°°(X). Analogous arguments apply to 'A € ¥™(X) (see Propo-
sition 2.16, Item 2), and so by duality A extends to a map A : D'(X) — D'(X) and
A:E(X) = E(X). O

Any pseudodifferential operator can be decomposed into smoothing and properly supported
factors.

Proposition 4.2. Any A € U (X) can be written as A = Ay + A1, where Ay € ¥V~°(X) is
smoothing and Ag € W™ (X) is properly supported.
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Proof. Let x € C*°(X x X) be such that y = 1 in a neighbourhood of the diagonal A(X) C
X x X and suppy C X x X proper. Indeed, such y exists since for each x € X, there
exist open neighbourhoods V, C U, of z, contained in a ball of radius 1 around z, such that
the closures satisfy U, C X (i.e. U, is a positive distance from the boundary of X) and
Ve CU,. Let U :=UyexU, x Uy and V := UzexV, x Vi. Then V C U by construction and
the existence of y follows from the existence of a partition of unity with respect to the open
cover {U, X x X\ V} of X x X.
Next, by definition A = Op(a) for some a € S™(X x X x R"). Write:

A:A0+A1, AO = Op(XCl) G\I/m(X), Al = Op((l—x)a)

Then the Schwartz kernel K4, = (1 —x) - K4 € C(X x X) by Proposition 2.16, Item 4, so
by Proposition 2.17 we have A; € ¥~>°(X), and K, = x - K4 is properly supported by the
defining properties of y, completing the proof. O

The next result says that up to smoothing, it only suffices to consider left quantisation,
i.e. symbols depending only on (z,¢).

Theorem 4.3. Let a € S™(X x X x R") and assume A := Op(a) € V" (X) is properly
supported. Then

b(z,&) = e A (4.2)
satisfies b € S™(X x R"™) and has an asymptotic development (recall (2.7))
ii‘a| o N«
b<x7£) ~ Z 7(85 8ya(x7y7£))|y:m' (43)
a€eNy

Moreover, Au(z) = Op(b)u(z) = (2m)™" [o. €74b(x, £)u(€) dE for u € C3°(X).
Call o4(z,§) := b(x, &) the complete symbol of A.

Proof. Step 0: motivation. For y € R", the Fourier transform (operating on &’'(R™)) of the
Dirac delta distribution §, is given by Fd,(¢) = e=%*¢, and so §,(z) = (2m) " F(e’*¥)(z). We
obtain that for any ¢ € S™(X x R")

el e (Op(c)ei"g) (x) = e‘”'g}"_l(c(x, 0).7-"6“'5) (z) = e ¢ 2n)"F ! (c(x, 0)55(0)) (x)
= e, €) (2m)"F 1 (8(#)) (1) = el €)

Therefore, if b satisfies Op(b) = A and does not depend on the y-variable, then (4.2) neces-
sarily ‘reconstructs’ b from A. In what follows we show b satisfies the required properties.

Step 1. By multiplying a(x,y, &) by a cut-off x € C*°(X x X) with x = 1 near supp K4 U
A(X) and with suppxy C X x X proper, we may assume that I, ,ysupp(a) = {(z,y) €
X xX |3 eR” a(z,y,§) # 0} is proper, where y is constructed similarly as in Proposition
4.2. Then Op(x - a) = Op(a) = A (as x - K4 = K4) and since x = 1 near A(X), the
asymptotic expansion in (4.2) is not affected. Write

e (A (2) = (2m) " /X / o,y 0TI A dy = b 6). (44)

Note that b € C*°(X x R"™) by the proof of Proposition 2.16, Item 1 (more precisely, by the
integration by parts formula in (2.17) for u(y) = €%*). We next evaluate the integral (4.4)
using the method of stationary phase and the phase function ¢(y,0) = (x — y) - (f — §) with
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the only critical point at (y,0) = (z,£). Since the property b € S™(X x R") depends only
on large ||, we can restrict to || > 1.

Step 2: reduction to a compact set in 0. Fix a cut-off function x € C§°([0,00);[0,1]) such
that x =1 on |0, 5] and supp x C | ) For [£] > 1 and z in a compact set K C X, set:

ba(z, (2m)~ //n a(z,y,0 1—)&%))”31 6=9 dp dy. (4.5)

Note that for x in a compact set of X, the integral in the y-variable may be taken to be
over a compact set (since Il(,,)supp(a) is proper by Step 1). Let us integrate by parts
with L := ﬁ So (& — 0x)D,,. Observe that ‘L = —L and Le!@%)0=8) = ¢ile=y)(0=9)

Observe also that on the support of 1 — X(‘G 5'), we have |0 — &| > 3]¢] so by triangle

4
inequality
1
L4101+ 18] = 10 = & = 751+ [0] + [€])- (4.6)
Then (where a(1 — x) below stands for the function a(x,y,0) (1 - X(%))):
ENAN N 1+ |0)™
PY(al1=0) = 06 ( 306~ 00Da) (L= = On(1): e
B . (14 16] + [¢)ym+n+i=N . (1 4 |¢])mtnti-N
= g = ey

Here we write Ox(1) for a term uniformly bounded in (£, 0), and depending on N € N
and seminorms of a in S™(X x X x R™), we used (4.6) in third equality, and we assume
m+mn+1— N < 0. For such N € N, from (4.5) we get by(z,&) = Op(1)(1 + |¢|)m =N,
Similar estimates for derivatives of by yield by € S™°(X x RY).

Step 3: method of stationary phase. It remains to study for |£| > 1 and « in a compact set
K C X, the following classical integral (it is only an integral over a compact set):

bi(x,§) = (27?)_”/ /n a(x,y,0)x |0|§|€|> z=9)0=8) 49 dy

(2m)~ /:Jc+X/" r,x+ 5,4+ 0)X <’|§|’> 9 do ds

= (= / / a(z,x + s, Nw+0))x(|o|) e do ds,
27T —z+X n

J/

u(s,0):=

where in the second line we used the substitutions y = x + s and 6 = £ 4 o, in the third line
we substituted o by A - o, where A = [¢], and wrote £ = Aw where w € R" is of unit length.
Let us apply Theorem 3.3 to the previous integral. More precisely, use the expansion in (3.8)
to write

bz w)= Y OA(MW 000 (alw @+ s, A + )

la]<N-1

S aw (op0¢a(z,5.))

la|<N-1

+ Sn(A)

s=o=0

+ Sn(N),
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where the remainder term is estimated by Theorem 3.3 as (where the supremum in (s, o) is
over a suitable compact set depending on K and II(, ) supp(a)):

ISN(A)] < Cn gAY Z sup |95 05 ul.
la|+|8|<2N+2n+1 57
It follows that |Sy(\)| < CyA™N < Oy l€|™ N, for some Cy > 0 depending only on a and N
(and for || > 1). A similar argument applies to provide estimates on x and & derivatives of
bi(x, &) showing directly that by € S™(X x R"™), and that b = by + by has the right asymptotic
expansion (recall that by € S™>°(X x R™) by Step 2).

end of Lecture 6, 25.10.2022

Step 4. Finally, for u € C3°(X) write u(z) = (2m) ™" [g. €%0(€) d€ and approximate this
integral by finite Riemann sums for € > 0

€\" 1T-E
w(@i= () > e,
ge(z)m gl<

where u. — u in C*°(X) as ¢ — 0. Since by Proposition 4.1, A : C®(X) — C>®(X) is
continuous, we get using (4.4)

Au(z) = lim Au.(z) = (27T)_”/ e Eb(x, E)u(€) de,
e—0 n

completing the proof. O

By Proposition 4.2, any A € U™ (X) can be decomposed as A = Ay + Ay, where A; is

smoothing and Ag properly supported. Theorem 4.3 then gives a well-defined bijective map

o UX)/UT(X) = S™X xR")/ST(X xR"), A oga,, (4.7)
i.e. the complete symbol map is a well-defined bijection modulo smoothing terms (we empha-

sise that (4.7) applies to possibly non-properly supported operators). Note that the inverse
of this map is the quantisation Op, i.e. Op(ca) = 0opa) = A modulo smoothing terms.

Let us next discuss adjoint operators. Equip L?(X) with the standard inner product
(u,v) == [w(z)v(x) dx. Note that (u,v) = (u,v) if we identify the inner product with the
distributional pairing. If A € W"(X), its complez adjoint A* : C§°(X) — C*°(X) is defined
by (Au,v) = (u, A*v), where u,v € C§°(X). On the level of Schwartz kernels we have
K+ (z,y) = Ka(y,x) and so (similarly to Proposition 2.16, Item 2), we have

A" =O0p(a”),  a’(z,9,8) = aly,z,8), (4.8)

which implies A* € U (X). Let us record two consequences of Theorem 4.3:

Theorem 4.4. Let A € V"™ (X). Then:
1. The adjoint A* € V™ (X)) satisfies the asymptotic expansion

o (,€) ~ Z — ¢ DSoa(x, £). (4.9)

2. Let B € " (X)), with at least one of A, B properly supported. Then the composition
Ao B e U™ (X) is a pseudodz'ﬁerentz’al operator of order m +m' and

oap(x,&) ~ Z @g oa(z,§)Dyop(x,§). (4.10)
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Proof. Item 1. By Proposition 4.2 we may assume A is properly supported. Then Theorem
4.3 implies that A = Op(a) for some a(z,§) = oa(x, &) with a € S™(X x R™), so by (4.8)
a*(z,y,€) = a(y,§) satisfies A* = Op(a*). The expansion (4.9) then follows directly from
Theorem 4.3.

Item 2: first proof. Observe firstly that the compositions of a properly supported pseu-
dodifferential and smoothing operators C' and D, respectively, C'D and DC', are both con-
tinuous &'(X) — C*°(X) by Propositions 2.17 and 4.1, so again by Proposition 2.17 we get
CD,DC € ¥~°(X). By using Proposition 4.2 and observing that the result is unaffected by
changes modulo W~>°(X), this allows us to assume that both A and B are properly supported.

By Theorem 4.3 we have that A = Op(a) and B = Op(b), where a = 04 and b = op.
Approximate the integral defining Bu by Riemann sums converging in C*°(X) as in the proof
of Theorem 4.3, Step 4, to obtain

ABu = (2m)™"A /n e“'gb(o,{)ﬂ(f) d¢ = (QW)_”/ g€ e_m'gA(ei"gb(o,g))lﬂ(f) dg.

ofw,€):=

Following the proof of Theorem 4.3, i.e. studying the oscillatory integral
o(x,€) = e T EA( (e, €)) (z) = (27) " / / O a2, 0)b(y, €) b dy  (4.11)
X n
using the method of stationary phase, we find ¢ € ™™ (X) and

£,6) ~ 37 0D (alr, 0)b(, ), Z —Ooa(r, &) Dion(r,€).

Step 2: second proof. Alternatively, still assuming both A and B are properly supported,
argue as follows. Notice that (*B) = B, so by Proposition 2.16, Item 2, and Theorem 4.3,
we may write B = Op(o¢g), and so B = Op(b), where b(z,y,§) = otp(y, —§). It follows that
for u € C§°(X):

Bua) = 2m) " [ e+ [ oy ~uly) dy de
or equivalently by Fourier inversion Bu(¢) = Jen € ¥ oep(y, —€)u(y) dy. Therefore:

ABu(x) = (2m)~ / / @85 ) (z,6)oep(y, —E)uly) dy dE,
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which implies that AB = Op(c) € ™™ (X), where c(x,y, &) = oa(x,&)oip(y, —€). Thus:
748(0,8) ~ 3 208D (040,50, ~) 1
-3 éag (74(2. ) D505 (2, —))
Z ol Z ﬁ' aBO'A(QZ g) 8?75Dg[0-t3<x7 _5)]

Nzﬂ'aﬁmxg W

~ Z aa?O'A(lL'7 é)Dgo-B(xa E)a

3?_BD§_ﬁ [ovp(x, =€)

where we used Theorem 4.3 in the first and last lines, and that b(z,y,§) = otp(y, —§),
completing the proof. O

Remark 4.5. We remark that the composition of two properly supported pseudodifferential
operator is again a properly supported pseudodifferential operator, as follows from the proof
of Theorem 4.4, Item 2.

4.2. Changes of variables. Let us discuss transformations of PDOs under changes of vari-

ables. Let k: X — X C R" be a O diffeomorphism. This defines the pullback x* and the
pushforward k, by

K O®(X)3um uok € CO(X), k= (k1) C®(X) = C®(X).

We will also denote by #/(z) = 2%(z) and ‘x’(z) the differential of £ at = and its transpose,
respectively.

Proposition 4.6. Let A = Op(@) € U™(X) for some a € S™(X x X x R"). Then the
operator A := k* o Aok, : C°(X) — C®(X) belongs to V™(X). Moreover,

oa(z,§) = oz(k(z), (x (.73)) ¢) mod S™ (X x R™).

Proof. Write as an oscillatory integral

Au(x) = A(u o /1_1)(/1(:10)) =(2m)™" /)? /n ei(”(m)_m'gﬁ(m(x),ﬂ, g)u(ﬁ_l(@) d{dg

tI>(:L‘,'Jy\,E)::

=y [ [ el =) £ aa). ). B e S| utw)

where in the last line we changed the variables by ¥ = k(y) and wrote )det g—g’ for the

Jacobian. Note that b € S™(X x X x R") and that ®(z,y,) is a phase function, so A is an
FIO. By a change of variables in the fibres (usually referred to as the Kuranishi trick), we
would like to show that in fact A € U™ (X). By Proposition 2.15, Item 1, we have that the
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kernel K4 = (2m) "I1(b, @) is smooth away from the diagonal A(X) C X x X. Therefore, it
suffices to study K4 in a small open neighbourhood Q2 of A(X). Set

F(z,y) := /0 %(tm + (1 —t)y) dt, (z,y) € S

It follows that F and its transpose G := 'F belong to C*°(2), and by observing that F(x,x) =
%(m) is invertible, by taking €2 small enough we may assume F' and G to be invertible. Also,
by the chain rule we get F'(z,y)(z —y) = k(x) — k(y), and so:

B(x,y,8) = (F(z,y)(x —y),&) = (v —y,G(2,9)E),  €R", (x,9) €Q
After a linfar change of variables in the fibres R™ depending on (z,y) € €, that is, setting
¢ = G(x,y)§, we may introduce

| det 22(y)

a(r,y,§) = 5("@(95)7 K(Y), G_l(% ?J)f) W.

(4.12)

On Q we obtain that K4 (z,y) = (2m) " (a, (z—y)-£), so it remains to determine the symbol
class of a. On a compact set K C €2, we have that for all multi-indices «, 3,y € Ni:

02000 alz.,©)| i
i m— =C max Py a8 (a), (413)
(x:yvg)EKXR” (1 + ‘5’) |’Y| |&"+|B|S|a|+|ﬁl (K)r( 75)77

where we applied the chain rule to (4.12) and used the fact that G is invertible to show the
inequality. Here C' = C(k, K,Q) > 0 depends on x and its derivatives, and we used the
notation for a seminorm introduced in (2.5). This shows that a € S™(X x X x R") and so
A € U™(X), as required.

Note that by (4.7) we may write A= Op(c ) up to smoothing terms, so by Theorem 4.3:

, (4.14)

y=z

L oy | det ZE(y))|
oa(r,§) ~ g 10Dy (UZ(“(@’ Gle.y) Om)

and in particular, by identifying the leading order terms we get (4.6). U

Remark 4.7. If we were to consider the analogous classes \IJZ’L(;(X ) obtained by quantising
7s(X) for arbitrary (p,9), then the previous argument would only work if p 4+ ¢ = 1. The
point where the proof breaks for other values of (p, d) is precisely the estimate (4.13) for the

newly obtained symbol. To make Theorem 4.3 work we would need p > §.
We now introduce the principal symbol of a pseudodifferential operator.

Definition 4.8. Given A € V™ (X), the principal symbol of A is defined as the image of o4
in S™(X x R")/S™ X x R").

Let us observe that the principal symbol gives rise to a bijection:
(X)) /U™ HX) — S™(X x R")/S™HX x R™).

Indeed, this is a direct consequence of (4.7).
Finally, we introduce an important sub-class of symbols. Say that a symbol a € S™(X xR")
is classical and write a € S3'(X x R™), if there exists x € C3°(R"™) with y = 1 near zero, and
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(a;)7_ € C*°(X x (R™\0)), such that a; is positively homogeneous of degree j for [£] > 0
(ie. aj(x,\§) = NMa;(z,&) for A > 0), such that the following asymptotic expansion holds:
a(z, ) ~ Y (1= x(&))am—j(x, ). (4.15)
=0
Recall here that (1—x)a; € S™(X xR") by Example 2.3, Item 2, so the asymptotic sum makes
sense by Proposition 2.9. Let W7'(X) C U™(X) denote the class of classical pseudodifferential
operators, i.e. those A € ¥™(X) such that o4 € SJ(X x R"). Observe that differential

operators are classical pseudodifferential operators.

end of Lecture 7, 1.11.2022

Exercise 4.9. The space W (X) = UperWa(X) of classical pseudodifferential operators is
closed under composition and invariant under coordinate changes in the sense of Theorem
4.4 and Proposition 4.6, respectively. Moreover, the asymptotic expansion in (4.15) is (es-
sentially) unique, and the principal symbol of A = Op(c4) € V™(X) for a := o4 € ST (X)
may be identified with the function a,,(z, ) in (4.15).

Proof. Invariances under composition and coordinate change follow directly from respective
asymptotic formulas (4.10) and (4.14). Indeed, if the involved complete symbols are classical,
then the symbols in the corresponding formulas are also classical.

For the second claim, assume that > 7 (1 = x)am—j ~ >_2(1 — X)bm—; for some b; €
C>(X x (R™\ 0)) positively j-homogeneous, and some Y € Cg°(R") such that Y = 1 near
0. Then we claim that a;(z,&) = b;(z,£). We show this for j = m, and the other cases
follow by induction. Indeed, by definition of asymptotic summation ¢ := (1 — x)a,, — (1 —
X)bm € S™ (X x R™), which is positively homogeneous of degree m for |¢] large enough but
(1+1¢£])~mYe¢ is bounded over compact sets K C X uniformly in ¢. This implies that ¢ = 0
and proves the claim.

Finally, observe that by definition a — (1 — x)a,, € S/}~"(X), so the principal symbol map
agrees with (1 — x)a,, which by the uniqueness of (4.15) may be identified with a,. O

5. ELLIPTIC OPERATORS AND L?-CONTINUITY

Aim. Using the developed composition calculus, we would like to construct inverses of
elliptic operators, called parametrices. Moreover, we introduce Sobolev spaces and study the
continuity of pseudodifferential operators.

5.1. Parametrices. Let P € U™ (X) with complete symbol p € S™(X xR"), i.e. P = Op(p).
Say that P is elliptic or non-characteristic at (xg,&y) € X X (R” \ 0) if there exists a conical
neighbourhood V' of (z¢,&) in X x (R™\ 0) and C > 0 such that

b2 20+ D", wOeV, lgzC. (5.1)

Say that P is elliptic at xy € X if P is elliptic at (zo,€) for all £ € R™\ 0. Furthermore, we
say that P is elliptic if it is elliptic at any x € X.
In what follows we denote the symbols by lowercase letters.

Theorem 5.1. If P € V(X)) is elliptic, there exists Q € V~"(X) properly supported such
that
Po@Q=QoP=Id mod UV >(X).
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Moreover, Q) is unique modulo ¥~>°(X).

Proof. By means of a partition of unity, we may find ¢go € C*°(X x R") such that for every
K C X compact, there exists Cx > 0 with

1
q(z,§) = m,

Indeed, we may exhaust X by compact sets K; , X such that U;K? = X (where °

denotes the interior of ®). Let (x;)2, be a partition of unity subordlnate to this cover. By
compactness of K; and ellipticity of P, for each ¢ there exists C; > 0 such that p(z, £) satisfies
(5.1) for €] > C; and = € K. Let ¢; € C§°(X) such that ¢;(§) = 1 for || < C;. Then it is
straightforward to see that

Vz € K, |€] > Ck. (5.2)

sz (1 —4:(9))

satisfies the required conditions. Moreover, we have:
Lemma 5.2. [t holds that qo(z,£) € ST(X x R™).

Proof. Let K C X be compact. By (5.2), there exists D > 0 such that for z € K with |{| > D,
we have |go(z, §)| < 5(14]€])~™. This shows the initial bound in the symbol estimate (2.2).
To show the other ones by induction we may assume for z € K and |a| + |3] < N that

020¢a0(2, )] < Ca(1+ €)™ (5:3)
Now assume || + |5| = N. Differentiating qo(x,&)p(x,&) = 1 for x € K and || > D, we get

pOsdql < > |0, B B[00 020 qo] < C1+ 1),
)

for some C' > 0, where C(o/, 5, a, 3) is a suitable multinomial coefficient, and we used the
symbol estimates for p and (5.3). Combining with the ellipticity assumption on p, this proves
the required bound on aaaﬁ qo and completes the proof. O

By Lemma 5.2, Op(q) € ¥ (X), so we may take Qg € ¥~""(X) properly supported with
Qo — Opl(qo) € \IJ *(X). By Theorem 4.4 we have Qg o P —Id € ¥~1(X). Similarly, there
exists (properly supported) Q; € ¥=™71(X) such that

(Qo+ Q1) oP —1d e UV ?(X).

Indeed, by Theorem 4.4 we see it suffices to take ¢1 = —qo(og,p — 1) € ST HX x R") and
so Op(q;) € ¥~ 1(X). Tterating, we obtain Q; with Qx — Op(qx) € ¥=°°(X) for all k € Ny,
such that
(Qo+Q1+...+Qp)oP—Id e U 1(X).

Choosing @), properly supported to be equal to Op(Z:j>0 qj) up to smoothing gives @)y, o
P —1d € U=>°(X). Arguing similarly, there is a properly supported Qr with PoQpr —1d €
U—>°(X). Applying Qg to the right of QP = Id mod ¥~*°(X) gives Q := Qp = Qr
mod ¥~>°(X). Uniqueness of () similarly follows, which completes the proof. U

The @ constructed in Theorem 5.1 is called the (elliptic) parametriz of P.

Corollary 5.3. Assume P € W™ (X) is elliptic and properly supported. Then:
1. P:D'(X)/C>®(X) = D'(X)/C>®(X) is a bijection;
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2. For u € D'(X), we have singsupp(Pu) = sing supp(u). In particular, we obtain the
elliptic regularity result: if u € D'(X) is such that Pu € C*(X), then u € C*(X).

Proof. Note that P is well-defined on D’(X) by Proposition 4.1. For Item 1, simply observe
that the inverse of P is given by the parametrix () from Theorem 5.1.

For Item 2, sing supp(Pu) C singsupp(u) by pseudolocality, see Proposition 2.16, Item
5. For the other inclusion, applying Theorem 5.1 gives @ € ¥~™(X) such that QPu — u €
C*°(X), which implies the claim again by pseudolocality. O

Remark 5.4. Let us make a couple of remarks at this point:

1. More generally, a PDO P is hypoellipic if Pu € C*°(X) implies u € C*(X). It is
possible to show, for example, that the heat operator 9, — A is hypoelliptic (but clearly
not elliptic).

2. Later we will be able to show a more precise regularity result using wavefront sets.

5.2. L?-continuity. We next focus on mapping properties of operators in W°(X) between
L? spaces at first, and then generalise to mappings on Sobolev spaces.

Theorem 5.5. Let A € UO(R™) with K4 € £'(R™ x R"). Define
M :=limsup sup |oa(x,§)]|.

|€]—00 zER™
Then A : L*(R™) — L*(R") is continuous and for every e > 0, we can find a decomposition
A=A+ K., where ||Acl|z2—r2 < M + ¢ and K. € V~>°(R"). Also, we have supp K4, C
supp K4 + {0} x B(0,¢).

Proof. Step 1: well-definedness and the idea. Since supp K4 is compact, A is properly sup-
ported and we may write A = Op(o4); in fact, oa(x, &) vanishes for x outside a compact set.
More precisely, if xy € C5°(R™) is such that x(z)Ka(z,y) = Ka(z,y), then Op((1—x)o4) =0
which implies (1 — x)o4 = 0. Therefore M is well-defined. For the L?-boundedness, use the
following idea: show that A*A < (M + ¢)?1Id in the sense of self-adjoint operators by con-
structing a square root of (M +¢)?1d —A*A. Note that A*A also has a compactly supported
Schwartz kernel (which follows from the formula 4.11 for the symbol of the composition).

Step 2: the ‘square root’ The following lemma constructs a square root of (M +¢)*Id —A*A
up to smoothing.

Lemma 5.6. For all € > 0, there exist B € W(R") and R € V"°(R") with Ky1e1a—5 €
E'(R™ x R™) and such that

(M +4¢)’ld=A*"A+ B*B +R.

Proof. Consider the self adjoint operator C':= (M +¢)?Id —A*A. We claim that we can find
by € S°(R™ x R™), with by = M + ¢ for = outside of a compact set, such that

oo — |bo]* € STHR" x R™).

Indeed, since o4 is compactly supported in the x variable, there is an L > 0 such that
M + 5 > |oa(z,€)| for all # € R and |{]| > L. Taking x € Cg°(R") such that x(§) = 0 for
|€] > 2L and x(§) =1 for |¢] < L, we may set

bo(,€) = (1 = x(EDV(M + )2 = |oa(w, P + x(€)(M +¢). (5-4)
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One checks that by € S°(R™xR") similarly to the proof of Lemma 5.2. Moreover, by Theorem
4.4 we have o444 — |oa|> € STHR™ x R"), so

oo — |bolP = (M +¢)? —|oal> — || =0 mod S™HR" x R"),
where in the last equivalence we used (5.4), proving the claim.
Write By := Op(by) = (M + ¢)Id+D, where supp Kp is compact and D € ¥o(R").
Therefore:
U HR") > Cy:=C—B;By=—A*A— (M +¢)(D*+ D) — D*D,

where supp K¢, is compact and so o¢, is compactly supported in z. Next, we seek for the
next approximation By + By, for some B; € U~}(R") such that:

U 2(R") 3 Oy :=C — (By + B})(By + By) = (C — B;By) — (B;By + B{By) — B B;. (5.5)

To reduce the order of the operator on the right hand side, define the symbol b, by b, :=
%ba Yoo B;B,- Note here that by is bounded from below by a positive constant by its definition
(5.4) and so by Lemma 5.2, b;' € S°(R" x R"), implying b; € S~}(R™ x R"). Therefore,
taking B; properly supported such that B; — Op(b;) is smoothing shows (5.5).

Iterate this procedure and obtain By € ¥~*(R") with symbols b, € S7F(R" x R") and

C—(By+...+Bp)(Bo+ ...+ By) € UFYR").
The operator B is then defined to be Op( Yoo bk), proving the lemma. 0

Step 3: the L*-bound. For u € C{°(R™) and the operator B € WO(R™) constructed in
Lemma 5.6, we have: (B*Bu,u) = ||Bul|3, > 0. Thus

0 < ||Bullf> = (B"Bu,u) = (M + &)*Jullz> — [[Aullf> — (Ru, ). (5.6)

Note by Lemma 5.6 that R € U~>°(R") and the Schwartz kernel of R is compactly supported,
so R: L*(R™) — L*(R") is bounded, which combined with (5.6) shows the continuity prop-
erty.

gtep 4: the sharp estimate. For the second part, let ¢ € Cg° (B(O, %)) with [(x)dx =1
and ¢ > 0. Then also 0 < )] < 1 and ¢(0) = 1. Put y = ¢ x4 € Cs°(B(0,1)), where
P(x) := 1p(—z). Then ¥ = |1|2 by Proposition 1.19, Item 3, so also 0 < §¥ < 1 and X(0) = 1.
Put x.(z) ;== e™"x(%) and define Pou :=u — x. * u.
Now by Proposition 1.19, Items 3 and 7, we get

1Pl = (2m) " @l = ¥)lz. < 2m) " @lze = [full7..
Thus applying the inequality (5.6) to P.u we conclude that
|APulZ> < (M + e)*|lull7> + | RP-ull g2 |ull 2.

Observe that the Schwartz kernel K. of RP. is equal to:

K5<x7y> = KR(x7y) - KR(xv Z)XS(Z - y) dZ,
Rn

which converges uniformly to zero in C*(R") as ¢ — 0. It follows that for any g3 > 0, for
e > 0 small enough we have ||[AP.ul|z> < (M + £o)||ul/3.. Finally, define A, := AP. and
K (o) := A(xo x o) € U=>°(R"), for some &’ small enough depending on e. This completes
the proof. O

end of Lecture 8, 8.11.2022
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5.3. Sobolev spaces and PDOs. Let us now extend the L?-continuity of PDOs to prop-
erties about mappings between Sobolev spaces.
For each s € R, we define the Sobolev space H*(R™) as

H*(R") = {u € S'(R") | () (1 +[¢*)% € L*(R™)},
equipped with the norm

|

2y = (27) / (L+ [Py [ae)P d,

n

with the associated inner product given explicitly by

(10 o = 2m) " [ (14 €T de.

n

Note that for s = 0 we have H°(R") = L*(R") (using Proposition 1.19, Ttem 7). Let us
collect some basic properties of Sobolev spaces in one proposition:
Proposition 5.7 (Properties of Sobolev spaces).
1. H*(R™) is a Hilbert space with the inner product given by (5.3) and S(R™) C H*(R")
s dense;

2. H5(R™) c HY(R™) for s > t. Moreover, this inclusion is compact;

3. There exists a non-degenerate continuous pairing, continuously extending the one on

S(R") x S(R™)

H*(R") x H*[R") = C, (u,v) ::/ u(z)v(x) de. (5.7)
This gives a canonical isometric isomorphism H5(R™) = (H“"(R”))/, the dual space
Of HS(RTL),
4. Form € N, there is an alternative definition of Sobolev spaces:

H™R") = {u € D'(R") | D*u € L*(R"), V|a| < m}. (5.8)
The norm |ullgm is equivalent to the norm 37, ,, [[D%ul|2rn);

5. Let o € S(R™) and s € R. Then the multiplication map M, : S(R™) 5 u — ¢u €
S(R™), extends to a continuous map M, : H*(R") — H*(R™). Therefore a differential
operator P of order m with constant coefficients or coefficients in S(R™) is continuous
P HY(R?) - H*"(R");

6. For 5,0 € R, the operator (1 — A)2 := Op((1+ |§|2)%) : H5(R™) — H*(R"™) is an
isometric isomorphism;

7. Sobolev embedding theorem holds: for any k € Ny, if s > 5 + k, then H*(R") —
Ck(R™) continuously.

Proof. The proofs mostly follow [3, Chapter 9.3].

Item 1. Note that (e, )y is well-defined by Cauchy-Schwarz, and that ||u| gs = 0 implies
that © = 0 as a distribution in S’(R™), which by Proposition 1.19, Item 6, implies u = 0.
Thus || e || = is positive-definite. To show it is complete, assume (u;):2, C H*(R") is Cauchy.
Then by definition ((1+ |§|2)§ﬂz)zl is Cauchy in L?(R"), and by completeness of L*(R") we
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get (1+ [€]%)2U; — v in L2(R™). Writing v = (1 + |¢|?)27 for some u € S'(R") gives u; — u
in H*(R") and proves completeness of H*(R").

For the density part, let u € H*(R"). By definition (1 + |¢|?)2u € L*(R™) so by Exercise
1.20 there exist (¢;)%2, C C°(R") such that ¢; — (1 + [¢[*)2a in L*(R") as j — oc.
Writing ¢; = (1 + |§|2)§$j for some 1); € S(R™) (possible by Proposition 1.19, Item 6), this
immediately implies ¢; — u in H*(R").

Item 2. If u € S(R™), it is straightforward to see that ||u||gt < ||u||gs. The result then

follows by density of S(R™) C H*(R") from the preceding item. The compactness claim is
known as the Rellich-Kondrachov theorem.

Item 3. Given ¢, € S(R™), the pairing (5.7) is well-defined and satisfies

(@) = (@2m)™" /n<1+|f|2>3$<§>-<1+|f|2>—3$<—5>d5\s||¢| Gla-  (59)

where we used Proposition 1.19, Item 7, and Cauchy-Schwarz inequality. This implies that
the pairing extends continuously to H*(R™) x H~*(R™). To show the isometry claim, let
u e H*(R™). By (5.9), the map H*(R™) 3 v — (v,u) € C is a continuous linear functional
with norm bounded by |ul|g-s. In fact, taking vo := F~((1 + [¢[*)u(—¢)) € H*(R"), by
2., which shows that H*(R") 3 u > (e,u) € (H*(R"))" is

H—s»

HS

definition we get (u,vg) = ||u|
an isometry onto its range.

To show surjectivity, let v’ € (H S(R”))/. By the Riesz representation theorem, there exists
w € H*(R™) such that

W) = (v,w) e = (21)" / (1 + [€P)*3(6)B(E) d.

n

Setting u := F~1((1+[¢[*)*@(—¢)), it follows that u € H~*(R") and so similarly to the first
equality of (5.9) we get u/(v) = (v,u), showing surjectivity and completing the proof.

Item 4. Let us first observe that for a vector £ € R™ and a multi-index o we have
€92 < |€]%1°l ) and that also any &

= o\ k!
= () =X P
i=1 18l=k
It follows that there exists C' > 1 depending on m such that

S e sarign<e Y el (5.10)

|or|<m o] <m

If u € S(R"), then multiplying (5.10) by |u]* and integrating yields

1
- Y IIDulf < Jlullfe < C Y Dl (5.11)
laj<m laj<m

To show (5.11) for u € H™(R™), by density of S(R") it suffices to show that if S(R™) > v; = v
in H™(R™) as i — oo, then D*v; — D%v in L*(R™) for all |o| < m. However by Item 2 we
have v € L*(R") and by (5.11) that (D%v;)$2, is a Cauchy sequence in L*(R"), so D%; — v,
for some v, € L*(R™). By uniqueness of limits, we get D® = v,, proving the claim. The
same argument shows that the space on the right hand side of (5.9) is equal to H™(R"), and
therefore (5.11) gives the equivalence of norms.
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L

Item 6. Note that (1 — A)2 € U¥(R") and also by definition
(1—A)iu=F ' ((1+[¢?)20), ueSERY. (5.12)

This precisely means that (1 — A)z : H*(R") — H*“(R") is an isometric isomorphism
onto range (here we use the density of S(R") in H*(R") established by Item 1 above). The
surjectivity is obtained by noting that the inverse map is given by (1 — A)*g.

Item 7. Firstly, consider the case k = 0 and note that £ — (1+1£[*)7* € L'(R") for s > 2.
If u € H*(R™), then by Cauchy-Schwarz

il < ([ 0+ lerya@ra)’ ([ a+ien i)’ = cule,

for some C(s) > 0. By the inverse Fourier transform (see Proposition 1.19, Items 1 and 6),
we have v € C°(R") and |u(z)| < C|lul||gs for some C' > 0 and any z € R", proving the

claim.
For an arbitrary & > 0, apply the preceding paragraph to D*u for |a| < k and note that
D%y € H**(R") for such range of a. This completes the proof. O

We next introduce a few versions of Sobolev spaces for an open set X C R™. The space of
distributions that locally belong to a Sobolev space is given by

Hipo(X) ={u e D'(X) | pu € H*R"), Vp e C5*(X)}.

(X) is equipped with the topology of a locally convex space induced by P =
ms. Then:

The space H;

loc

{p, | ¢ € C57(X)}, where p,(u) == [|pul

Exercise 5.8. It suffices to take a countable, exhausting family of seminorms, i.e. (p;)32; C
C5°(X) such that pjy1 = 1 on supp(yp;) and U;{p; = 1} = X. Then H; (X) becomes a
Fréchet space.

Next, let K C X be compact. Define
H*(K) :={u e H*(R") | supp(u) C K} C H*(R").

The space H*(K) inherits the subspace topology, making it into a Hilbert space. Finally, the
Sobolev space of distributions with compact support is introduced by
Hepp(X) = | H*(K),
KCX
where the union is over all K C X compact. Topologise H? (X)) with the locally convex

comp

inductive limit topology, analogous to the topology on test functions C§°(X) in §1.2.
(X) x H 2 (X) is non-degenerate, similarly to Proposition

comp

Exercise 5.9. The pairing H;
5.7, Item 3.

We are ready to present the main theorem of this subsection:

Theorem 5.10. Let A € V(X)) be properly supported and let s € R. Then A is continuous
as a map:

A HE (X) — HEZ™(X), A:HS, (X)) — HS™(X).

loc comp comp

If A is elliptic, then for all u € D'(X), we have the qualitative elliptic reqularity
ue Hp (X) < Aue H;"(X).

loc
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Proof. The last claim follows from the mapping properties and the existence of an elliptic
parametrix, Theorem 5.1. Let us give only the argument for the mapping property on the
H{ (X)) space — the other case follows similarly.

loc

Step 1: reduction to X = R". Let ¢ € C5°(X). Then it suffices to show pA : HS (X) —

H; ™(R™) is continuous. There exists ¢ € C§°(X) equal to one on large compact subset of

X (more precisely, equal to one on II, ( supp(pK A)), where we use the notation from Section
4), such that ¢ A = pAt. It suffices to prove A = @Ay : H*(R™) — H*~™(R™) is continuous.
Here A € U™(R") and supp K 3 is compact.

Step 2: isomorphism to L?. We claim that for every ¢ € R, there is an elliptic, properly
supported A, € U¥(R™), such that for all ¢ € R we have isomorphisms

Ag o HY(R™) — H7HR™).

To prove the claim, let us modify the operator (1 — A)z € W/(R") introduced in Proposition
5.7, Item 6, into a properly supported A, € W*(R") that satisfies the required properties.

First observe that we may write (1 — A)zu = F~1(5;a) for any u € C5°(R™), where

J4 .
ve(x) = FH((1+ [€%)7) () = (2m) " / L+ IEP)P e € S'RY),
understood as an oscillatory integral. By Proposition 2.15, Item 1, we have that v, is smooth
outside x = 0. In fact, we claim that for x # 0, v, is of Schwartz class (in the sense that
(1 —x)ve € S(R™) for x € C3°(R™) with x = 1 close to zero) since for any k € N:

1 - ¢
a) = @0) " [ g1+ I e

and similarly for any of the x derivatives of v,. Take x, € C§°(R") with x, = 1 near zero and
define wy := x,vp. Then, as (1 — x,)v, € S(R™)

Re = @(€) — (1 +1€%)2 = F((xe — Lve) € S(R™). (5.13)

Define Agu := F~'(w,z). By (5.13) we have that A, € U*(R") and that A, : H'(R") —
H'=*(R") is continuous. Moreover, A, is properly supported as its Schwartz kernel is wy(z —y)
and wy is compactly supported. Finally, observe that by taking x, equal to 1 on a sufficiently
large set, we have ||Op(Ry)| gt_pe—e < 5 for any ¢ € R. Since (1 — A)% is an isometric
isomorphism, by standard functional analysis this shows that A, is an isomorphism, proving
the claim.

Step 3: conclusion. By Step 2, note that H*(R") = A_ L*(R™). So it suffices to prove

that B := A;_,, AA_; : L*(R") — L*(R") is continuous. But this follows from Theorem 5.5,
as B € U'(R") and supp Kp compact. O

end of Lecture 9, 15.11.2022

Remark 5.11. If A € U™(X) is not assumed properly supported, then it can be shown
that A : H3,, (X) — H, ™ (X) is continuous. This should be compared to the mapping
properties of PDOs in Proposition 2.16, Item 1, i.e. we need compact support of functions

in the domain of a general PDO and we only get local control in the range.



LECTURE NOTES: MICROLOCAL METHODS 41

Corollary 5.12 (Quantitative elliptic estimates). Let A be an elliptic differential operator
of order m with smooth coefficients. Then for any K C X compact, s € R, and N € Z, there
exists C = Ck s n > 0 such that

lulleem < C([Aull s + llullg-~),  Vu € H™(K).

Proof. Let B € ¥~™(X) be the parametrix of A. Then u = BAu + Ru, where R € U~>°(X)
is smoothing. The estimate follows by applying Theorem 5.10. 0

6. THE WAVEFRONT SET OF A DISTRIBUTION

Aim. Using the Fourier transform, refine the notion of singular support by introducing
the wavefront set, the set of directions where the Fourier transform is not rapidly decaying.

Let us use the notation T*X = X x R” for the cotangent space of some open X C R"
and 0 := X x {0} for its zero section. All PDOs in this section are assumed to be properly
supported, unless otherwise stated. Recall that if u € D'(X), then xg & sing supp(u) if and
only if there is a ¢ € C3°(X) with ¢(zg) # 0, such that pu € C>(X).

Definition 6.1. Let u € D'(X) and (zo,&) € T*X \ 0. We say that u is C° microlocally
near (zo,&o) if there exists A € V™(X) elliptic at (xo,&), such that Au € C*(X). Then

WF(u) :={(z,&) € T*"X \ 0 | w is not C* near (z,§)}.

Remark 6.2. We make some initial observations:

1. We may always assume m = 0 in Definition 6.1, by composing on the left with
B € v~"(X) elliptic at (o, &);

2. The set of points in 7% X \ 0 where u is C* is an open conic set, so WF(u) is a closed
conic set in T*X \ 0;

3. We may introduce symbols in a cone. Let V C T*X \ 0 be any open conic subset.
Then a € S™(V) if a € C®(V), and for all o, 8 € Njj and closed conic sets W € V
(in the sense that W N {|¢| = 1} is compactly contained in V N {|{| = 1}), there
exists C' = C(a, 5,W) > 0 such that |8§8§a(m,§)| < C(1 + €)™ 8 for (z,6) € W.
The space S™*(V) is defined as Ny,erS™ (V). The general results for symbols from
Section 2 remain valid for S™ (V') (products, asymptotic summation).

Definition 6.3. Given A € V™ (X)), we define its wavefront set WF(A) as the smallest closed
cone I' C T*X \ 0 such that o 4|pe € S™(I°).

Remark 6.4. We make a couple of further observations:

1. We have that WF(A) = ) if and only if A € U~>°(X). This follows directly from the
definitions;

2. Given two pseudodifferential operators A and B, we have that
WF(Ao B) C WF(A) NWF(B). (6.1)

This is because at least one of 04 and op is of class S™*° on WF(A)° U WF(B)¢, so
0 A0p 1s also of class ST by the composition formula from Theorem 4.4, Item 2.

Let us now prove that the wavefront set of distributions behaves well under the action of
PDOs.
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Lemma 6.5. If u € D'(X) and A € V"(X), then
WF(Au) € WF(A) N WF (u).

Proof. Let (z0,&) € (WF(A)*U WF(u)°) \ 0. Consider two cases:

Case 1: (x9,&) € WF(A). Then if B € U°(X) elliptic at (zg, &) with WF(B)NWF(A) =
0, by Remark 6.4 we have BA € U~°°(X) and so BAu € C*°(X). By definition this means
that (z9,&) ¢ WF(Au). (To construct B we may take B = Op(x(z)¥(§)), where x is
localised near xy and v is positively 0-homogeneous and non-zero near &y/|&o|.)

Case 2: (x9,&) € WF(u). Let B € ¥™(X) be elliptic at (x¢, &) such that Bu € C*(X).
Let V' be an open conic neighbourhood of (z¢, &), such that B is elliptic at every point of
V. Similarly to the parametrix construction in Theorem 5.1, we can construct ¢ € S~ (V)
such that

c#op=1 mod S~ (V). (6.2)

Here we introduce the notation e#e for expressions appearing in the symbol of a composition

by (see Theorem 4.4, Item 2, and note that this operation is well-defined modulo S™ (7% X))
Oya- Dgb

(l#b = Z T
a>0

Let x(z,§) € C®(T*X), such that y = 0 for small ||, x positively 0-homogeneous for
€] > 1, x = 1 on a closed conic neighbourhood W & V of (z4,&) and supported in a
slightly larger cone. Define C := Op(xc) € ¥™™(X) and note that D := C; o B € V(X))
satisfies op = xc#op mod S™°(T*X) by Theorem 4.4, Item 2. Thus Bu € C*°(X) implies
Du € C*(X). On the other hand, op =1 mod S~ in W by (6.2) and so by definition
WE(Id —D) C We.

Take E € W(X) elliptic at (xo,&) with WF(E) € W. Then by (6.1) we get that
WF (EA(Id —D)) =0 and so EA = EAD mod ¥~. Therefore

FAu=FEA(Du) =0 mod C*(X),
which by definition implies (z¢, &) € WE(Au). O

The next claim rigorously relates the notions of the wavefront set and the singular support
of a distribution.

Proposition 6.6. Let II : T*X — X be the natural projection. Then H(WF(U)) =
sing supp(u).
Proof. We show the inclusions from both sides and separate two cases:

Step 1: H(WF(U)) C singsupp(u). Let o € X \ singsupp(u). By definition, there exists
X € C§°(X) such that yu € C*°(X). Multiplication with y is a PDO with symbol x € S°(X),
which is elliptic at every (xg, &), for & # 0. This ends the first part of the proof.

Step 2: singsupp(u) C H(WF(U)) Let xo & H(WF(u)) By definition, for every £ € S*~!
there exists A € WO(X), elliptic at (x0,¢) such that Acu € C(X). By compactness, we

may find finitely many Ay, ..., Ay € ¥°(X) such that A;u € C*(X) and for every £ € S"1,
at least one of A; is elliptic at (x¢,&). Therefore

N
A=) ATA; € T(X)
j=1
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is elliptic at zg, and Au € C*°(X). By Corollary 5.3, Item 2, we have u is C* near z,
completing the proof. O

We next recall a fact from the theory of distributions.

Exercise 6.7. If u € £'(X), the Fourier transform u(§) belongs to C*(R™), and is moreover
analytic. If N is the order of u (i.e. the N in the estimate (1.2)), there exists C' > 0 with *

A < c+eh”, veeRrn (6.3)

Proof. By definition u is well-defined as a distribution in S&’'(R"). We claim that u(§) =
(u(z),e~€). Indeed, for ¢ € C5°(R") we have

(@.6) = (w.0) = (u(o). [ e<o(6)d) = [ {uta).e*o() e

where in the last line we wrote ¢ as a limit of Riemann sums converging in C>(R") (as in
the proof of Theorem 4.3, Step 4) and used that u belongs to the dual space of C>°(R™) (by
Proposition 1.14). This proves the claim.

The claim about smoothness of @ now follows from the expression @(¢) = (u(z), e~™®*) and
the fact that u extends to C°>°(R") continuously. The analyticity claim follows from

FET(E) = (u(z), e = (~ix)°)
and the bound (1.2). More precisely, we have that for each compact set K C R™, there exists

C > 0 such that sup,cx [020(¢)| < C'**al holds.
The estimate (6.3) follows directly from (1.2) and the relation @(¢) = (u(z),e~™*). O

Finally, we give an alternative definition of the wavefront set, in terms of directions in
which the Fourier transform is rapidly decaying.

Proposition 6.8. Let u € D'(X) and (x,&) € T*X \ 0. Then (x¢,&) & WE(u) if and only
if there exists ¢ € C§(X) with ¢(xy) # 0 and a conical neighbourhood I of & in R™\ 0, such
that for all N > 0 there exists Cy > 0 with:

[pu€)l < On(1+ )™, vEeT. (6.4)

Proof. Step 1: assume that o, u, T’ satisfy (6.4). Let x € C°°(R") such that supp(x) C T,
X positively 0-homogeneous for |[¢] > 1 and X(%) = 1. Define a(z,y,&) = p(z)p(y)x(§) €
SYX x X x R") and A = Op(a) € ¥°(X). By definition we have that

Au(z) = (z)F (x(§)Pu(§)).

By (6.1) (1+|¢P)°x(€)Fu(€) € L*B™) for any s € R and so F~! (x(€)Ful€)) € Nen (R,
By Sobolev embedding theorem (Proposition 5.7, Item 7) we obtain Au € C'*(X), and since
A is elliptic at (xg,&p) by construction, (xg,&y) & WF(u).

Step 2: assume (zg,&) ¢ WF(u). By definition there is A € UO(X) elliptic at (g, &)
with Au € C*(X). Let x(§) € C*°(R") be positively 0-homogeneous for |{| > 1 supported

in a small cone close to é—g‘ such that X(é_gl) # 0, and ¢ € C§(X) with p(zg) # 0 and

4For the Fourier-Laplace transform and more precise relations between u € £'(R™) and the decay of @(€)
as [£| — oo, see the Paley-Wiener theorem [3, Chapter 10].
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sufficiently small support. As in the proof of Lemma 6.5, Case 2, there exist B € W°(X) and
R € U~>°(X) with

Op(x(€)¢(y)) = BA+R. (6.5)

Write v 1= pu € £'(X). By (6.5) we have Op(x)v € C*°(X) and in fact, we claim that
Op(x)v € S(R™). To prove the claim, note that Op(y)e = k * e where

k() = F ()(x) = (2m)" / T () dE € DI(RY).

n

As in the proof of Theorem 5.10, Step 2, integrating by parts using (—A¢)™ we get that
(1 =)k € S(R") for any ¢ € C§°(R") with ¢ = 1 near zero. Thus for large |z|, that is, for
x outside of supp v, the integral

Op(x)oe) = [ ke = u(w)dy (6.6

converges absolutely. Since |z| < 2|z — y| for y € suppv and |z| large enough, we get that
Op(x)v(z) = On(lz|™™) as |z| — oo for any N > 0. Repeatedly differentiating (6.6), this
implies that Op(y)v € S(R™) and proves the claim.

Given the claim, we have x(§)gu(§) € S(R™), which shows the decay condition (6.4) in a
small cone around x. 0

Example 6.9. Let us give a few explicit examples of distributions and their wavefront sets,
using the characterisation of Proposition 6.8.

1. WE(6o) = {(0,¢) | £ # 0}, where dp(z) € E'(R") is the Dirac delta at zero. This
follows since ¢d(&) = ¢(0) for ¢ € C§(X);

2. More generally if S C R” is a submanifold, then WF(dg) = N*S\ 0 = {(z,¢) | =z €
S, 04¢LT,S):

3. Let f € C®*(R™) and & be the Dirac delta at zero in R™". If u(2’,2") := §(2') ®
f(2"), then WF (u) = {(0,2",¢&',0) | 2" € supp(f)}.
Proof. Assume first that f(z”) # 0 for all 2”. Then WF(d ® f) = WF(6 ® 1), by
Lemma 6.5 (where we see the multiplication by f(z”) as an invertible pseudodiffer-
ential operator). Secondly, if 1/ € C5°(R™*""), then ¥dy ® 1(£/,€") = (&), where
wo(z") = (0,2"). If &' # 0, then u(a’,2”) = 0; if £” # 0, then since vy is of rapid
decay near £", we obtain WF(u) C {(0,2",£,0) | & # 0}. Assume now ¢(0,z") # 0.
The other inclusion follows by observing that for 14(£”) to be of rapid decay near
(&,0), implies 1o(¢”) = 0 for all £, so 1hg = 0 contradicting the assumption.

The case when f is allowed to vanish follows similarly. O

4. WF(H (z1) ® 1(2")) = {(0,2",&1,0) | & # 0}. Here H(z4) is the one-dimensional
Heaviside step function, H(x1) =1 for x; > 0 and zero otherwise, and z” € R" 1.
Proof. Denote F(xq1,2") = F(x) = H(z;) ® 1(2”). First observe that g—fl = do(x1) ®
1(2"), so by Lemma 6.5 and Item 2 above, {(0,2”,£;,0) | £ # 0} € WE(F).

To show this is all, consider (z1,2”, &, &) and note if z; # 0, then F' smooth; if

ry =0 and & # 0 we let p € C°(R) and ¢ € CP(R™™1). Then pH @ (&,£") =
©H(&)¥(€") and consider C' > 0, such that the cone V' = {|&| < C|£"|} contains
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(&0,&p)- Since w({‘”) is Schwartz, we see that in V/, @H(fl)i(ﬁ”) is of rapid decay, so
(0, :c’ﬂfo, 0) & WE(F), completmg the proof. O

5. Let ¢ be a real-valued phase function on X x RN\ 0, a € S™(X x RY), and set:

A<.0 = {(valz(xve)) | gpé(m)&) =0,0# 0}

which is a closed conic set in 7% X \ 0. Recall the oscillatory integral I(a, ¢) € D'(X)
was defined in (2.8); then:

WFE(I(a,¢)) C A,.
In particular, if A € U(X) then its Schwartz kernel K 4 satisfies
WF(Ka) C {(z,2,§,-¢) |r € X, £ # 0}

Proof. To prove this, we first recall that the critical set C,, is given by C, = {(z,0) €
X xR¥\ 0| ¢p(x,0) =0} (see (2.14)). By Proposition 2.15, Item 2, we may assume
that a is supported in a small closed conic neighbourhood I' of C, without affecting
the wavefront set and also that a(z,#) = 0 for |@| small enough.

Let (g, &) € T X \ (C, U0) and choose 1 € C§°(X) supported near o, such that
& # @(x,0) # 0 for all (z,0) € (suppz/z X RN\O> NI (we can do so by compactness

and as ¢ has no critical points and is positively 0-homogeneous).
Again by positive 0-homogeneity of z - £ and ¢(x,0) there is a C' > 0 such that

‘3:{; (2.0)—x-)| é(|9| +1€]) (6.7)

for (z,0) € (supp@/J x RN\ O) N I[' and for ¢ in a small conic neighbourhood V' of

(0,&0). Here it is important that V and I' may be assumed to be disjoint.
Define 'L = W > (8:(: —&;) Dy, for (z,£) € V and note that  Le'#=2%) =

e!?=8) Then for any k € Z>( we have

J(€) == pI(a,)(€) = (I(a, p),pe ™) = /n /RN elp@d)—w& pk (a(z,0)¢(z)) db dz,

where we integrate by parts using L many times and use the inequality (6.7) to see
that the coefficients of L are in S™*(I'). Thus J(¢) = O(|¢]7*) for any k > 0 as
|€] — oo and € € V and so (xg, &) € WF(I(a,p)), which completes the proof. O

7. MANIFOLDS

Aim. Build the theory of distributions, calculus of pseudodifferential operators, and
Sobolev spaces on compact smooth manifolds. We will follow mostly [6, Chapter 14].

Let M be a compact smooth manifold. Denote by TM = U,y T, M the tangent bundle
of M and by T*M = UgzepnT; M the cotangent bundle, where Ty M denotes the dual vector
space to T, M. Write 0 := {(x,0) | z € M} C T*M for the zero section.
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7.1. Function spaces on manifolds. We start by carrying over the notion of a distribution
to a manifold. First of all, let (U;, ¢;)ier be a cover of M by charts, that is such that each ¢; :
U; = ¢;(U;) C R™ is a diffeomorphism. For each K C U; compact, and N € Z>( an integer,
equip C*°(M) with the LCS topology induced by the seminorms ||ul; x n = ||pi(v|,) )
for each such triple (i, K, N).

Exercise 7.1. C*(M) is a Fréchet space.

Similarly to Section 1.2, we give the space of compactly supported smooth functions
Cg° (M) an LCS topology. Then the space of distributions D'(M) on M is defined as the
continuous dual to C§°(M). Note that C*(M) C D'(M) but this depends on a choice of a
smooth measure’ dz on M, so that

(u, @) := /Mu(x)gzﬁ(x) dr, Yue C®(M), Voe CF(M).

The notion of the wavefront set carries over to u € D'(M) by saying that (z,£) € T*M \ 0 if
in some chart x € U;, we have

(pi(x),€ 0 dp; (0i())) € WEF(in(uler,)) C 9i(Ui) x R™\ 0.

It may be checked that this well defined, i.e. that it does not depend on the choice of the
chart at (z,&).
Let us from now on assume that M is compact.

Definition 7.2. The following generalises L*-Sobolev space to compact manifolds
1. L*(M) == {u: M — C measurable | [lu]|72,, = [y [ul*dz < co}.

2. Let s € R and {(U;, )}, be a cover of M by coordinate charts. Then we say
u € D'(M) lies in H*(M), Zf(p,*( v,) € H (pi(Uy)) for alli=1,... N.
Given a partition of unity {p;}}¥., subordinate to U;, define for u € HS(M)

Bt Z e (piu

Exercise 7.3. It is possible to show that:

|U| HS Sﬂl(Uz))

1. H*(M) is a Hilbert space equipped with the inner product given by polarising the
above, and moreover, all norms obtained in this way are equivalent;
2. D'(M) = User H*(M).

7.2. Pseudodifferential operators on manifolds. For a guideline on how to prove what

follows, see [4, Exercise 3.4]. We do not need to assume that M is compact.
end of Lecture 10, 22.11.2022

Let us start with the definition of the space of symbols:

Definition 7.4. The symbol space S™(T*M) consists of smooth functions a € C°(T*M)
such that for all charts (U, k) of M we have

a(k ! (z),E 0 dr(k ' (2))) € S™(T*k(U)). (7.1)
(Where (z,€) € T*k(U) = k(U) x R™.)

5The definition of a distribution on a manifold that does not involve choices involves the bundle of densities.
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It is straightforward from the definition of a symbol that if a € S™(7*X) where X C R",
and k : X — Y C R" is a diffeomorphism, then the symbol defined in (7.1) belongs to
S™(T*Y"). Therefore, our new definition agrees with the usual one. Again using this property,
it follows that it suffices to check the symbol property on an arbitrary fixed cover of M by
charts. Similarly as in the case of R”, we defined the subspace SJ(T*M) C S™(T*M) of
classical symbols.

Definition 7.5. Let P : C*°(M) — D'(M) be a continuous operator. We say P € U™ (M),
the space of pseudodifferential operators on M of order m, if the following two condition hold:

1. There is a covering of M by charts {(U;, ;) }iex and P; € W™ (¢;(U;)) such that for
alli € Z and all u € C§(U;)
Puo ;' = Puop; ). (7.2)

2. For every x1,x2 € C°(M) with supp x1 Nsupp x2 = 0, we have x1Pxo extending to
a continuous map
X1Pxz : D'(M) — C=(M).
Define the set of smoothing operators as W=°(M) := NserV*(M).
Exercise 7.6. The following points hold:
1. It can be straightforwardly checked from the definition that P : C5°(M) — C*(M);
2. We may define a suitable principal symbol map, o : W"(M) — S™(T*M)/S™ 1 (T*M).

For P € W™(M), a cover (U;,¢;)icr by charts such that P is over U; equal to
P, = Op(p;) up to smoothing (in the sense of (7.2)), define

o(P)(x,&) = Z@/Ji(x)pi(%(x);é o iy (1i(x))).

where (1;);e7 is a partition of unity subordinate to the cover. Exercise: use §4.2 to
show that this is independent of any choices; if P € U7(M), then o(P) € ST (T*M)
is a well defined positively homogeneous function of order m in &;

3. An operator P € U™(M) is said to be elliptic if its local representatives P; in (7.2)
are elliptic. Equivalently, P is elliptic if any its principal symbol representatives
o(P) € S™(T*M) has a suitable asymptotic growth in the & variable.

Theorem 7.7. The following holds true for PDOs on manifolds:

1. There is a (non-canonical) quantisation map Op : S™(T*M) — V™ (M), such that ¢

is injective, o is surjective with o o Op(e) = e, and o0 o1 =0:
0— U™ Y(M) <= O™(M) S S™T*M)/S™ Y (T* M) — 0. (7.3)

(The first map is inclusion, while the second is the principal symbol map.)

2. Assume A € U™ (M) and B € V™ (M) with at least one of A and B properly
supported. Then Ao B € U™*™2(M) and o(AB) = o(A)o(B).

3. Assume M is compact. Given A € W"(M), we have for all s € R that A: H*(M) —
H™(M). If A € V"°(M), then A : H*(M) — H*>(M) is compact for any

S1, 82 € R.
Exercise 7.8. Given A € U™ (M) elliptic, from this theorem we are able to deduce the

existence of a parametrix B € W""™(M) with AB —1d = K; € V=>°(M) and BA — 1Id =
Ky € U=°(M) (c.f. the iterative procedure in Theorem 5.1).
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)
\ /
E“(x\ E,‘f fox)

N

L

FIGURE 1. Anosov dynamics: contraction and expansion.

8. HYPERBOLIC DYNAMICS

Aim. We introduce the class of Anosov (or uniformly hyperbolic) dynamical systems,
modelling chaotic dynamics. We give the main examples and construct a functional setting
to studying their statistical properties.

Throughout this section M will be a smooth closed manifold.

8.1. Definitions. We introduce the basic notions of chaotic dynamics.

Definition 8.1. We say that the flow (yp;)ier generated by a smooth vector field X is Anosov
if there exists a continuous flow-invariant splitting TM = RX @& E, & E, into flow, unstable,
and stable directions, respectively, and there are C,v > 0 such that

t>0, ve Eyx),

8.1
t<0, veE,x), (8.1)

[dgi(w)v] < Ce™ - o], {
where | ® | is an arbitrary norm on the fibres of TM.

Example 8.2. We have the following examples of Anosov flows:

1. Let M be a closed smooth manifold and f : M — M an Anosov diffeomorphism, that
is, we have a continuous flow-invariant splitting TM = FE, ® F, with the properties as
in (8.1). Let M := M x0, 1]/ ~ be the mapping torus associated to f, where (z,1) ~
(f(x),0). The suspension flow is then defined as vertical translation ¢:(z, s) = (x, s+
t), where the addition is understood to respect ~ (once we cross the value 1 we “jump”

using f to the zero level). It is an Anosov flow with the splitting TM = R@t@ﬁueaﬁs,
where E,/, are the lifts of F, /s to M and 0, is the flow generator (exercise).

2. Let A € SLy(Z) be an N x N matrix with integer entries and determinant equal to
1, seen as a map on the N-torus TV = RY/Z". Say that the matrix A is hyperbolic
if it has no eigenvalues of modulus 1. If A is hyperbolic, then A : TV — TV is
Anosov with TTY = E, ® E,, where E, and E, are the span of generalised eigenvec-
tors corresponding to eigenvalues of modulus bigger and smaller than 1, respectively
(exercise).
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FIGURE 2. Arnold’s cat map.

2 1) . It is one of the first examples

3. Arnold’s cat map is the hyperbolic matrix A = (1 1

of hyperbolic dynamics, see Figure 2.

4. Let (M, g) be a closed smooth Riemannian manifold of negative sectional curvature.
Let M := SM = {(z,v) € TM | |v|,, = 1} be the unit sphere bundle. Define the
geodesic flow pr : M — M by @i(2,0) = (Veu(t), Yuw(t)), where v, ,(t) is the unit
speed geodesic, defined by initial conditions

’Yw,v(o) =T, /}/:v,v(()) = .
Then, the geodesic flow is Anosov (to discuss the proof for surfaces).

Dually to the differential dp;(z) acting on T, M there is the transpose dy/(x) acting
on T*M by do] ()€ = € odp; ' (x) € T7,, M. Let X be the generator of ¢; and define
E; /s C T*M to be the vector bundle obtained by annihilating E, /s & RX and Ej as the
annihilator of E, & E,. Let (®;);cr be the flow extension ®,(x, &) := (piz, dp] (x)€) of p; to
T*M and denote by X its generating vector field.

We see that the flow @, leaves the vector bundles E /s/0 nvariant, that there is a splitting
T"M=E;&FE, & E;
such that with the same C,rv > 0 as in Definition 8.1:

t>0, &€FbBi(x),

t<0, £€E ). (82)

] (x)€] < Ce™Mig], {
Let us fix an arbitrary Riemannian metric g on M inducing a norm |e| on the fibres of 7% M.

Define S*M := {(z,&) | |¢| = 1} the unit co-sphere bundle (alternatively, we may consider
the space of spherification, i.e. the space of half-lines), and denote by 7 : T*M \ 0 — S*M

the projection. Note that ®; descends to S*M by asking ®;(z, &) 1= <gpt(x), Igﬁgi;Z)' Write
t

X for the vector field generating @, and H(z,¢) := £(X(z)) (note that ®, is the Hamiltonian
flow of H with respect to the canonical symplectic structure on 7*M). Then it follows from
(8.2) that the flow @, has the following sink and source structure on S* M.
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8.2. Construction of the escape function. We will follow the construction of Faure-
Sjostrand [2]. The idea is to construct a Sobolev space that has negative regularity in a cone
near E;, positive in the complement of a slightly bigger neighbourhood of E?, and satisfies
a certain dynamical invariance property.

We start with an elementary lemma. Let us denote by d(z,S) the distance (with respect
to an arbitrary fixed Riemannian metric) from a point = and a set S.

Lemma 8.3. Let (11)ier be a flow on a compact manifold M generated by a vector field V
and let X,/ C M be compact flow-invariant disjoint subsets such that

A (1), 5s) 24500 0, € M\ 3y, A (), 5y) =100 0, x € M\ X,

Let e > 0. Then there exist open neighbourhoods Wy s of ¥y/s, 1> 0, and m € C*(M; [0, 1])
such that:

1.Vm>0on M and Vm >n>0 on M\ (W, UW;);
2. m=1mnear Xy and m >1—¢ on Wy;

3. m =0 near X, and m < e on W,.

end of Lecture 11, 29.11.2022

Proof. Let T' > 0 and let V,,/s be arbitrary open neighbourhoods of 3J,,/; with disjoint closures.
Set

Wy = M\ ¢r(Vy,), Wy = M\ Y_p(Vs).
By the assumption when T is large enough one has W, ;s C Vy/s, v_sW, C V,, and ¢¥,W, C V;
for t > 0. Let mg € C*°(M;[0,1]) be an arbitrary smooth function such that my = 0 on V,,
and mg =1 on V,. Set

1 /7
mi= o /_T Pimy dt. (8.3)
Then by the Fundamental Theorem of Calculus
1
Vm(z) = ﬁ(mo(wa) — mo(_r)). (8.4)

Also, by compactness and by the assumption, there exists a Ty > 0 such that x € M\ (V,UV%)
implies Ypx € Vs and ¢_px € V,,. We assume T' > Tj and split the analysis according to
the location of z:

L Ifze M\ (W,UW,) =¢r(V,) NY_p(Vy), by (8.4) then Vin(z) = 55 > 0;
2. If z € W, then mg(¢yx) =0 for t <T — T and so

1 T—To T TO
m(z) QT(/; molu) '*A;%Zﬂﬁﬁl )_2T<€’

for T large enough. Since mg(¢p_yx) =0 for t > 0, by (8.4) Vm(z) > 0;
3. If x € Wy, then mg(¢yx) = 1 for t > =T + Ty and so
IRV g 2T — T,
m) = o ([ moway e [ maayar) = H s
_ ——

2T\ g ~ T +Ty 2T

for T large enough and similarly Vm(z) > 0.



LECTURE NOTES: MICROLOCAL METHODS 51
Next, we need to “adapt” the Riemannian metric to the dynamics.

Lemma 8.4. Let v > 0 be the constant in (8.1). For any p € (0,v), there are smooth
Riemannian metrics gs;, on M such that in (8.2) we may take C' =1 for the action of dy,
on I, with respect to metrics gss,. More precisely for any x € M and t > 0:

|der(z)ol; < e uff, v € Ey(z),  |dp-e(z)v]; < el v € Eu(w),
where | ® |§/u = Gs/u(®, ®) are the norms induced by gs/y.

Proof. Let us construct g; the case of g, follows by considering the reversed flow. For some
T > 0 to be specified later we set

T
[v|? = / e dpy(x)v|*dt, x € M,v € T,M.
0

Then we compute:

T +T
|d<,0t(x)v|§ = 6_2’“/ 62“(r+t)|d<pr+t(x)v|2 dr = 6_2’”/ 62“q|dg0q(x)v|2 dq
0 ¢
T+t

¢
— 6_2”t<|v|§ —I—/ 62“q|dg0q(x)v|2dq —/ 62’“‘q|d<pq(x)v|2dq>
T

0

t
— ol e [ (T g () dg (o)) d
0
t
< e Hy|2 + 62‘”/ e2ra (CzeQ“Te’Q”T — 1) |dipg(2)v)? dg < e |2,
0

if T is taken sufficiently large. Here in the second and fourth equalities we simply changed
variables, while in the second to last estimate we use the Anosov condition (8.1). This
completes the proof. O

We use the adapted metrics to get the following:

Lemma 8.5. Let v > 0 be the constant in (8.1). For any p € (0,v), there exists a smooth
Riemannian metric g.q on M, and conical neighbourhoods N, of E;"/u, such that for & # 0

¢ €2y € €124
S €N, = Xlog(€u < —p- 2B S e N, = Xlog(€aa > p- o

€] L€l 1¢] R S
Here (®),q and | e |2, are the Japanese bracket and the norm induced by gaq, respectively.
Proof. Consider the (continuous) adapted metric

0[] = |02 + [ve]® + [vu 2, € M,v e T, M,

where v/, denote the projections onto £/, and v. the projection onto RX, and | e |2 Ju WeTe
constructed in Lemma 8.4. We note that the metric is smooth along the flow, in the sense
that the map ¢ — |dp(x)v]? is smooth in ¢ by the invariance of the Anosov splitting and

smoothness of | e |2 I
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Next, note that we have

(1) (2 €) = lim = (dgT (€] — [€2) < lm —(7 — DI = ~2lél}, € € B (e),

(61, €) = lim ~ (dgT ()€l — 162) > lim = (¢ ~ 1)Ie2 = 2pl¢l;, € € Bio).
(8.5)

For any 6 > 0, approximating ¢g; by smooth Riemannian metrics, we may assume that the
conditions (8.5) are satisfied with u replaced by u — 4§ > 0 and the smooth norm | e |%;.
Note that X(|£]?,) are 2-homogeneous in &, so the previous conditions also hold on conical
neighbourhood N, of E7 T with u — ¢ replaced by u — 26. Then it is easy to conclude that

for € € Ny(z)

_ L X[ElRg 1€15a
Xlog(& < —(pu—26
Cha =577 T+[ER =200 e, [2a
By reversing the flow we get the analogous claim in the case of the unstable bundle and N,,.
Since p > 0 and 6 > 0 are arbitrary, the claim follows. 0J

From now we work with the smooth Riemannian metric g.q constructed in Lemma &.5.
The following is the main result of this paragraph:

Lemma 8.6. Let u,ng,s € R withu <0 < s andu <ng <s. Let Ny be an arbitrarily small
conical neighbourhood of Ef in T*M\O0. There exists an order function m € C*(T*M; [u, s])
and an escape function G, € C*(T*M)

Gm(z, &) :==m(x,&)log/1+ f(x,£)?, (8.6)

where f € C®(T*M) satisfies for |£| > 1: f is positively 1-homogeneous, f(z,£) = || in
small conical neighbourhoods of EY and E?, and f(x,&) = |H(z,§)| in a conical neighbourhood
of E5. Moreover:

1. For [£| > 1: m(x,§) is positively 0-homogeneous, takes values u, ng, and s, in small
conical neighbourhoods of E7, Ef, and E%, respectively, and Xm < 0;

2. Gy, decreases strictly and uniformly along ®, except in a conical neighbourhood Ny
of E§ and for small |£]|, that is, there exists R > 0 such that

(2,8) e T*"M\ Ny, || > R = XG,(2,§) < —cmin(|ul, s),
where ¢ > 0 is independent of u, ng, and s. Moreover,

Proof. Step 1: construction of m(z,€). Let € > 0 and denote by 7 : T*M \ 0 — S*M the
projection. Apply Lemma 8.3 to M = S*M and v, = ®, with

1. ¥, =m(EX\0) and X, = w(E: @ E; \ 0). We obtain m; € C*°(T* M) and neighbour-
hoods Wj /s of 3,/ such that m; satisfies Items 1-3 of Lemma 8.3;

2. %, =7n(EX® E;\0) and X3 = 7(EX\ 0). We obtain my € C*°(T*M) and neighbour-
hoods Wf/s of 3,/ such that my satisfies Items 1-3 of Lemma 8.3.

Set m := s+ (ng — s)my + (u — ng)msy and
N,=WInWw?2 Ny:=W'nW?2 N, :=Wnw?
Let us split to cases according to the position of (x,§) € S*M:



LECTURE NOTES: MICROLOCAL METHODS 53

1. On S* M\ (Ns U Ny U Nu) we have Xml > 1 or §§mg > 1, and so

X = (ng — $)Xmy + (u — ng)Xmg < —ymin (Jno — s, |u — nol). (8.7)
2. On N, we have if ¢ is chosen small enough:
772>3+(n0—s)5+(u—no)gzs(1—5)+ue>g. (8.8)
3. On Nu we have if € is chosen small enough:
m<s+(ng—s)(l—e)+(u—ng)(l—¢)=es+u(l—¢) < g (8.9)
4. On the whole of S* M we have:
X = (ng — 8)Xmy + (u — ng)Xmy < 0. (8.10)

Finally, let x € C5°(R) be such that x(r) =1 for |r| < 5 and x(r) = 0 for |r| > 1. Then, we
set m(x,&) == (1 — X(|§|))fﬁ<%>, a smooth function on 7% M.

Step 2: construction of G, (z, f) Choose f 6 C’OO(T*M) such that for [{] > 1. f is
positively 1-homogeneous, for é € N,UN, and T € Ny we have f(z,£) = [¢| and f(z,§) =
|(¢, X (2))|, respectively. The escape function G,, is then defined by (8.6) and we have

XGp(z, &) = Xmlog /14 f(z,£)? +mXlog/1+ f(z,§)>. (8.11)

Note firstly that Xlog+/1+ f2 = fi{f’; is uniformly bounded by some constant C; (we use

here that X[ is positively 1-homogeneous for [{| > 1). Secondly, by Lemma 8.5 there exists
C > 0 such that for |[¢] > 1

< <
¢l €|

To show the required properties, we split to cases and assume [£| > 1:
L. (z, IE\) € S*M\ (N, U Ny U N,). Then applying (8.7) to (8.11) we get

e N, = Xlog(¢) < —C, e N, = Xlog(¢) > C. (8.12)

C
XGon(z, &) < —nmin (|ng — s|, |u — ne|) log /1 + f(x,£)* + max(|ul,s)Cy < ey min(|ul, s),
where in the last inequality we used that f is positively 1-homogeneous, and we took
|€| > R with R large enough (the constant R might depend on u, ng, or s). Note that

we also used that Xm(z, &) = Xm (x, é—|>

£) € N,. Then by (8.8), (8.10), and (8.12):

2. (I,m

KCn(r, ) = Kmlog(€) + mXlog() < —Jul.

£) € N,. Then by (8.9), (8.10), and (8.12):

3. (._'L',E

C
XGpn(z, &) = Xmlog(€) + mXlog () < -5
4. (x, i) € Np. Then since XH = 0, applying (8.10) to (8.11) we have XGyp(,€) < 0

a3
Setting ¢ := —% completes the proof of the lemma. O
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end of Lecture 12, 13.12.2022

8.3. Symbols and operators of variable order. Before we get into the applications of
Lemma 8.6, we need to introduce another class of symbols and operators. For an open
set X C R", we introduce the class S*(T*X) of symbols satisfying bounds as in (2.2) for
(p,8) = (p,1 = p). In what follows we will assume 1 < p < 1. Let M be a smooth manifold.
We say that m(z,€) € SYT*X) with sup(, ¢)er-x [m(z,§)] < oo is an order function. We
introduce:

Definition 8.7. Let m(x,&) be an order function. A function a € C*(T*X) belongs to the

symbol class S;n(x’é) (T*X) of variable order if for any compact set K C X, multi-indices
a, B € Ny, there is C > 0 such that

0507 alz, )] < O(1 4 [¢|)m=O-AAHI=All = 6) € K x R™. (8.13)

Note that we have Sy"™9(T*X) c 55" ) (T*X) and that the class a € Sp""% (T X)
behaves well under change of coordinates, that is:

Exercise 8.8. If v : X — Y s a diffeomorphism then a(k~'(y),dx " (y)) belongs to
Sm(ﬁ_l(y):dﬁ_l(y))<T*Y)
p .

The product of symbols a € S5"™(T*X) and b € S5 (T*X) (where ¢ is another order
function) satisfies ab € Sm(wg e (T*X) similarly to Proposition 2.6. Notice that if p; >

po then S, x&)(T* X) C Sp M)(T*X). The definition of a symbol of variable order can
naturally be carried over to manifolds as in Section 7. We will simply write S™®&)(T* M) :=

ST T M) if p =1 and SO (T M) = Nesg ST (T M).
Let us introduce the notation (§) := /1 + |£|? usually referred to as the Japanese bracket.
The main example of a symbol of variable order is:

Lemma 8.9. Let m(z,&) € S°(T*M) be an order function. Then (€)™@) € §T@E (T Aq).
More generally, if f(x,€) € SY(T*M) is real-valued and positively 1-homogeneous for large

€], then (14 f(2.€2) "5 € ST M),

Proof. For simplicity, we show only the first claim while the second claim follows similarly.
It suffices to prove the claim in local coordinates, i.e. to assume M = X C R"”. We claim
that for all multi-indices o, 8 € N2, writing p(z, &) := (€)™ we have

070 p(x,€) = q(, )p(x,€),

where for any ¢ > 0 we have ¢ € S~(U=9Bl+elel(T* X)) Assuming the claim, this directly
proves the required symbol estimate (8.13) on p and proves the lemma.

To prove the claim, we argue by induction on |a|+|8|. For a = = 0 the claim is certainly
true with ¢ = 1, and we assume by induction it is true for all |o| 4 |5] < N. Take some o’
and " with |o/| + |f'| = N + 1. If |&/| # 0, then we may write o' = « + e; for some i and
B =B with |a| + 8| = N, with 090;p = gp for some ¢ € S™I=IIFFelel(TX), 50

020, p(,€) = (Ou,q(x.€) + q(x,£) log(&) (u,m(, €)) ) (™. (8.14)
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The first term in the brackets in (8.14) belongs to S~(=Ifl+elel(T* X)) Moreover, since
log(¢) € S%(T*X) for any § > 0, the second term lives in S~(1=o)IBlFelal+6 (T X') " Taking ¢
and 0 > 0 small enough proves the induction step in this case.

In the other case 3’| # 0 so we may write &’ = «a and ' =  + e; for some i, with
(9;18?]9 = ¢p, so that:

8;’1/8?/])(1‘76) = (aEzQ(xaf) + Q(xv5)8&(10g<€>m(x7€)))<€>m(x7£) (815>

We analyse similarly the terms in (8.15): the first term belongs to S—'~(=a)lfl+elal(T* X)) by
the induction hypothesis, while the second one belongs to S~'~(1=e)8l+elel+d(T* X) for any
0 > 0. This similarly completes the proof of the induction step and the lemma follows. [

As in Section 2 it is possible to quantise symbols in S,T,n(z’g) (T*X) to obtain pseudodifferen-
tial operators of variable order \Ilzn(x’g) (X) C T, = e (X), and more generally to transfer
this definition to manifolds and obtain classes U™ (M). We say that P = Op(p) €
U (X) s elliptic if for every compact set K C X, there exists C' > 0 such that (similarly
to (5.1))

1
(.6 2 ()", v e K, e =0,

Similarly one introduces the notion of ellipticity in \I/ZI(M) (M). Note that in general this

ellipticity is not the same as ellipticity in say \Iff,uP””‘gm(x’f)(/\/l).

Exercise 8.10. In fact, we have:
1. Following Proposition 4.0, it is possible to show that pseudodifferential operators in

WT(x’g) (X) behave well under change of coordinates, and that the principal symbol

map 1is well-defined modulo S;,n(z’g)_@p_l)(T*X). (Note that it is here that we need
p > %) This similarly works on manifolds as in Section 7;

2. Similarly to Theorem /. (Item 2), if P € U"(X) and Q € Wi (X) for some
order functions m and £, and assuming at least one of P and Q) is properly supported,
then PQ € W™= (ML) gnd

o(PQ) — o(P)a(Q) € Syte+Hlma=Ce=1) (7 ),
This similarly works on manifolds;

3. Similarly to Theorem /. (Item 1), if P € WS (M), then its formal adjoint P*
belongs to U™ (M) such that

o(P*)—o(P) € Sm(‘”f)_@f’—l)(T*M);

4. Similarly to Theorem 5.1, if P € \IIZ%(M) (X) is elliptic, then there exists a parametriz
Qe \If,jm(x’g) (X) such that PQ —1d, QP —1d € U=>°(X), which similarly works over
manifolds as seen in Section 7.

5. Mapping properties: for P € Ur™9(X) U (X) where m* = sup, m(ic,ﬁ),
following the proofs of Theorems 5.5 and 5.10, we get that P : HE (X)) — Hy ™ (X)

comp loc
is continuous for each s € R; this carries over to manifolds as in Section 7.
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Let us recall at this point that a continuous linear map A : D — E between Banach spaces
D and FE is called Fredholm if there exists a continuous linear map B : F — D such that
AB —1Idg : E — F and BA —1Idp : D — D are compact operators. It is possible to show
that A is Fredholm if and only if it has a finite dimension kernel, closed range A(D) C Y,
and finite dimensional co-kernel (that is, the quotient Y/A(D)). The indez of the Fredholm
operator A is defined as ind(A) = dim (ker A) — dim (Y/A(D)). It can be shown that the
index of a Fredholm operator is locally constant, that is, if A’ : D — E is another Fredholm
operator with [[A — A'||x_y sufficiently small (where ||T|x-y = supj, =1 [[Tz[|y is the
operator norm), then ind(A) = ind(A’). Note that for any compact operator K : X — Y,
A+ K is Fredholm, and ind(A) = ind(A + K) since the index of Fredholm operators A+ sK
for s € [0,1] is locally constant.

In the following we assume that M is closed. We recall that a pseudodifferential operator
P is called formally self-adjoint if (Pu,v)r2 = (u, Pv)2 for all u,v € C°(M).

Lemma 8.11. Let p € Sy (T*M) be a real-valued, elliptic symbol. Then there is a
formally self-adjoint operator P € Wy (T* M) such that P — Op(p) € Wy @9~ Aq),
P : C®(M) — C°(M) is invertible and its inverse P~ belongs to W, ™™ (M).

Proof. First of all, write Q := 2WIOPEY anq note that o(Q) — p € G~ Ce=1) (s A
since p is real-valued (by Exercise 8.10, Item 3). Therefore, @ is also a formally self-adjoint,

elliptic operator in \If;"(x’g) (M) and in what flows we will produce a smoothing perturbation
of ) that satisfies the conditions of the lemma.

Note that @ maps H*(M) — H* ™ (M), where m* = sup, e m(x,&) and s € R is
arbitrary (Exercise 8.10, Item 5). By the existence of the parametrix (Exercise 8.10, Item 4),
thereisa B € U, ™™ (M) such that BQ—1Id = R is smoothing. If Qu = 0 with u € H*(M),
then (Id+R)u = 0, which in particular implies that u is smooth. Now Id+R : H¥(M) —
H#(M) is a Fredholm operator (since for instance R : H¥(M) — H**'(M) and H**(M)
compactly embeds into H*(M) by the Rellich-Kondrachov theorem, see Proposition 5.7),
and so it has a finite dimensional kernel implying the same conclusion for Q).

Let (e;)7_; be an L?(M)-orthonormal basis of ker @ C C*°(M) and denote by Iu :=
> i (u,e;)e; the orthogonal projection onto ker @ (here (e, ) denotes the distributional
pairing of u € D'(M) with a smooth function). Note that IT maps D'(M) to C*(M)
continuously, hence is a smoothing operator which is formally self-adjoint, and we claim that
P := @ + 1I solves the problem.

If Pu = 0 for some u € H*(M), for an arbitrary s, then similarly as above u € C*°(M) and
also Q*u = 0. Integrating by parts we get 0 = (Q*u, u) 2 = ||Qul|7, which implies Qu = 0 and
so u € ker @, implying further 0 = Ilu = u, hence P is injective on each H*(M). Again by
the parametrix construction there exists an elliptic B € \I/;m(m’f)(/\/l) such that BP = Id +R;
and PB = Id + R, where Ry, Ry € U, °°(M); we may assume that B is formally self-adjoint
and that R} = Rs. Moreover, by adding a smoothing operator to B similarly as above we may
assume that B is injective. By the injectivity of B and P, we know that ker(Id +R1)|xsam) =
{0}, and since Ry : H*(M) — H*(M) is compact, the operator Id +R; is Fredholm of index
zero. Hence Id+R; : H¥(M) — H*(M) is an isomorphism for each s € R, which further
implies that Id +R; : C*°(M) — C*°(M) is an isomorphism by Sobolev embedding theorem
(Proposition 5.7, Item 7). In particular, writing (Id +R;)™" = Id — Ry (Id +R;) ™" we get that
(Id+R;)™' € V(M) and similarly (Id+Rs)~! € WO(M). Define Pt := B(Id+Ry)™ ' €
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W, (M) and note that by definition PP~! = (Id+R,)"'BP = Id. Applying P! to
the right of the second equality we get also (Id+Ry) !B = P71 so0 also P7'P = Id. Since
P : C®(M) — C°°(M) is continuous and injective with inverse P! : C*®°(M) — C*®(M),
the final claim follows. OJ

8.4. Existence of resonances. Let us return to the setting of a closed manifold M and
an Anosov flow (¢;)ier : M — M generated by a smooth vector field X. Let m(x,§) and
Gm(z,€) be the order and escape functions constructed in Lemma 8.6, respectively. Note
that e € S (T* M) by Lemma 8.9 and that it is elliptic and real-valued. By Lemma
8.11, there is a formally self-adjoint operator A,, € UT""% (M) satisfying A,, — Op(eSm) €
e~ (Af) that is invertible on C*°(M) and whose inverse A-! belongs to W7 "¢,

Introduce the anistropic Sobolev space of variable order m(x,§) as:
H™EO(M) = AHLEM)),  ullgmes = || Amul| 2. (8.16)

Since A, is injective || ® ||gmee is a norm which comes from the natural scalar product
(U, V) gymiee) = (Amu, Amv) 2. We will consider the vector field X as a differential operator of
order 1 on M, which in particular is belongs to (M) and acts on the space of distributions
D'(M) (by duality). Since X does not leave the space H™@ (M) invariant, we introduce
its domain of definition (here D(X) does depend on m(z, ) which we drop from the notation
for simplicity)

D(X) := {u € H""(M) | Xu € H™ (M)}, lullp = lulmee + 1Xullimee,

where the norm || e ||p(x) comes from a natural scalar product (e, ®)p(x). It follows directly
from the definition that for any z € C the following is a continuous linear map:

X +2:D(X) = H"@(M).

end of Lecture 13, 15.12.2022

Proposition 8.12. The spaces H™ (M) and D(X) equipped with the scalar products
(., 8) 3 me) and (o, ®)p(xy, respectively, are Hilbert spaces.

Proof. 1t suffices to show that the two spaces are complete with respect to the corresponding
norms. Assume firstly that (u;)2, C H™@(M) is a Cauchy sequence. By definition,
(Anu;)2, C L?(M) is then a Cauchy sequence, so by completeness of L?(M) there exists
v € L?(M) such that A,,u; —; 00 v in L*(M). Since A,, is invertible, we may write v = A, u
where u = A-'v € H™® (M), and so by definition u; —;_y0e u in H™®E) (M) proving that
H™@E (M) is complete.

For the domain D(X) of X, we argue similarly: let (u;)$°; C D(X) be a Cauchy sequence.
Then by the first part there are u,v € H™¢) (M) such that u; —; e u and Xu; —ie0 v
in H™@8(M). Tt follows that Xu; —i 00 Xu in D'(M) and by uniqueness of limits we
conclude that v = Xwu. Therefore u; —; o u in D(X), completing the proof. O

Let us make a few initial observations about the resolvent of X, that is, the inverse of X +z
(when it exists). Let  be an arbitrary smooth volume form on M (that is, a non-vanishing
top degree differential form). The divergence divg(X) € C*°(M) of X with respect to Q2 is
defined by the relation Lx Q2 = divo (X)), where Lx is the Lie derivative along the vector
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field X and we recall that Ly Q = 0,|;=0¢; 2, where p; denotes the pullback of differential
forms. Hence Q= elo ¢35 diva(X)ds() and for any u € C*°(M) we have

o ulla = /M o 20 = /M ul? g < 200 u?, (8.17)

where Cy = 3 sup,cu|divg X (z)|, we changed variables in the second equality, and by
density this holds for any u € L?*(M). Therefore for Re(z) > Cy and u € L*(M) we have
that [; e *¢* ,udt converges in L*(M) and we get

o) T
(X + z)/ e ot udt = (X + 2) lim / e Pt udt
0

T—o0

(8.18)

T—o00 T—o0

= — lim / (e o u)dt = u— lim e "L ju =u,

where in the second equality we commuted the limit as T" — oo and X + z by the continuity
of X +z: L*(M) = H (M) C D'(M), integrated by parts in the third equality, and used
that e *Tp* Ju =700 0 in L2(M) in the last equality by (8.17). We just proved that

X +2:Dp2(X) := {u € L*(M) \ Xu e L*(M)} = L*(M),  Re(z) > Cy, (8.19)
is an isomorphism with inverse (X +z)~ := [[* e *'¢*, dt, with the natural norm ||u||D (x) =
|ul|2; + || Xul|32 on Dr2(X) (coming from a Hllbert space structure similarly to Prop051t10n
8.12).

Theorem 8.13. With Cy defined in (8.17) and u, s, cy in Lemma 8.0, for Re(z) > Cy —
comin(|u|, s) we have that
X 4 2:D(X) = H"@O (M)

is a Fredholm operator of index zero. Moreover, for Re(z) large enough X + z is invertible.
Proof. Let us divide the proof into steps. The idea is to mimic the identity in (8.18) up
to finite time to construct an approzimate inverse (inverse up to a compact operator). Set
P := A,XA 1 € Ul (M) and note that the claim is equivalent to showing that P + z :
D2(P) := {u € L*(M) | Pu € L* (M)} — L*(M) is Fredholm, with the natural norm on
DLQ (P)

Step 1. We claim that ¢*, : H™@)(M) — H™@ (M) is continuous for + > 0 which is
by definition equivalent to showing the conjugate operator A,,p* A 1 : L*(M) — L?*(M) is
continuous. Simply write

AneZi Ay, f=l it Amp” tA_
and note that ¢*, is bounded on L?*(M), the middle term ¢! A,,¢*, € U@ by the
change of variables formula (see Exercise 8.10, Item 1), and A7} € ¥, ™™ 8 (M). By the
composition formula (see Exercise 8.10, Item 2), ¢f A,,¢* , A=} belongs to {8 (pq),
so by Lemma 8.6, Item 1 (it gives that (m o ®, —m)(z,£) < 0 for |£| > 1), we conclude that
this operator belongs to ¥{_(M) and so is bounded on L?*(M), proving the claim.

Step 2. Let T > 0 and let xyr € C*([0,00);[0,1]) with compact support, such that
xr(t) =1fort < T and xr(t) =0fort > T+ 1, and —2 < x/.(t) < 0. We observe the
following identity similar to (8.18) (note however that all the integrals here are finite):

(X +2) / (et dt = Td+ / o(Ble ot dt. (8.20)
0 0



LECTURE NOTES: MICROLOCAL METHODS 59

Conjugate the previous identity with A,, to get:

(P+ z) / xr(t)e A" At dt =1d + / Xp(t)e Aot AL dt . (8.21)
0 0
Q)= R(z):=

Our aim is to show that R(z) can be written as a sum of invertible (with small norm) and
compact operators on L?(M). Let b € S°(T*M) be a symbol with values in [0, 1], positively
0-homogeneous for |{] > 1 such that b =1 in a conical neighbourhood of E! @ E* and b= 0
outside a slightly larger conical neighbourhood (so that in particular b = 0 on Np). Set
B := Op(b) € ¥°(M) and write

Ki(z2) := / Xp(t)e Aot (Id—B)A; ! dt.
0

Step 3. We claim that K;(z) € ¥~°°(M). Note that the principal symbol of X is ox(z,&) =
i€(X(x)), which is non-zero in the complement of E* @ E¥ and in particular X is elliptic
on the set of (z,&) € T*M \ 0 where 1 — b(z,£) # 0. By the parametrix construction (see
Theorem 5.1), for each k € N there exists £ € U"%(M) such that X*E = Id —B + F, where
F e U=°(M). Therefore

Ki(z) + / Xp(t)e A FA L dt = / Xp(t)e Ayt XFEAL dt
0 0

- / Xr(t)e (=0, A [EA dt = / O (Xp(t)e ™) App® [EA, ! dt,
0 0

where the term involving F belongs to ¥=>°(M) (using Step 1), we wrote X* = (—0,)*¢*,

and integrated by parts in the second and third equalities, respectively. The last term belongs
to W *(M), and since k was arbitrary, the claim follows.

Step 4. By Lemma 5.6 (its version for compact manifolds), we may write
Gt = SDIAmQO*—tBA;nl = Dt + Kt7 Dt € \Ij(l)—(M)a Kt € \Ilioo(M% te [TaT + 1]7
such that || Dil|r2 12 < € + limsupy o SUp,er |06, (2, €)|, for some fixed arbitrarily small

e > 0. Note that og, (7, &) = e(Gme®=Cm)@Op (3 ¢) and using b = 0 on Ny we get

IOGt($,€)| _ efgas(Gmo@s)(x,é)dsb($’5) _ ef(fXGmocI)s(x,g)dsb(x?g) < e—comin(|u|7s)t’ |§| > R.
(8.22)
Choose € > 0 such that | Dy 2,2 < 2e~comin(uls) for ¢ ¢ [T, T + 1]; note that we may
choose D; and K; to depend continuously on ¢. Set

Kolz) = / Velh)e " Ko dt € U(M), D(z) = / Volt)e ", D, dt,

where K5(z) is smoothing since ¢* K, : D'(M) — C*(M) is continuous, hence smoothing.
Using (8.22), properties of xr, and (8.17), we conclude that

46_ (Re(z)—Co+CO min(|u|,S)) T

T+1
D < 4 —(Re(z)—Co—l—comin(\u\,s))t dt < ‘
IDGE 22 < /T ‘ ~ Re(z) — Co + comin(|ul, s)
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Take T large enough so that || D(2)||z2r2 < 3. Writing K(z) := K(z) 4+ K»(z) we proved
that

[d+R(z) =1d+D(z) + K(z),
where Id +D(z) is invertible on L?(M) (by Neumann series), and K(z) € U=°°(M) is com-
pact acting on L?(M), which shows that Q(z)(Id+D(z))~! is a right approximate inverse.

Step 5. Let us show that (Id+D(2))"'Q(z) is a left approximate inverse on Dpz(P).
It follows from (8.21) that Q(z) maps Drz(P) to itself continuously. Observe next that
P and Q(z) commute and hence [P, D(z)] = —[P,K(z)] € ~>°(M), which implies that
Id+D(z) is a map on Dy2(P). (Here we use that smoothing operators map Dy2(P) to
C>®(M) C Dr2(P).) Equivalently [P, (Id+D(2))] = —[P, K(z)] € U">°(M), which implies
that on Dr2(P) we have

P(Id+D(2))"" = (Id+D(2))"'P + (Id +D(2)) [P, K (2)](Id +D(2)) .

This implies that Id +D(z) : Dr2(P) — Drz(P) is an isomorphism, and using that K(z) :
Dr2(P) — Dp2(P) is compact (as it maps Dr2(P) to H?(M), compactly contained in
H'(M) C Dp2(P)), this completes the proof of the first part of the lemma.

Step 6. To show that X + z : D(X) — H™@8 (M) is invertible for Re(z) large enough, it
is possible (following Step 1) to show that A,,¢*,A 1 is a continuous family of operators on
L*(M) for t > 0. Therefore there exists C' > 0 such that sup,cp y [|Ame™ A 202 = €9,
and it follows that for arbitrary t > 0 we have

| Ame® A [ rem e < eC0FD,

This shows that for Re(z) large enough, we have ||R(2)|;272 < 3 and so Id+R(z) is
invertible on L*(M). By (8.18) we conclude that X + z is an isomorphism for Re(z) large

enough, completing the proof. O
Let us record an immediate corollary of this theorem to the existence of the resolvent.

Corollary 8.14. The resolvent map z + (X +2)7' : H™ @O (M) = D(X) € H™@D (M) is
meromorphic in the region Re(z) > Cy — co min(|ul, s) of the complex plane.

Proof. According to Theorem 8.13, X + z : D(X) — H™@8 (M) is a holomorphic family of
Fredholm operators in the mentioned region (in the sense of Definition 8.17), invertible for
Re(z) large enough. Therefore the Analytic Fredholm Theorem 8.18 applies and proves the
claim directly. ([l

Next we show that the eigenvalues of X on D(X) are intrinsic, that is, the set of z satisfying
Re(z) > Cy — ¢y min(|ul, s) for which ker(X + z) # {0} does not depend on the choice of the
space H™@E) (M).

Theorem 8.15. Let m and Gz be an order and an escape function respectively satisfying
the properties of Lemma 8.6 for some u < 0 < 5. Let D := min(min (|u|, s), min(|a],3)).
Then for z satisfying Re(z) > Cy — coD, the eigenvalues and the corresponding eigenspaces
of X + z acting on H™® (M) and H™@E) (M) coincide.

Proof. According to the second part of Theorem 8.13 and (8.19), there exists C' > 0 suffi-
ciently large such that X + z is an isomorphism on L?(M), H™@E (M), and H™®E) (M)
(with appropriate domain) for Re(z) > C, with inverse denoted by R;z2(z), Ryme.e(2), and
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Ry (2), respectively. Let U < 0 < S be such that U < m(z,£),m(x,&) < S for all
(x,&) € T* M; then

HY (M) € HMEO (M), HT (M) C HI (M),

and therefore R(2) := Rp2(2) = Ryme (2) = Rymee (2) on H¥(M) for Re(z) > C. More-
over, by Corollary 8.14 R(z) : H5(M) — HY(M) admits a meromorphic continuation that
agrees with Ry me.e (2) and Ryme.e(2) (restricted to HY(M)) for Re(z) > Cy — coD. If
we take z in this region and a small positively oriented circle v around z not including any
eigenvalues except possibly z, we conclude that on H(M)

e e _ L R(w) dw
? N 27 ), '
Since H®(M) is dense in H™®) (M) and H™@ (M), and these spectral projectors have

finite rank, by Lemma 8.19 we conclude that the ranges of Hi“m(z’a and HZ"WZ’O agree, which
implies the required conclusion. O

Eigenvalues of X + z acting on anisotropic Sobolev spaces are called Pollicott-Ruelle reso-
nances. The corresponding eigenfunctions u € H™€) (M) are called Pollicot-Ruelle resonant
states or generalised Pollicot-Ruelle resonant states if (X + z)u = 0 or there exists J > 1
such that (X + z)”u = 0, respectively. These are well-defined by Theorem 8.15. For brevity
we will often drop the ‘Pollicott-Ruelle’.

Lemma 8.16. Assumeu € H™®%) (M) is a generalised resonant state satisfying (X +2)u = 0
for some z € C. Then WF(u) C E! and Re(z) < 0.

Proof. Since by Theorem 8.15 the spectrum is intrinsic, we are free to choose our anisotropic
Sobolev space satisfying Lemma 8.6. Indeed, we may take ng and s in this lemma arbitrarily
large, such that m(x,§) is arbitrarily large for |£| > 1 and outside of an arbitrarily small
conical neighbourhood of E?. It follows that WF(u) C EZ.

For the last statement, note that the resolvent

(X+2)7" = / e, dt,
0

is well-defined for Re(z) > 0 as a map C°(M) — C°(M) and is invertible. Arguing similarly
as in Theorem 8.15 using that C*°(M) and H™(M) are dense in H™@ and C°(M), and
that the two resolvents agree for Re(z) > 1, we conclude there are no poles for Re(z) > 0. O

8.5. Meromorphic continuation of operators. In this section we set up a theoretical
framework for defining a meromorphic family of resolvents z — (X + z)~!. For a reference
on the material in this section, see [1, Section C.3]. Let X and Y be Banach spaces, and
denote by £(X,Y) the Banach space of continuous linear maps between X and Y. We start
with

Definition 8.17. Let 2 C C be an open connected set and for z € Q2 let B(z) € L(X,Y).
We say that z — B(z) is:

1. holomorphic, if for every x € X and y* € Y* (the dual of Y ), we have Q > z —
y*(B(z)x) is holomorphic;
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2. meromorphic, if for any zg € ) there exist operators (Bj)jzl C L(X,Y) of finite rank
and a family of operators z — By(z) defined and holomorphic in a neighbourhood U
of zo, such that

' B
B( +Z ] ., ZEU\ZO.

z—z
Jj=1 0

There is a natural class of meromorphic operators arising in practise. This is recorded by
the following theorem, known as the Analytic Fredholm Theorem:

Theorem 8.18. Let 2 C C be a connected open set and assume that X CY is a continuous
inclusion. If for every z € Q, P+ 2z : X — Y is a Fredholm operator and there exists a
20 € Q such that P+ zy : X — Y s an isomorphism, then z — (P + 2)7' € L(Y,X) is a
meromorphic family of operators on 2. Moreover, define for z € )
1
I, .= — + P) dw
2mi (w )

where the contour integral is along a small posz’tively oritented circle around z including no
poles of (w+ P)~1 except possibly z. Then I, is a bounded projection of finite rank, that is:

=1, IL:Y—=XcCY,

and there exists a neighbourhood U of z, J € Ny, and a holomorphic U 5 w — B(w) €
L(Y,X) such that

(P+w) = ) +

J
P JlH
Z +2)) , weU\z.

Jj=1

Moreover, J is the smallest non-negative integer such that ker(P + 2)’|x = ran(IL,) (and the
composition is well-defined).

We conclude this section with an elementary lemma.

Lemma 8.19. Let F : X — Y be a finite rank operator and Z C X a dense subspace. Then
F(Z) = F(X).

Proof. Let z1,...,z, € X be such that F(x;),...,F(x,) form a basis of F(X). By the
equivalence of norms on finite dimensional spaces, there is a constant C' > 0 such that

—max\azy < HZal Dlx < Cmax\all (8.23)
for any a; € C. Let ¢ > 0 and take z; € Z such that ||z; — z;||lx < e fori=1,...,r. Then
for an r x r matrix A we may write

F(z1) F(ay)
: =A :
F(z) F(z,)
F(i[)l)
This implies that the norm of each entry of (A — Id) : is less than || F'||x_y, and
F(z,)

consequently by (8.23) that each entry of A —1Id has absolute value bounded by Ce||F||x_y-
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Taking ¢ > 0 small enough, we get that A is invertible and therefore F'(z1),..., F(z,) span
F(X), completing the proof. O

8.6. Ergodicity. In this section we assume that the Anosov flow (p;)er preserves the
smooth volume form Q. We will say that (¢;)scr is ergodic with respect to Q if any u € L*(M)
satisfying Xu = 0 is a constant function. Note that —X generates the Anosov flow (¢_;)ier
which has F, and F, as stable an unstable bundles, respectively.

Since the flow preserves €2, we have ||@jul|Lr = ||u||zr for any u € LP(M) and p € [1, 0]
Denote by R.(z) the corresponding resolvents, defined on LP(M) for Re(z) > 0 and any
p € [1,00] by the following formula:

Ri(2) = (£X +2) ! = / ek, dt. (8.24)
0
It follows that there are no Pollicott-Ruelle resonances for Re(z) > 0 and that

IR (2)||p—srr < Re(z) >0, pe|[l,00]. (8.25)

1
Re(z)’
Let H*(M) be some anisotropic Sobolev space constructed with respect to +X such that
Ri(z2) : HE(M) — HE(M) is meromorphic for Re(z) > —C}, for some C; > 0. Denote by
[T+ the spectral projectors at zero with respect to +=X. It follows from the above formulas
and meromorphic continuation that

R.(:) =R_(3), (L) =1L, (8.26)

where the superscript * denote the L?-adjoint. We start with an auxiliary lemma.

Lemma 8.20. Assume u € L'(M) satisfies Xu = idu for some A € R. Then u € C®(M).
Before proving the lemma, we apply it to show ergodicity of (¢;)ier-

Theorem 8.21. The volume-preserving Anosov flow (p;)ier is ergodic with respect to €.

Proof. Let u € L*(M) such that Xu = 0. By Lemma 8.20 we have that u € C*°(M). Let v €
E4(x) for some x € M. Using that ¢ju = u for all t € R, we get du(x)(v) = du(pix)(dp(z)v)
and letting t — oo by the Anosov condition (8.1), we get du(z)(v) = 0. Similarly by letting
t - —oc0 and v € E,(z) we get du(z)(v) = 0. By the assumption du(z)(X(x)) = 0 and
therefore du = 0 which implies that u is constant, proving the claim. 0

end of Lecture 14, 20.12.2022

Proof of Lemma 8.20. Let us assume that A = 0 (the other cases follow similarly). Firstly,
observe that constant functions are resonant states of X. Moreover, if there exists a gen-
eralised resonant state u such that X?u = 0 and Xu # 0, by Lemma 8.19 we may write
u = Ilv for some v € C*(M). Therefore Ry (2)v = Oy+(57) as Re(z) — 07 which

Re(2)?
contradicts (8.25). Similar argument applies to —X and so we may write close to z = 0
IT
R.(2) = RYI(z) + -, (8.27)
2

where 2z — RY¥!(2) : HE(M) — HE(M) are holomorphic. Let (u,)%, C C*®(M) be a
sequence such that u, — u in L'(M), and define v, := I, u,, € ker X|y+.

Step 1: we claim that ||v,||+ is bounded and argue by contradiction, assuming (up to
taking a subsequence) ||v,||3+ — oo. Since ker X|y+ is finite-dimensional, we may further
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assume t— — voo € HT for some v € B with [Jveol|lsy+ = 1. Let o € C*(M) be a test

nlla
function. Then:

(Voo, ) = (Voo =

= (Voo —

)t ol ||  (m, T99)

Y) + (tn, (2R (2) = 2R (2))0)),

where we used (8.26) in the first equality and (8.27) in the second line. Note that
[(un, 2R (2)P)] < [lun|[pr[[2R-(2)]| oo < 2f|ul[Lr[[¢]] =, (8.28)

for n large enough, where we used (8.25) in the last estimate. Let us fix ¢ > 0. Then for n
large enough

anIIHJr

HUTL”’HJr ||vn|| +

(Voo = i M < Nloallyh < (8.29)

Note also that zRM™(z) : HT — H* is uniformly bounded, and therefore taking |z| small
enough (depending on n and ¢), combining with (8.28) and (8.29) implies that, for some
C>0

[(voey )] < Cee.
Since € > 0 was arbitrary, we get that v, = 0, contradicting ||ve |3+ = 1.
Step 2: now ||v,||y+ is bounded, and again using that ker X |4+ is finite-dimensional we
may assume that v, — vo in HT. We claim that v,, = u. For that purpose, fix ¢ > 0 and

note that (X + z)u = zu implies that v = 2R (2)u for all z with Re(z) > 0. Therefore for
all test functions ¢ € C*(M):

(u,9) = (ZR(2) (1 = un), ¥) + (2R (2)tn = Uny 1) + (Un = Voo, V) + (Vec, V).
Arguing similarly to Step 1, observe that by (8.25) and for n large enough we have:
(2R (2)(u = un), )| < [Ju = un|Li][¢ll <&, Re(z) > 0. (8.30)
Also, since v, — v in D'(M), taking n large enough we may assume that |(v, — veo, V)| < €.
Finally, since 2R (2)u, — v, = zR"!(2)u, by (8.27), and R%!(z) : HT — KT is uniformly
bounded we observe
[(zR(2)tn — vn, )] = [2][(AnRE (2)un, ALY))]
< JlIIRE () e et lunllae | AZ e < e,
for |z] small enough (depending on both n and ¢), where we used that A = A,,. Everything
combined shows |(u — v, )| < 3¢, and since € > 0 and 1 were arbitrary, we get u = vy, €
HE.
Step 3. The same argument as in Step 2 applied to —X shows that v € H~. Since by

Lemma 8.6 we may construct H* such that H™ NH~ C H™ (M) and take ng arbitrarily
large, by Sobolev embedding we get that u € C°°(M), completing the proof. O

8.7. Mixing. Let us now get to the stronger mizing properties. We say that (p;)icr is
mixing with respect to € if

<90*—tfag>L2 :/M@*_tf'gg_ﬁ—wo (/Mf9>(/MgQ>, Vf,ge L2(M).

By subtracting from f and g their average, mixing is equivalent to the fact that (¢*,f, g)r2 —
0 for all f,g € L*(M) with zero average. It is possible to give a spectral characterisation of
mixing:
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Lemma 8.22. The volume-preserving Anosov flow (¢i)ier 1S mizing with respect to  if and
only if there are no non-constant L*(M) eigenfunctions on the imaginary axis, that is, we
have u € L*(M) with (X + i\)u = 0 for some X € R implies A = 0 and u is constant.

Proof. Now, if (X +i\)u = 0 for some 0 # X\ € R and 0 # u € L*(M), then clearly u has
zero average and ¢* ,u = ey for ¢ € R. Therefore (¢*,u,u)r2 = €||ul|2, which does not
converge to zero.

It remains to show the other direction, that is, to show the flow is mixing given that there
are no L2-eigenfunctions on the imaginary axis. We will make use of the spectral theorem
for unbounded self-adjoint operators. The operator —iX is a closed (by Proposition 8.12),
unbounded, self-adjoint operator, with domain D2(X) C L*(M). Therefore the spectral
theorem applies, and by the functional calculus we have p*, = e ™ on L*(M). Given
u,v € L*(M) denote by dy.,,, the spectral measure (defined on the Borel sets of R) satisfying
for any bounded Borel function f that

Uvmmwmaéme

Note that dy,, is a finite measure, and when f is a characteristic function of a Borel set
f(—iX) is an orthogonal projector on L?(M). Next, we record Stone’s formula that expresses
the spectral measure in terms of the resolvent, for any real numbers a < b, and u € C*°(M):

1 ) . Y A N . N
5(1[(175,](—@)() + l(ai,)(—zX))u S slg(% 37 ) ((—zX — (A +ig)) — (—iX — (A —i¢g)) )ud)\
1 . .
= ali)Igh%/a (R_<Z/\+€) +R+(—Z/\+8))Ud)\

If there are no resonances of £X in the set —i[a,b], by the meromorphic continuation we
may take the limit to get —5- I (R_(i\) + Ry (—iX))udA. Therefore

a

|dp((a,0))] < |0 —al sup [{(R-(iA) + Ry (—i) ) u, v) 2],
cl(a,
which in turn implies that dp,, ., is absolutely continuous with respect to the Lebesgue measure
outside of the resonances of +X. Note that this is also true for any u,v € L*(M) by the
continuity of the spectral measure with respect to u, v and density of C*°(M) C L*(M). In
fact, by taking the holomorphic part of the resolvents, we get that

A ) 1= — 5 (REEN) + RN =3)) ), N

is the absolutely continuous part of dyu,,, that is, there is a splitting
d/JJU»U = dl‘i?u + duz?’l)’

where dull, is pure point, that is, it is supported on the resonances of +X. However, by the
spectral theorem we know that A € supp(dpf?,) if and only if A is an L-eigenvalue of X, that
is, there exists u € L?(M) such that Xu = i\u. By assumption this implies that A = 0 and u
is constant. Now note that we may restrict the domain of —iX to Dyz(M)N1+ C L2(M)N1L,
where 1+ is the L? orthogonal to the constant function 1 equal to 1 everywhere, that is, the
space of functions with zero average. Then exactly the same argument as above applies and
shows u = 0. Thus du}f, = 0 and d,, is absolutely continuous with respect to the Lebesgue
measure.
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Therefore by the spectral theorem we may write
(0" u,v) 2 = (7™M —iX)u,v) 2 = / e Aty
R

= —— [ e ((R™(iN) + R (—iN))u,v),, dA,

L2

v

F(X\):=
where since dj, ., is a finite measure we get that F(\) € L'(R,d)\). Writing (p* ,u,v)2 =
—%F (M) and applying the Riemann-Lebesgue lemma (see Proposition 1.19, Item 1) implies
that (©* ,u, V)2 —¢ 00 0.
Let us now show by a simple density argument that this implies mixing. Let u,v € L?(M)

with zero average and let u,, v, € C*°(M) N1+ be such that u, — v and v, — v in L2(M)
as n — 0o, and assume ||u,||zz < 2||lu||rz and ||v, ||z < 2||v]|L2 for all n. Therefore

(P pu, )2 < ({07 (= un ), v) 2] 4 [{07 g, 0 = On) 2] 4 [{07 ytun, 0n) 2]
< lu = unl[z2l[0ll 22 + 2||ull z2llo = val 2 + {2 tn, vn) 2]

Let € > 0 be arbitrary, and take n large enough so that ||u — u,||z2 < e and [|[v — v, |2 < e,
and t large enough such that |[(¢* ,un,v,) 2| < e. Thus for ¢ large enough

(" ju,0) 2| < (Jullz2 + 2)|v||z2 + 1,
and since € was arbitrary this concludes the proof. 0

Next we prove an auxiliary lemma saying that

Lemma 8.23. The volume-preserving Anosov flow (¢;)ier is transitive, that is, there exists
a point x € M such that the orbit {pyx |t € R} C M is dense.

Proof. Let (U;)32; C M be a base of open sets for the topology on M. Assume z € M does
not have a dense orbit: then there exists j such that z € S; := M \ Uieryr(U;). Note that
each S; is flow-invariant, but not of full measure (since the measure of U; is non-zero) so by
ergodicity of (¢;)ier (see Theorem 8.21) we get that A; has zero measure. Assuming the flow
is not transitive, we get M = U;A; which is a contradiction since the measure of the right
hand side is zero. This completes the proof. 0J

Finally, we are able to characterise Anosov flows that are not mixing by the following
result, known as the Anosov alternative:

Theorem 8.24. The volume-preserving Anosov flow (yy)ier s not mixing with respect to
Q if and only if it is a suspension of an Anosov diffeomorphism f : M — M of a closed
manifold M (recall suspensions were introduced in Ezample 8.2).

Proof. It M = M x [0, 1]/ ~ is a suspension (up to diffeomorphism) of an Anosov diffeomor-
phism f : M — M, then the function F' : M > (z,0) — > € S! descends to a smooth
function on the quotient M which satisfies (X — 27i)F' = 0, and hence the flow is not mixing
by Lemma 8.22.

Conversely, assume the flow is not mixing, so by Lemma 8.22 there exists u € L*(M)
and 0 # X\ € R such that (X + i\)u = 0. Since u € L*(M) C L'(M), by Lemma 8.20
we get u € C°(M). Moreover, X|ul|?> = Xu %+ u- Xu = (—iX +i\)|u|?> = 0, and so by
ergodicity we get |u| is constant, and up to rescaling we can assume that |u| = 1. Integrating
Oroiu = i Xu = —id\piu, we get piu = e~y for all t € R, which implies that u : M — S!
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is a submersion and so we may define codimension 1 smooth submanifolds My := u~!(e)
for 6 € R. Observe that for all t € R
oi(Mp) = pu(u (")) = (pLyu) H(e”) = uH (7)) = My, (8.31)

and so all (Mp)ger are diffeomorphic to M.

Note that My could have several connected components and let N C M, be one of them.
By Lemma 8.23 there exists a point x € N with a dense orbit which in particular needs to
cross N at some time. Hence there exists a minimal time 7" > 0 such that ¢rz € N and thus
or(N) = N. Note that T' = @ by (8.31), for some positive integer k. Define the map

D:NxR3(z,0) — @pz € M,

and note that it descends to a smooth map D on the mapping torus S := N x [0,T]/ ~,
where (z,1) ~ (¢ra,0), since D(z,0 +T) = ¢rD(x,0). Observe that D is injective: indeed,
if D(z,0) = D(y,n) for some z,y € N and 0,1 € [0,7'), then pg_,x =y € N implying by the
definition of T" that 6 —n € T7Z, and so 6 = n implying further x = y. Note that D is also
an immersion because N is transversal to the flow direction and hence D is an embedding
which is necessarily onto because M is connected, hence a diffeomorphism onto M.

If Yy (x,0) = (x,0 4 t) is the vertical flow (descending to S), we observe that

ﬁwt(xve):ﬁ(x70+t):909+tx:90t5($70)7 HvtE]Ru reN

and hence D is a diffeomorphism that conjugates v; and ;. It remains to show that o :
N — N is a volume-preserving Anosov diffeomorphism. To define a volume form on NV,
note that X is transversal to N and so the restriction of Qn := ¢x{2 to N is a volume form
(here ¢x denotes contraction). Observe that ¢r preserves Q0 since indeed ¢4 X = X and so
07N = txp1pQ) = Qn. To show the Anosov property, it suffices to show that E,/,(x) C T, N
for x € N; then the Anosov property of ¢r follows from the one of (¢;)ier. To prove the
former, let v € Eg(x) for some x € N and write v = aX () + u, where u € T, N and a € R.
For any m € N, we see that

dpmr () (v) = adpmr(€)(X(2)) + demr (2)(v) = aX (Pmre) + dpmr(2)(u) .
—_———

Tepp@N

If we let m — oo the left hand side converges in norm to zero by the Anosov condition,
and so by transversality of X and N we must have a = 0. Therefore Fy(z) C T,N and a
similar argument shows that E,(z) C T, N, showing T, N = E,(x) ® Es(x) and completing
the proof. O

8.8. Speed of mixing.

9. SINAI-RUELLE-BOWEN MEASURE

The goal of this section is to introduce a natural measure, called Sinai-Ruelle-Bowen (SRB)
measure which is a natural replacement for the volume form in the dissipative (non-volume
preserving) case, and to give it a microlocal interpretation.
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9.1. Spectral approach to SRB measures. In what follows, we will revisit the proof of
Theorem 8.13 and some of its notation. Recall we took 7' > 0 and xr € C*°([0,0);[0,1])
with compact support, such that y7(t) = 1 for ¢ < T and x7(t) = 0 for t > T + 1, and
—2 < x/(t) < 0; recall (8.20) reads

(X + z)/ xr(t)e ", dt = Id—/ (=x7r(t)e ", dt. (9.1)
0 0

J/

Q)= R():=

Throughout the section will write ¢ := —x/. and I1(i\) for the spectral projector at 7 = 1 of
R(i\) (see the next lemma to see this is well defined). We will use the notation Resx(z) to
denote the space of resonant states of X at z. We will say that a bounded operator T" on a
Banach space B has essential spectral radius v > 0 if T — X is Fredholm for |[A\| > r.

Lemma 9.1. Let A € R. The following holds:

1. R(i\) has essential spectral radius < 1.
2. R(i\) has no eigenvalues for |z| > 1.

3. R(i\) has an eigenvalue 7 € S' if and only if i)\ is a resonance of X, in which case
7 =1 and the pole is of order < 1.

4. As bounded operators on ‘H, we have

lim R(iA)F = TI(i\).

k—o0

Proof. Item 1. By the proof of Theorem 8.13, if " > 0 is large then we may write R(i\) =
D + K where K is smoothing and D satisfies || D|[3—5 < 3. The first claim then follows
directly.

Item 2. For the second claim, observe firstly that for |z| > || R(i)\)||x—x we have

(z = R(N) ' =271 2" REN", (9.2)

k>0

as an operator H — H. Note that by the Analytic Fredholm Theorem and the first item, the
resolvent (z — R(i\))™! extends meromorphically to |z| > r for some r < 1. Next, observe
that by definition of R(i)\) for any f € C°(M) we have

IR(N) flleo < / ()" ol dt = [ fllco.

Therefore, similarly to (9.2), the Neumann series of the resolvent (z — R(iA)~! converges and
gives an operator C°(M) — C°(M) for |z| > 1.

The two resolvents agree for |z| > 1 on C*(M) and H" (M) for some N > 1; similarly
to the proof of Theorem 8.15 we derive that R(i)\) has no eigenvalues for |z| > 1, proving
the claim.
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Item 3. Observe that
ROV = ([ (xe)e ™t dr)
0

_/ (=X (t1)) -+ - (=X (t))e AR o (tr 4ty b1 - dty, (9.3)

/ 1/} fzt)\ * dt

where ¥*) denotes the k-fold convolution. If u,v € C*>®(M), it follows that
[(R(iA)u, v) 2] < [Julleo[|o]lco R(0)*1 = [Jullo o] o,
where we used that R(0)1 = 1. Therefore if |2| > 1 and u,v € C*(M)

[(2(z = RGA) M, 0) 2] < ) 2l (RN, 0) 2] < (1= 12 7)) ulles[v]lco-

k>0

Assume (z—R(i\)) ™! has a pole of order > 2 at 7 € S'. By density, there exist u,v € C°°(M)
such that ((z — R(i\)) 1w, v) has a pole of degree > 2 at 7; but this contradicts the preceding
inequality and shows 7 can only be a pole of degree < 1.

For the other part of the third item, if u is a resonant state of X + ¢\, then clearly
u = R(i\)u is also an eigenfunction with eigenvalue 1 of R(i\). Conversely, observe R(i\)
commutes with X and hence so does TI(i\); thus X acts on ranII(i\). Thus we may take
0 # u € H such that R(i\)u = 7u and (X + 2)u = 0 for some z € C. The latter equation
implies ¢* ,u = e*u for t € R and so

= R(i\Nu = / b(t)e Mot udt = u- DN +iz),
0
which implies 7 = (A + iz). Thus we have

1:\$(A+iz)|g/OooeRe<Z>tw(t)dt§/Ooow(t)dt:

where we used that Re(z) < 0 since there are no resonances with positive real part.
This implies that Re(z) = 0 and moreover that z = i\ and 7 = 1, completing the proof of
the third item.

Item 4. For the fourth statement, by the first and third points we write R(i\) = II(i)\) +
K(i)), where K (i\) has spectral radius < 1, i.e. z — K (i\) is invertible for |z| > r for some
r < 1. By definition of a spectral projector, II(:\) commutes with R(i)\) and so it commutes
with K (i)) as well. Moreover

(N K (i)) = K (NI = (R(i)\) — TIEA)II(A) = 0,

where in the last equality we used TI(i\)? = I1(i\) and R(i)) fixes elements of ran I1(i\). By
Gelfand’s spectral radius formula, there exist 0 < r < 1 and N, such that

| KGN 3 <7V, N > N.
It follows that R(i\)* = II(i\) + K (i\)* — II(i\) as k — oo, completing the proof. O
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Note that the pairing
H™EE) 5 HTEE) 5 (y,0) > (u,v)

is well-defined and non-degenerate (by the properties of A,,). Via this pairing we may identify
the dual (H™@9) with H~™@¢  Recall we fixed a probability volume form € and wrote
div(X) for the divergence of X with respect to 2, i.e. LxQ = div(X)$; we will write
X* = —X — div(X) for the L*-adjoint of X. Then, we have

Lemma 9.2. The projector 11(i\) does not depend on the choices made in defining R(i)).
More precisely, if vy, ...,v; € Dp. (M) and wy,...,wy € Dy (M) form a basis of resonant
states of X at i\ and of X* at —i\ such that (v;,w;)p2 = ;5 fori,j=1,...,J, then

= Zvi(O,wi>.

Proof. By Theorem 8.15 and Lemma 9.1, we may write [I(i\)(e) = Z _, Vi(®,w;) 2 for some
w; € H7™@9 Again by Lemma 9.1 (item 3) we have (X + i\)II(i)\) = I1(3\)(X +i)) = 0.
This implies that (X* —i\)w; =0 foralli=1,...,J.

Now, write Rx(z) := R(z) to emphasise the dependence on X, and write

RX* / ¢ fo i div(X)ds e~ * dt (94)

One can similarly define Qx+(2) so that Qx«(2)(X* + z) = Id —Rx+(z) and argue as in the
proof of Theorem 8.13 to show that the resolvent (X* + 2)~! admits a suitable meromorphic
continuation on H~™®¢ . In fact, as follows from definition (9.4) we have (Rx(i)\))* =
Rx«(—i)\) in the sense of L? adjoints:

<RX (Z)\)U, U>L2 - <u7 RX*(—Z'A)U>L2, u e Hm(w,{)’ v E H—m(w,{)
Therefore, also
T1(iA)" = - (=), 9.5)

where IIx+«(—iA) denotes the spectral projector onto 7 = 1 of Rx«(—i)). It follows that for
any smooth wu, v

J

(IT(EAN ) u, v) 2 = Z<U“ u, w;) = Zw, v, ;)

i=1

that is, [y« (—i)\) = Zl 1 W (v v;). This implies that (w;)7_, is a basis of resonant states of
X* at —i\, and in fact w; = w; for all 7. O

The following theorem constructs the SRB measures and gives their microlocal interpre-
tation. We will write (e, ®) for the distributional pairing (to be distinguished from the L2
pairing (e, e);> which is sesquilinear).

Theorem 9.3. The following points hold:
1. For any v € C*°(M,R.g),
oy 2 C(M) 3 u— (I1(0)u, v)

is a non-negative Radon measure invariant by the flow, called SRB measure.
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2. We have
span{j, | v € C%(M,Rso)} = 11(0)"(C*(M)),
where I1(0)* is the L? adjoint of T1(0). Equivalently, T1(0)*(C°°(M)) can be interpreted
as the set of complex measures with wavefront set in E7 invariant by the flow.
3. For any A € R and v € C*°(M), the map

o C° (M) > u e (T(iN)u, v)

is a finite complex valued measure. These measures satisfy the invariance p)(Xu) =
—i ) (u) for any u € C®(M), the set {u) | v € C°(M)} coincides with the set
of finite complex measures with wavefront set in E? which are invariant in the above
sense, and ) are absolutely continuous with respect to jn = fiy.

4. The measures i, are Cesaro averages of smooth measures, that is for any u € C*°(M)
we have

A
fy(u) = lim —/ (o™ u,v)dt.
0

T—oo T’
Proof. Item 1. Observe that for u € C°(M)
IR(0)*ullco < R(0)"1 - Juflco = [luflco,
where we used the formula (9.3), and if additionally u > 0, then R(0)*u > 0. It follows that
()] = [0 v)2] < limsup | (R(0) w, )12 < ulleoollon, Vo € COM),

k—o00
and so i, defines a Radon measure. It is invariant as pu,(pju) = u,(u) for any real ¢, since
I1(0) commutes with ¢} and the range of I1(0) consists of flow-invariant distributions.

Item 2. Given an SRB measure p,, we simply observe that
o) = (T1(0)u,0) g2 = (a1, T1(0) ) 2.
It is left to observe that
[1(0)*v = IIx«(0)v = [Ix«(0)v = I1(0)*v,

where we used the characterisation of II(0)* obtained in the proof of Lemma 9.2 and the
fact that v is real-valued. For the other inclusion, it simply suffices to observe that any
v € C*®(M) splits as v = vy + ivy where v; € C®(M,R) and furthermore that v; = v;” — v;”
for some non-negative smooth functions vz?t. The wavefront set characterisation follows again
from I1(0)* = [Ix+(0) (and the wavefront set characterisation of resonant states, see Lemma
8.16).

Item 3. That p are finite complex measures follows from Lemma 9.1, Item 4, and that
|R(iN)ul|co < ||lullco, see (9.3) (this is similar to Item 1 above). Their invariance is a
consequence of the fact that 0 = (X + i\)II(i\) = TI(¢A)(X + i\), and the wavefront set
interpretation follows from

span{i, | v € CF(M)} = II(@A)"(C*(M)),
obtained similarly to Item 2, and the fact that II(¢\)* = I1x«(—iA) (which follows from (9.5)).
Absolute continuity with respect to p; can be seen as

(RN u, v)| < (R(0)*|ul,1) - ||v]|co, VYu € C®(M), VkeN,
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and so by taking the limit & — oo we get |u)(u)| < ||v||cops(|u]). Approximating indica-
tor functions by smooth functions and using the Dominated Convergence Theorem we get
| (A)| < ||v]|cour(A) for any closed set A, and hence for any Borel set A, which proves the
claim.

Item 4. We divide the proof into several steps.

Step 1: average over smooth functions. Let w € C§°(Rs¢) be a cut-off function such that
Jo7 w(x) dz # 0. We claim that, for any u € C*(M) and v € C*°(M, R~)

1 t
T dt oo Muy 9.6
Tfooow(x)dx/o (T)<SD tUs U> T—o0 M ( ) ( )
We will without loss of generality assume w integrates to 1. Let ¢ € C§°((— é, 2)) be non-

negative, even, and such that [, ¢(z)dzr = 1. Let ¢ > 1/2 and choose xr in the construction
of Theorem 8.13 such that —x/(t) = —x’ = ¥(t — 0); from now on o is fixed to be large so
that Theorem 8.13 applies. Denote by R, ( ) the remainder term in (9.1). We claim that

o) = Jim Zw 5)(Ro(0)*u,v) (9.7)
Indeed, we have
o) + 7 %w@ma(m,w - %%w@)«momw — p(w) = o) (1 - %%w(

=o(l), T — 0,

where the factor in the first bracket goes to zero as T' — oo by Lemma 9.1, Item 4, while the
second one goes to zero using Riemann sums.

Step 2: a reduction. Next, we claim that

1 o0
T YW R0 )~ [ wC) e bt = o1), T
keN o Jo ’

which would immediately prove the initial claim (9.6) using (9.7). For this, using the iterated
resolvent formula (9.3) it suffices to show

1 1
T > w(E)e®(t) - ﬁw(#) =opm(l), T — oo
keN

By a change of variables ¢ — tT', this is equivalent to

Z (7 WP (T) — Lw(l) =opw(l), T — oo.

keN

J/

fTEI?)I=
Now, since the support of convolutions is included in the sum of the supports, we have for
k
T[O- - %7 o+ %]7

and so supp fr is included in a bounded set independently of T (since % € suppw). Therefore,
to prove that fr — fw(2) in L'(R) as T — oo, it suffices to show convergence in L*(R); in
turn, it suffices to show convergence of Fourier transforms.

k
supp wc(,k)(oT) C T supp ¢, C
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Observe by the assumptions that @ is real-valued and that we may write its Taylor expan-
sion as

Jo=1-5 [ v+ o, e—o (95)

where the terms odd in £ vanish thanks to evenness of ¢ and the first term is 1 thanks to
the fact that 1 integrates to 1. We conclude that

D(E) =1+0(g), €—o0. (9.9)

Finally, we record one more property of QZ; on one hand, since v is compactly supported,
Y = O(€]7>) as |{] = oo. One the other hand, |¢(§)| < 1 with equality at £ = 0 and so
combining this with the Taylor expansion (9.8), we get for some ¢ > 0 that

DO (L+cle)™, eeRr. (9.10)
We compute for fixed £ € R:
~ 1 ~ 1 4
Fr(@) = 7 2 w(BoR) e f= D)+ O(I§ ) et
=—Z (B)(1+kO(|§[2))e e F (9.11)

keN

—_—

_ / T u(t)e o dt + o(1) = La()(E) + olL),

as T — 0o, where in the second equality we used (9.9), in the third one we used that ||
is small, and in the last line we used Riemann sums and that % = O(1) as w has compact

—~ —_—
support. This shows pointwise convergence fr — %w(g), and in fact, uniform convergence
on compact sets.

Step 3: large frequencies. Let € > 0 such that suppw C (g, 00), and fix § € (0, %) Then:

= o(T) R
2d k|2 £\ g
/£|2T%+5 QP d < = 2 (7)) /|ng%+6 (7)™ d€

SOMY el [ P
keN =T 2

<Ol [, 0+ el

2T 2

< O(T)|[wllco / (1+2) %70 da
xZCT—1+25

< OT4 ) |w]es / (1+ )27 dz
x>cT—1+26

< O(T27) wlleo (1 + T ~1+20) 727

Set y~! := ¢T"~%: then

25

(1 + CT_H_%)_QET = (1 + y_l)_yR < Q_R7 R = 2¢c1-25 2§y1 %
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for T' large enough. We conclude that
/ L fr(©PdE=0(1), T — oo (9.12)
l>T2+°

Step 4: intermediate frequencies. We now deal with frequencies 1 < |£| < T%”; for this

we perform a discrete integration by parts to gain some decay in £ variable for fr. Let
p € C3°(Rsp), and set

ap = p(£), b= et kel
Then inductively we set for m > 1 and k € Z
-0& ¥ea3

e T ¢ e 'T m
m . m—1 —1
bkz = bk —— =¢e T <—> ’

(m
mo.__ + _ Z
ap =y = el = EP T (z)

Let supp p = [p1, pa); we observe the following immediate properties of a}* and b}*:

k k
—;m<,01 o s W=W WL KEZ, meN

Using the latter identity and the definition of a}' we get

S apby =Y appt = bt == (ap —ap JbPT == apteptt. (9.13)

k€EZ kEZ kEZ kEZ

m

Next, observe that since p is smooth, by an iterated application of the Mean Value Theorem
we get

i’ < CllpllenT™, k€Z, m>0,
where C' = C'(m) > 0 is constant depending only on m. Using the estimate |1 — | > C|x|
valid for || < 7 and some constant C' > 0, we get

Tm
7] < O KEZ, m20.
Combining the two preceding estimates and applying (9.13) we get:
—ictL : —-m
Y p(E)e T < (po = pr+ DT min(||pllco, Cllpllem (lo€])™™),  m > 1. (9.14)
keN
Let us apply (9.14) with p(z) = w(m) «T1og(¥())  where we notice the logarithm is well-

defined as 1 is real-valued and W( )—1| = (]T| ) = O(T?~1) is small if T is taken large
enough (we used (9.9)). Similarly for T large enough there is a constant C' > 0 such that

T1og(($) < L.

By the preceding estimate we get for some C' > 0, and using that 221\(%) < 0 for T large
enough

2m ~ e 2m
lpllem < Cllwl|em (1 + ‘5T|—m) e"Toe( 1) < Cl|w||gm (1 + ’im ) . (9.15)
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Finally, we deduce from (9.15) and (9.14) that, for |¢| < T'2*9

N 2m )
O] < Cllollenlel ™ < € (14 552 ) lemo < comm (1= + 7749 0110
Then we have

1Fr = 23N = A VO = o) de + [ B - )P

1<[¢|<T2
[ IO — 2R d = o),
lg|>T2 "

as T'— oo, where the first summand equals o(1) by (9.11), the second equals o(1) by (9.16)
and the Dominated Convergence Theorem, and the last summand is equal to o(1) since Tw(2)
has a rapidly decaying Fourier transform and using (9.12). This completes the proof of (9.6).

Step 5: conclusion. Let f € LI(R>0) such that [° f(x)dx # 0. We claim that

1) = g dx/ FOB) (0 1, 0) dt —57sm0 po(0). (9.17)

Without loss of generality we may assume that fooo f(z)dx = 1. By density of smooth
functions, choose (w;):2; C C5°(Rso) such that [ w;(z)de =1 and w; — f in L' as i — oo.
Observe that

| Zr(f) = Zr(wi)| S/O [f(t) = wi(B)] - (0w, v) di < ullcol[vllcoll f = will - (9.18)

Let € > 0. Pick ¢ such that || f —w;|| 1 < € and Ty such that T' > Tj implies |Zy(w;) — o (u)| <
£. Then we have for T > Tj

1o (u) = Zr(f)] < |po(w) = Zp(wi)| + [Zr(wi) — Zr(f)] < e(1+ [lullcollv]lco),

where in the second inequality we used (9.18). Since € > 0 was arbitrary, this proves (9.17);
the main clam then follows by taking f to be the indicator function of the interval [0,1]. O

Remark 9.4. There might be an easier way to deal with Item 4 which does not go through
the complicated estimations of Fourier transforms. To do that, it would help to show that
{¢*, | t > 0} are uniformly bounded as maps H* — H™ (as in Butterley-Liverani, but they
use different spaces).

Before characterising the spectrum on the imaginary axis, we deduce a regularity result
analogous to Lemma 8.20. We will denote by u the SRB measure introduce in Theorem 9.3,
Item 3.

Lemma 9.5. Let A € R and u € LY(M, p) such that pju(z) = e"Mu(z) for allt € R and
p-a.e. v € M. Then there exists a resonant u of X at i\ such that up = up.

Proof. The proof is similar to the one of Lemma 8.20. We will assume that A = 0; the case
of A # 0 follows similarly. Let u, € C*(M) be such that u, — w in L*(M,p) as n — oo
and set v, := II(0)u, € HT. We divide the proof in two steps.
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Step 1. Assume ||v,|lgy+ — oo. Since v, € ker X |3+ which is a finite dimensional space,
we may assume —=— — Uy in HT with ||ve||+ = 1. Then for an arbitrary ¢ € C'*°(M)

Tonll s
(Voo, ¥) = (Voo — V) + (tn, Tx (0)1)).

Let & > 0; since voo = -— in D' (M) as n — oo, we thus have for all n large enough that
A

(Voo — ol ¥)| < e. For the second term, by Lemma 9.2, we have
nlH

_Un S
llvnll3+ lvn ll3+

IIx-(0)(e) = Zwi@, o),

where similarly to Lemma 9.2 we denote by (w;)7_, a basis of the resonant states of X* at 0

and by (;)/_; a basis of resonant states of X at 0, such that (v;,w;) = d;; fori,j =1,...,J.
Thus

J J

e e (0)6) < 3 o, w00, ] < O1) 3 w)| = O(1), 1 o,

i=1 i=1
where in the first inequality we used that for each i we have [(¢,7;)] = O(1), and in the
second inequality we used that for all n large enough ||up||L1 ) < 2[|wflLramp), as well as
that the (possibly) complex measure defined by w; (via Theorem 9.3) is absolutely continuous
with respect to p with bounded density. For all n large enough, we have ||vn||7__[1+ < ¢ and so
|{(Voo, ¥)| = O(e). Since € > 0 was arbitrary, this shows v, = 0 contradicting ||vs ||+ = 1.

Step 2. By Step 1 we may assume (||v,||y+)5, is bounded; again, since ker X|y+ is finite
dimensional we may assume v, — v in H*. We claim that % := v, satisfies the conditions
of the lemma. Notice that zR(2)u = u for Re(z) > 0, where by slight abuse of notation
R, (2) : LY(M,u) — L'(M, p) is defined by the resolvent formula as in (8.24) and satisfies
the bounds as in (8.25). We compute, denoting (e, e), the complex bilinear form defined by
integrating against pu:

(U = Voo, V) = (2R (2)(u — up), ), + (ZR4(2)un, — v, ), + (V3 — Voo, ) 4,

where the terms including v, are well-defined since p = f€) for some f € H~™ and the

integration pairing is bounded on H* x H~. We analyse the three terms on the right hand

side; let € > 0. Since v, = v in D'(M) as n — oo for all n large enough (v, — Vo, V)| < €.
For the first term we write, for any z € Ry

(2R (2)(u = un), D)l < llu = wnllpr v [$llco <e,

for all n large enough so that ||u— || < €]|¢]lco; we used (8.25) in the first inequality.
For the second term, we fix n large enough so that the two estimates previously obtained
hold. Observe that 2R (2)u, — v, = 2R (2)u,, (using the expansion at zero (8.27)). Thus

[(zR (2)un — vn, ©) ] = 2| (RE (2)un, f)] < |2 IRE () e a1 Nl <e,

if |z| is small enough depending on n and ¢, where we wrote p = fQ for some f € H~, and
using that R}}r"l(z) is locally bounded in z, and that the integration pairing on H* x H~ is
bounded.

Collecting the above facts we get |(u — veo,?¥),| < 3¢; since ¢ > 0 was arbitrary, the
conclusion of the lemma follows. ([l



LECTURE NOTES: MICROLOCAL METHODS T

For A € R denote by M?* the vector space of all complex measures y; defined in Theorem
9.3, Item 3. We will deduce a correspondence between M?* and resonant states of X on the
imaginary axis, as well as y-measurable invariant bounded functions.

Lemma 9.6. Let A € R and p* € M?; write u* = up for some u € L®(M, ). Then
1. p (and u) may be identified with a resonant state u € Dl (M) satisfying (X +i))u =
0 in the sense that up = up, i.e.

/deuﬁz/Mwﬂdu, Vi € C°(M).

Moreover, the map M?* 3 p* — U constructed above is a linear isomorphism between
M?* and resonant states of X at i\.

2. Finally, the following map is an isomorphism.:

T Mot u e {we LM, p) | giw(z) = e ™ w(z), VtER, paexe M} =T

Proof. Item 1. Take a basis u;}l,...,uﬁJ of M?* and define the required linear map as
T () = ﬂz, where w; is a resonant state of X at i\ constructed in Lemma 9.5 satisfy-
ing u;pu = uv : extend T by linearity to M*. We claim that (u;);_, are linearly independent,
which would prove the claim as dimensions of the spaces agree by Lemma 9.2. If Z G =0
for some c¢q,...,c; € C, then by summing we get ijl ci,u;}i = 0, which implies ¢; = 0 for
each i = 1,...,J by assumption and proves the claim. (Note that a priori given a resonant
state u we do not know if up is a measure or if uy = 0 implies u = 0, that is, if u is the
unique representative of u’\.)

Item 2. For the final isomorphism claim, note that the map is well-defined as @}u* =
e~ so u satisfies the required properties (using ¢;p = p and that the density is bounded
by Theorem 9.3, Item 3). Moreover, the map is clearly linear and injective. For surjectivity,
observe the following: for any v € Z*, Lemma 9.5 gives a resonant state u of X at ¢\ such that
up = up. Notice that u is uniquely determined: if w;u = uop for resonant states u; and s
of X at i\, then u; = uy by the previous paragraph. Again using that 7 is an isomorphism,
there is a unique p* € M?* such that p* =ty = up. This completes the proof. 0J

We will need one more definition:

Definition 9.7. Let v be an invariant measure of (¢;)ier. Define the basin (of attraction)
to consist of those points x € M such that for any f € C°(M) we have

v( hm—/fgptx

T—o00 T

We will say that the measure v is physical if the basin has positive volume (i.e. positive
Lebesgque measure).

We are now able to characterise the spectrum on the imaginary axis; let J > 1 be the
dimension of the space of resonant states at zero. Also, we may compute the ergodic decom-
position of u, as well as the basins of attraction, from the resonant states at zero.

Theorem 9.8. The following properties hold:
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1. There are precisely J ergodic components of the flow (y;)ier with respect to the measure
p.  More precisely, there are pairwise disjoint, flow invariant sets (F;)L_, C M
covering M, which are precisely the ergodic decomposition of .

2. We have (1g,)]_, is a basis of resonant states of X at zero; by duality p* := Ml(;i)u
are linearly independent and span Resx+(0). Moreover, for eachi =1,...,J, the sets
F; satisfy vol(F;) = u(F;) and therefore i is a physical measure with F; its basin of
attraction.

3. The resonance spectrum of X on the imaginary azxis is a union of J additive groups,
that is, there are A1, ..., A\; € Rsq such that this spectrum equals

UL iNZ.
Moreover, dim Resx (iX) < J (see the proof for a more precise statement).

4. The flow (¢¢)ier is mizing with respect to p if and only if it is ergodic and there are
no non-zero resonances on the imaginary axis (that is, J =1 and \y = 0).

Proof. Item 1. We start by looking at resonant states at zero. Note that Z° forms a finite
dimensional real algebra (we may restrict to real valued functions in this argument). Note
that this algebra does not have any nilpotent elements: if ©* = 0 for some v € Z° and
k € N, then it follows that w = 0. Therefore the Jacobson radical of Z° is zero and so Z°
is semisimple, so by Artin-Wedderburn’s theorem we conclude that Z° splits as a direct sum
of matrix algebras; note that a rank at least two (real or complex) matrix algebra contains
nilpotent elements, so each of these ranks equals one. We conclude that there is a basis
(u;)7_, of Z° such that

u? = cu;,c; € R, wu; =0, 1 # 7,
for some 0 # ¢; € Rand every ¢,j = 1,...,J. If ¢; < 0 replace u; by —u;, so we may assume
that all the ¢; are positive and u;(xz) > 0 for p-a.e. € M. Moreover, we may assume that
¢; = 1 by replacing u; with Z— Now uf = u; so each u; takes values 1 and 0 (in the measure
theoretic sense); thus there are measurable flow-invariant sets Fi,..., F; C M of positive p
measure such that u; = 1p, is the indicator function of F; for each ¢. Each of the ergodic
components Fj is irreducible: otherwise, by Lemma 9.6, this would contradict the fact that
u; are linearly independent and span Z°, proving the first claim.

Item 2. We would like to conclude that 15, € H* from w;dp = 1x,dp, but it seems we need
some a priori regularity for F;. By the Birkhoff ergodic theorem, and using the separability
of C°(M), there is a set Q; C F; of full y-measure such that

T
p'(f) = lim l/0 o flz)dt, x€Q, (9.19)

T—oo I’
where ' == Hl(—g)u Note that if z € Q;, then for any y € W""(z) we know that the limit
in (9.19) is valid (here, W*(z) = {y € M | d(pix, pru) =100 0} and W™ (x) = UperW" ()
denote the unstable and weak unstable leaves, respectively); denote by Q; these enlarged sets.
Note that €; N S~2j = () for i # j, since otherwise we would get u* = p/ by (9.19) which would
contradict the disjointness of supports. Using that ) . u(F;) = 1, we get that 1(S) = u(Fy).
Since ; are flow-invariant, we may assume that Q; = F, for each i = 1,...,J. Using the
absolute continuity of the foliations and the fact that F; are (measurable) unions of weak
unstable leaves, by Lemma 9.13 below we have WF(1g,) C EX, ie. 15 € HT (for m taking
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sufficiently negative values near E) and so 1 € Resx(0). By uniqueness of the resonant
state u; satisfying @;u = 15 p we deduce that 1, = @; and so (1), € Resx(0) forms a
basis.

Notice that the defining relation pu(u) = (II(0)u, 1) extends to u € H*; therefore using
that 1F¢ = H(O)]-FZ

u(F;) = p(ly) = (I1(0)1p, 1) = /F Q=vol(F;), i=1,...,J.

The claim about the physicality of measures immediately follows.

Item 8. Next, notice that Z* = @/, 7> as a direct sum, where this splitting corresponds
to the decomposition u = Z;‘le ulp,. This splitting translates to a splitting on the level of
resonant states according to Lemma 9.6. To show the first claim, it suffices to show that for
each i, the set of A for which Z?* # {0} forms an additive subgroup of R.

If there are no such A, we are done. If there are, take the resonance i\; with \; > 0 is the
smallest possible and consider 0 # u € Z;. Now notice that u* # 0 in L>°(M, ) for any
k € N (otherwise u = 0); thus 0 # u* € T and again by Lemma 9.6 we conclude that ik
is a resonance. To get that —ik\ is a resonance we apply the same argument to u. If there
is another 0 < p & \;Z and 0 # v € Z!', then using that 0 # u®?’ € I;}/{fbu for any a,b € N,
we obtain a contradiction to the choice of X\. This completes the proof of the first claim.

Next, we claim for each 7 that dim Z} < 1, which would complete the proof of the second
item. Assume for the sake of contradiction that there are two linearly independent elements
u,ug € I». Then Uy, Uy € IZ-_A and so |up|?, Jugl?, uity € Z?. As Z? is spanned by 1g,
we may assume (after re-scaling) that |ui|*> = |us|?* = xr, and also u Uy = clp, for some
c € S'. Since u; and uy are of modulus 1 on F; (p-a.e.), we may invert this to get u; = cus,
contradicting the linear independence assumption.

Item 4. This part is almost the same as the volume-preserving case, see Lemma 8.22; we
will just spell out the differences. First of all, for (¢;)er to be ergodic with respect to p we
must have J = 1 by Item 1. Moreover, if there is a non-zero resonant state of X at i\ for
some A # 0, by Lemma 9.6 there is also u € L>(M, p) such that pfu = e~ u. Integrating
and using that ¢ can be chosen arbitrary we get [, udp = 0. However (¢* ,u,u) = e"*||ul|7,
does not converge to zero, so the flow is not mixing.

In the other direction, we have to change the spaces slightly and work with L?(M, u)
and the corresponding domain Dyz(a(X) = {u € L*(M,pn) | Xu € L*(M, p)} of the
(closed) self-adjoint unbounded operator —i X (see Lemma 9.9 below for a proof). The proof
of Lemma 8.22 applies verbatim up to the place where we study the pure point spectrum; if
u € L*(M, p) satisfies (X +i\)u = 0 and has mean zero, then Lemma 9.5 applies and gives
a non-zero resonant state u of X at ¢\ such that uy = up. By assumption we have u = 0
which shows that pure point spectrum is empty; this completes the proof.

O

We finish this section by a classical result that we include for completeness.

Lemma 9.9. The operator —i X is a closed self-adjoint unbounded operator acting on D2 C
L*(M, 1), where

D> ={u € L*(M,p) | Xu:= PH&W exists in L*(M, p)}.
ﬁ
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Proof. Integration by parts gives that —i.X is symmetric on D;2. To see closedness, assume
Dr2 > u; — v and Xu; — v in L*(M,pu). Denote by A; := %T_Id the bounded linear
operator acting on L?(M, u). By integration, the second convergence implies for any ¢ that

in L*(M, ) t
1
Au; — ;/ pivdt, i — oo.
0

Therefore, for any fixed ¢ we have
t

1/, 1 .
Au— = | piodt = Ay(u —u;) + <Atu,~—— gptvdt)
t Jo tJo

Since A; is bounded, both terms on the right hand side converge to zero as i — oo. Therefore
A= 1 [Fprudt. Tt is left to observe that

1 t
A = vl < 5 / leiv = vl de < sup llgiv = ol = o) ¢ oo
0 s€|0,t
since t — pfv € L*(M, ) is continuous, i.e. ¢} is a strongly continuous semigroup. To see
the latter claim, by the one-parameter property and as ¢ preserves p, it suffices to show
continuity at ¢ = 0; assume C*°(M) 3 v; — v in L*(M, pu) as i — oco. Let € > 0; then

leiv — vz < ller (v —vi)ll 2o + 195vi = vill 2o + Vi = vill 2
=2||v — vill L2 m) + 7 vi — vill L2
< 20w — vl L2om) F llivi — villeo < 3¢,

where in the second equality we used that ¢} preserves p, in the last line we took ¢ large
enough (fixed) so that ||v — v;||2(m,) < € and ¢ arbitrary small enough (depending on i)
so that by uniform continuity ||¢;v; — vi||co < €. This shows that ¢ — ¢ is a strongly
continuous semigroup.

Finally, observe that (—iX 414)™' = (X F1)™' : Dy — L?*(M,u) is an isomorphism
(where the former space is equipped with the graph norm), thanks to formula (8.18). Since
T := —iX is symmetric, it suffices to show that the domain Dy2(T*) of T* is contained in
Dy2. Let u € Dy2(T*); then, there exists v € D2 such that (7% —i)u = (T — i)v. Since T is
symmetric, we have Tv = T*v and so (T* — i)u = (T* — i)v. Thus

u—v € ker(T* — i) = ran(T + )" = (L*(M, p))*= = {0},

where in the second equality we used that T + ¢ is surjective. This shows u = v an so
Dp2(T*) = Dy2 proving that T' = —i X is self-adjoint. O

9.2. Absolute continuity and SRB measures. We introduce the basic foliation theory
behind Anosov flows. We study the absolute continuity of foliations, that is, despite the
foliations only being Hoélder regular, we show that the holonomy maps are absolutely con-
tinuous with respect to smooth measures. We show a similar property for SRB measures
studied previously.

We start by considering open neighbourhoods of the basins of physical measures.

Lemma 9.10. Let 1 be one of the physical measures constructed in Theorem 9.5. Then,
the support of p’ is a union of full weak stable leaves, and the smallest flow-invariant open
neighbourhood U; of supp(p’) is given by

Uj = UmESupp(“j)Wu (x)
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Moreover, the basin F; of u’ is contained and has full Lebesque measure in U;. Finally,
supp(u?) admits an arbitrarily small open neighbourhood that is invariant under {p_; | t > 0},
and there is a decomposition

(0) =) 1y, @ 4.
J

We derive an easy consequence of this.

Proposition 9.11. If (p;)er is transitive, then I1(0)*(C*°(M)) is 1-dimensional and spanned
by p = pa.

Proof. Assume for the sake of contradiction that there are at least two distinct physical
measures 4! and p? constructed in Theorem 9.8. By transitivity of the flow there is a ¢t € R
such that O # V := ¢;(Uy) N Uy, where U; and Uy are open sets defined by Lemma 9.10;
by flow-invariance of U, we have V = U; N U,. Since the basins Fj of u' have full Lebesgue
measure in U;, we deduce that F} N Fy # (), which contradicts the fact that p' # p?. This
completes the proof. O

We emphasise that under the transitivity assumption, Item 4 of Theorem 9.3 and Propo-
sition 9.11 show that LT
Tlgﬁof/o @ Qdt = p,
in the weak limit sense; note that §2 is an arbitrary probability volume form.
Next, we show that functions smooth in the weak unstable directions have wavefront set
in E. Before that, we need another definition

Definition 9.12. Let G be a foliation with smooth leaves, U C M an open set, and f : U — C
a measurable function. We will say that f is uniformly smooth (along the leaves of G ) if for
almost all y € U we have f|a, . ) € C®(Goc(y)) and if for all k € N

es8 SUDyeys || flG1oe |k (Groe () < 00

It is then possible to show:

Lemma 9.13. Let f be a measurable function on M which is uniformly smooth along the
leaves of the weak unstable foliation W**. Then WF(f) C E¥.
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