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Notation

Throughout the notes, we will use the following notation:
(1) For N ∈ Z≥0, the space of N times continuously differentiable functions with support

in K ⊂ Rn is denoted by CN
0 (K).

(2) For an open set Ω ⊂ Rn, denote by C∞(Ω) the space of smooth (infinitely differen-
tiable) functions on Ω; by C∞

0 (Ω) the space of compactly supported smooth functions.
Similarly CN(Ω) denotes the space of N -times continuously differentiable functions
on Ω.

(3) Given a multi-index α = (α1, . . . , αn) ∈
(
Z≥0

)n, denote |α| =
∑n

i=1 αi and ∂α :=
∂|α|

∂x
α1
1 ···∂xαn

n
. Write Dα := (−i)|α|∂α.

(4) For p ≥ 1 and Ω ⊂ Rn open, denote by Lp(Ω) the Banach space of Lp-integrable
functions with the norm ‖φ‖pLp =

∫
Ω
|φ|p(x)dx. If p = ∞, denote by L∞(Ω) the Banach

space of bounded (up to measure zero) functions with the norm ‖φ‖L∞ = supx∈Ω |φ|.
Denote by Lploc(Ω) and L∞

loc(Ω) the larger spaces of functions that are Lp and L∞ over
any compact set K ⊂ Ω, respectively.

(5) Denote N := Z≥1 = {1, 2, . . . } the set of natural numbers. N0 := Z≥0 = {0, 1, 2, . . . }.
(6) For x ∈ Rn and ρ > 0, B(x, ρ) denotes the open Euclidean ball of radius ρ centred at

x.
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1. Summary: Locally Convex Spaces, Distribution Theory, Fourier Analysis

Distribution theory makes sense of the ad-hoc constructions coming from physics and
provides a framework to study partial differential equations (PDEs). For example, the Dirac
delta δ0 is the distribution that makes sense of the following, for all f ∈ C∞(Rn)∫

Rn

δ0(x)f(x)dx = f(0).

Aim: define the space of distributions containing objects such as δ(x), as the dual space to
C∞

0 (Rn) with suitable topology, with built-in differentiability properties defined by duality.

1.1. Topological vector spaces. In what follows, all vectors spaces will be assumed to be
complex for definiteness (and the case of real vector spaces follows with obvious changes). A
topological vector space X is a vector space equipped with a topology in which multiplication
with a scalar

C×X 3 (c, x) 7→ cx ∈ X, X ×X 3 (x, y) 7→ x+ y ∈ X (1.1)
are continuous operations. In fact, since translation is continuous, to specify a topology on
X it is enough to specify a base of neighbourhoods at zero.

Moreover, a topological vector space X is called locally convex if there is a base of neigh-
bourhoods at zero consisting of sets which are absorbing, balanced, and convex. A set U ⊂ X
is called absorbing, if for all x ∈ X there is a t > 0 with x ∈ tU = {ty | y ∈ U}; balanced
if cx ∈ U for all x ∈ U and c ∈ C with |c| ≤ 1; and finally convex if tx + (1 − t)y ∈ U for
all x, y ∈ U and 0 ≤ t ≤ 1. All the topologies we will consider in the course will be locally
convex; for simplicity, we will abbreviate a locally convex topological vector space by LCS.
Exercise 1.1. For a topological vector space, any neighbourhood of zero is absorbing. More-
over, there exists a base of open sets at zero which are absorbing and balanced.
Proof. For the first claim, let x ∈ X and 0 ∈ U ⊂ X an open set. By the continuity of
multiplication M : C×X → X, M−1(U) 3 (0, x) is open. Hence ∃δ > 0 such that ∀|c| ≤ δ,
cx ∈ U , i.e. U is absorbing.

Similarly, for any U open neighbourhood of zero, M−1(U) 3 (0, 0) is open. Hence there is
an open set V 3 0 and δ > 0, such that cV ⊂ U for |c| ≤ δ. This means that cδV ⊂ U for
|c| ≤ 1, and W := ∪|c|≤1cδV is an absorbing and balanced neighbourhood of zero contained
in U . This completes the proof. �

A seminorm p on a vector space X is a function p : X → R≥0, homogeneous in the sense
p(cx) = |c| · p(x) ∀x ∈ X, ∀c ∈ C

and which satisfies the triangle inequality
p(x+ y) ≤ p(x) + p(y), ∀x, y ∈ X.

A family of seminorms P on a vector space X is called separating if for all x ∈ X, there is
a p ∈ P with p(x) 6= 0. Given a separating family P of seminorms on X, we may induce a
locally convex topology on X, by declaring the base of neighbourhoods B at zero:

B :=
{
∩Ni=1U(εi, pi) | N ≥ 1, εi > 0, pi ∈ P

}
, U(ε, p) := {x | p(x) < ε}.

Exercise 1.2. Show that B indeed induces a LCS topology on X. Call the obtained LCS
topology on X the topology generated by the seminorms in P.
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Proof. We need to show that the operations in (1.1) are continuous, in order to see that
X is a topological vector space. Let us prove it for the addition map M (the continuity
of multiplication follows similarly). It suffices to show M−1(z + U) is open for an open set
U = ∩Ni=1U(εi, pi) as above. For that, it suffices to write z = x+ y for some x, y ∈ X. Then
(x, y) ∈ M−1(z + U), and we take V := ∩Ni=1U(εi/2, pi), so by the triangle inequality for pi
we get (x, y) ∈ (x+ V )× (y + V ) ⊂M−1(z + U). This completes the proof. �
Example 1.3. Typical examples of spaces with LCS topology:

1. Any normed space;
2. For any topological vector space X, we may equip its continuous dual X ′ (the space

of continuous linear functionals) with the topology generated by
P = {px | x ∈ X} ,

where px(u) = |u(x)|. This is known as the weak*-topology on X.
Conversely, let X be a locally convex topological vector space. If U is an absorbing,

balanced, and convex neighbourhood of zero, introduce the Minkowski functional of U
pU(x) = inf{t > 0 | x ∈ tU}.

Exercise 1.4. pU is a seminorm. Moreover, the topology on X is generated by these semi-
norms.

An important special case happens when P is countable, say P = {p1, p2, . . . }. Then it
can be shown that

d(x, y) :=
∞∑
k=1

2−k · pk(x− y)

1 + pk(x− y)

gives a metrisation of the topology on X generated by P . Conversely, one can show that if a
locally convex topological vector space is metrisable, then it can be generated by a countable
family of seminorms.

A Fréchet space is a locally convex topological vector space which is metrisable with a
complete metric.

Example 1.5. Given a compact set K ⊂ Rn, introduce the norms pN for N ∈ Z≥0 on
CN

0 (K) as follows
pN,K(φ) =

∑
|α|≤N

sup
x∈K

|∂αφ(x)|.

Exercise 1.6. Show that CN
0 (K) with norm pN,K is a Banach space.

Similarly, we may topologise C∞
0 (K) by using the seminorms in the set P = {pN,K | N ≥

0}. The obtained LCS topology is a Fréchet topology, since CN
0 (K) is a Banach space with

the norm pN,K , and one has for (φi)∞i=1 ⊂ C∞
0 (K)

d(φi, φj) →i,j→∞ 0 ⇐⇒ pN,K(φi − φj) →i,j→∞ 0, ∀N.
If Ω ⊂ Rn is an open set, and Kj ↗ Ω is an increasing, exhausting sequence of compact

sets, that is, Kj ⊂ Kj+1 for j ∈ Z≥0, and ∪j≥0Kj = Ω, then we may equip C∞(Ω) with the
locally convex topology coming from the family P = {pN,Kj

| N, j ∈ Z≥0}. Similarly to the
previous paragraph, it follows that C∞(Ω) is a Fréchet space with this topology.

We finish the section with a criterion for continuity of maps between two LCS.
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Proposition 1.7. Let X and Y be two LCS and f : X → Y a linear map between them.
Assume P and Q are two families of seminorms generating the topologies on X and Y ,
respectively. Then f is continuous if and only if, for each q ∈ Q, there exists p1, . . . , pN ∈ P
and a constant C ≥ 0, such that for all x ∈ X:

q
(
f(x)

)
≤ Cmax

(
p1(x), . . . , pN(x)

)
.

Proof. See the proof of [3, Proposition A.1]. �

1.2. Space of distributions. Consider an open set Ω ⊂ Rn and the space C∞
0 (Ω). We will

define a locally convex version of the inductive limit topology on C∞
0 (Ω) (also known as an

LF-space structure).
This is done by specifying a base of open sets B at zero. By definition, X ∈ B if

1. X is balanced and convex,
2. for any compact set K ⊂ Ω, X ∩ C∞

0 (K) is open in the uniform topology defined in
Example 1.5.

The sets X ∈ B are absorbing by Exercise 1.1, since C∞
0 (K) are LCS.

Exercise 1.8. The topology induced by B on C∞
0 (Ω) is LCS.

Proof. It suffices to check that the operations in (1.1) are continuous. Let us check that
for the addition map M (continuity of multiplication is analogous). Let φi ∈ C∞

0 (Ω) for
i = 1, 2, 3 such that φ1 + φ2 = φ3, and B ∈ B. It suffices to show M−1(φ3 + B) contains
an open neighbourhood of (φ1, φ2), which we may take to be W :=

(
φ1 +

1
2
B
)
×

(
φ2 +

1
2
B
)
.

Indeed, by convexity M(W ) ⊂ φ3 +B and W is clearly open, completing the proof. �
Next, consider the dual of C∞

0 (Ω) denoted by

D′(Ω) :=
(
C∞

0 (Ω)
)′
.

Call the space D′(Ω) equipped with the weak*-topology, the space of distributions on Ω.
Notice that the inclusions C∞

0 (K) ⊂ C∞
0 (Ω) are continuous by definition; so if u ∈ D′(Ω),

then u|C∞
0 (K) is continuous for all compact K.

Proposition 1.9. A linear functional u : C∞
0 (Ω) → C belongs to D′(Ω) if and only if for all

compact K ⊂ Ω, there is N ∈ Z≥0 and C ≥ 0 depending on K, such that for all φ ∈ C∞
0 (K)

|〈u, φ〉| ≤ C
∑
|α|≤N

sup |∂αφ|. (1.2)

Proof. If u ∈ D′(Ω), then the restriction to C∞
0 (K) is continuous, so the inequality (1.2)

follows from Proposition 1.7.
Conversely, if u is a linear functional satisfying equation (1.2) for all K, by Proposition

1.7 it is continuous on C∞
0 (K). For ε > 0, if we take an ε-ball 0 ∈ Bε ⊂ C, we easily see

that u−1(Bε) is convex and balanced, and intersects each C∞
0 (K) in an open set. Similarly

we argue that u−1(c+Bε) is open for c ∈ C and so u is continuous. �
Note that the Dirac delta δ0 satisfies the conditions of Proposition 1.9 with C = 1 and

N = 0 and so δ0 ∈ D′(Ω).

Remark 1.10. It can be shown that C∞
0 (Ω) does not have a countable basis at zero; therefore

it is not metrisable.
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Proposition 1.11. Let (φj)
∞
j=1 ⊂ C∞

0 (Ω). Then φj →j→∞ 0 in C∞
0 (Ω) if and only if there

exists a compact set K ⊂ Ω with supp(φj) ⊂ K for all j, and φj →j→∞ 0 in C∞
0 (K).

Proof. Given that φj are compactly supported in K and converge to the zero function in
C∞

0 (K), the convergence in the LCS topology of C∞
0 (Ω) immediately follows from its defini-

tion.
Conversely, suppose for the sake of contradiction that the supports of φj are contained

in compact sets Kj ↗ Ω and we assume K0 = ∅ for convenience. Find points x1 ∈ K1,
x2 ∈ K2 \ K1, . . . , xj ∈ Kj \ Kj−1, . . . for j = 2, . . . , such that φj(xj) 6= 0. Introduce, for
φ ∈ C∞

0 (Ω)

p(φ) :=
∞∑
j=1

sup
{∣∣∣ φ(x)
φj(xj)

∣∣∣ | x ∈ Kj \Kj−1

}
. (1.3)

For each compact set K ⊂ Ω and φ ∈ C∞
0 (K), p(φ) is estimated by a constant multiple

of sup |φ| and so by Proposition 1.9 (by the analogous version valid for seminorm maps
X → R), p is continuous when restricted to C∞

0 (K). It is then straightforward to check
(using the triangle inequality and the homogeneity of p) that p is continuous on C∞

0 (Ω) (by
the definition of the topology on C∞

0 (Ω)). Hence p(φj) → 0 as j → ∞ by assumption; but
by construction p(φj) ≥ 1, contradiction.

Therefore there is a K with supp(φj) ⊂ K for all j, and the main claim easily follows. �
Now given a partial derivative ∂α, we may extend its action to distributions via duality

〈∂αu, φ〉 := 〈u, (−1)|α|∂αφ〉, ∀u ∈ D′(Ω), ∀φ ∈ C∞
0 (Ω).

Similarly, extend the multiplication by a function f ∈ C∞(Ω) as
〈fu, φ〉 := 〈u, fφ〉.

end of Lecture 1, 20.09.2022
Given a linear partial differential operator P =

∑
|α|≤m aα∂

α of degree m, where aα ∈
C∞(Ω), we extend its action to distributions via

〈Pu, φ〉 := 〈u, tPφ〉.
Here tP is the adjoint of P , given by

tPφ =
∑
|α|≤m

(−1)|α|∂α(aαφ). (1.4)

Exercise 1.12. Show P : D′(Ω) → D′(Ω) and P : C∞
0 (Ω) → C∞

0 (Ω) are continuous linear
maps, and that t(tP ) = P .

Proof. For both of the continuity statements, it suffices to consider the case P = ∂α and
P =Mf , where Mf is the multiplication operator by a function f ∈ C∞(Ω). Let us consider
only the latter case (the former is follows analogously). By the definition of the weak*-
topology, the map Mf : D′(Ω) → D′(Ω) is continuous if and only if for each φ ∈ C∞

0 (Ω),
D′(Ω) 3 u 7→ |〈u, fφ〉| ∈ R is continuous, which again follows from the definition.

Next, we see that Mf : C∞
0 (K) → C∞

0 (K) is continuous for each K ⊂ Ω compact (one
needs to use the Leibniz rule). Using the definition of the topology on C∞

0 (Ω), it is then
easy to show that M−1

f (B) ∈ B is open for B ∈ B, and the continuity follows by using the
linearity of Mf .

The final claim follows directly by linearity and checking the cases P = ∂α and P =Mf . �
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Example 1.13. The following are distributions:
1. Any f ∈ L1

loc(Ω) defines a distribution by

〈f, φ〉 :=
∫
Ω

f(x)φ(x)dx, φ ∈ C∞
0 (Ω).

In particular we have C∞(Ω) ⊂ L1
loc(Ω) ⊂ D′(Ω).

2. For a hypersurface S ⊂ Rn, δS(φ) :=
∫
S
φ is the Dirac distribution on S. (If S = {0}

is a point, then we recover the Dirac delta δ0.)
3. Principal value distribution. For φ ∈ C∞

0 (R), this is defined as:

p.v.

(
1

x

)
(φ) := lim

ε→0+

∫
R\[−ε,ε]

u(x)

x
dx.

It is an exercise to show that p.v.
(
1
x

)
∈ D′(R) (such that one may take N = 1 in

(1.2)).

Note that we may restrict the distribution u ∈ D′(Ω) to any open subset U ⊂ Ω and obtain
a distribution in u|U ∈ D′(U) (simply set 〈u|U , φ〉 := 〈u, φ〉 for all φ ∈ C∞

0 (U)). Say that
u = 0 on U if the restriction u|U is zero. Define the support, supp(u), of the distribution u
as the complement of the set

{x ∈ Ω | u = 0 in a neighbourhood of x}.
Say that u has compact support if supp(u) ⊂ Ω is compact and write u ∈ E ′(Ω).

Proposition 1.14. The distributions in E ′(Ω) ⊂ D′(Ω) may be extended to continuous linear
functionals on C∞(Ω). Moreover, we have an identification E ′(Ω) =

(
C∞(Ω)

)′.
Proof. Given u ∈ E ′(Ω), pick χ ∈ C∞

0 (Ω) such that χ = 1 on supp(u). For φ ∈ C∞(Ω), define
〈u, φ〉 := 〈u, χ · φ〉; this is clearly independent of the choice of χ. In fact, u is continuous on
C∞(Ω) by Propositions 1.7 and 1.9 (recall the LCS topology on C∞(Ω) was introduced in
Example 1.5).

Conversely, by Proposition 1.7 for any continuous linear functional u : C∞(Ω) → C, there
exist N and a compact set K ⊂ Ω such that |〈u, φ〉| ≤ CpN,K(φ), which shows in particular
that supp(u) is compact and that u ∈ E ′(Ω). �

We may also define the singular support of u ∈ D′(Ω), sing supp(u) ⊂ Ω, to be the
complement of the largest open set U ⊂ Ω such that u|U ∈ C∞(U), i.e. u|U is identified with
a smooth function (see Example 1.13, 1.). For instance, sing supp(δ0) = {0}, and in general:

sing supp(u) ⊂ supp(u).

1.3. Schwartz kernel theorem. Let us consider integral transforms of the form

f 7→ kf :=

∫
Y

k(x, y)f(y)dy

where k is called the kernel of the transform, a (singular) function on X × Y , where X ⊂ Rn

and Y ⊂ Rm are open sets. Clearly k maps functions on Y to functions on X.
Write φ ⊗ ψ(x, y) := φ(x)ψ(y) for the tensor product of functions φ ∈ C∞(X) and ψ ∈

C∞(Y ). Given k ∈ D′(X × Y ), we may consider the following bilinear form:
C∞

0 (X)× C∞
0 (Y ) 3 (φ, ψ) 7→ 〈k, φ⊗ ψ〉 ∈ C. (1.5)
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For fixed ψ we get a linear functional 〈kψ, φ〉 := 〈k, φ⊗ ψ〉 on C∞
0 (X), and similarly for fixed

φ, we get a linear functional on C∞
0 (Y ).

Exercise 1.15. For each ψ ∈ C∞
0 (Y ), kψ is a distribution. Moreover, the following map is

sequentially continuous:
k : C∞

0 (Y ) 3 ψ 7→ kψ ∈ D′(X). (1.6)
Proof. For the first claim, since k is a distribution, by Proposition 1.9 we deduce that kψ is
a distribution.

For the second claim, if (ψ)∞i=1 ⊂ C∞
0 (Y ) is such that ψi → ψ in C∞

0 (Y ), then for any
φ ∈ C∞

0 (X) we have φ ⊗ ψi → φ ⊗ ψ in C∞
0 (X × Y ); here we use the interpretation of

sequential convergence proved in Proposition 1.11. Thus kψi → kψ as i → ∞, completing
the proof. �

Say that the map in (1.6) is generated by a Schwartz kernel k. The main point of this
section is the following theorem, known as the Schwartz kernel theorem, which associates a
kernel to a sequentially continuous map in (1.6):
Theorem 1.16 (Schwartz kernel theorem). A linear map µ : C∞

0 (Y ) → D′(X) is sequentially
continuous if and only if it is generated by a Schwartz kernel k ∈ D′(X × Y ), such that:

〈µψ, φ〉 = 〈k, φ⊗ ψ〉, ∀φ ∈ C∞
0 (X), ∀ψ ∈ C∞

0 (Y ).

Moreover, the kernel k is uniquely determined by µ.
Proof. See the proof of [3, Theorem 6.1.1]. (Note that the uniqueness follows from the density
of C∞

0 (X)⊗ C∞
0 (Y ) ⊂ C∞

0 (X × Y ).) �
By swapping x and y, we obtain the transposed kernel tk ∈ D′(Y ×X), by requiring that

〈tk, χ〉 = 〈k, tχ〉, ∀χ ∈ C∞
0 (Y ×X),

where tχ(x, y) = χ(y, x). Call a kernel k ∈ D′(X × Y ) a regular kernel if it has the following
mapping properties:

k : C∞
0 (Y ) → C∞(X), tk : C∞

0 (X) → C∞(Y ).

We can then extend k and tk to continuous maps k : E ′(Y ) → D′(X) and tk : E ′(X) → D′(Y )
by duality:

〈kv, φ〉 := 〈v, tkφ〉, 〈tku, ψ〉 := 〈u, kψ〉 (1.7)
for all u ∈ E ′(X) and v ∈ E ′(Y ), and test functions φ ∈ C∞

0 (X) and ψ ∈ C∞
0 (Y ). If we equip

E ′(Ω) with the weak*-topology of
(
C∞(Ω)

)′, by the definition of weak*-topologies, k and tk
are continuous. We will often meet regular kernels in the course (e.g. the Schwartz kernel of
a pseudodifferential operator).
Exercise 1.17 (Differential operators). Consider P : C∞

0 (X) → C∞
0 (X) a differential oper-

ator with C∞ coefficients. Then the Schwartz kernel of this operator is given by
kP (x, y) =

tP (y, ∂y)δ(x− y),

where δ(x − y) ∈ D′(X × X) (equivalently, δ(x − y) = δ∆ is the Dirac distribution on ∆,
where ∆ = {(x, x) | x ∈ X} ⊂ X ×X is the diagonal) is the Schwartz kernel of the identity
map P = Id, defined via

〈kId, χ〉 :=
∫
X

χ(x, x)dx, χ ∈ C∞
0 (X ×X).
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Proof. Note that P is continuous by Exercise 1.12. The case of P = Id follows from the
computation, valid for φ, ψ ∈ C∞

0 (X):

〈kId, φ⊗ ψ〉 = 〈φ, ψ〉 =
∫
X

φ(x)ψ(x)dx = 〈δ(x− y), φ⊗ ψ〉.

Next, the general case follows from the computation:

〈tP (y, ∂y)δ(x− y), φ⊗ ψ〉 = 〈δ(x− y), φ⊗ Pψ〉 =
∫
X

φ(x)Pψ(x)dx = 〈Pψ, φ〉.

�

1.4. Fourier transform. In this section we recall the definition and the basic properties of
the Fourier transform.

The Fourier transform of a function f ∈ L1(Rn) is given by, for ξ ∈ Rn:

Ff(ξ) := f̂(ξ) :=

∫
Rn

f(x)e−ix·ξdx. (1.8)

Here x · ξ =
∑n

j=1 xjξj. It is an immediate consequence of the Dominated convergence
theorem that f ∈ C(Rn) for f ∈ L1(Rn).

Note that we cannot use duality directly to extend the Fourier transform to D′(Rn), since
F does not map C∞

0 (Rn) to itself. We therefore introduce the space S(Rn) of Schwartz
functions or rapidly decreasing functions, by declaring φ ∈ S(Rn) if φ is smooth and

‖φ‖α,β = sup
x∈Rn

|xα∂βφ| <∞, ∀α, β ∈ (Z≥0)
n, (1.9)

where xα = xα1
1 x

α2
2 · · · xαn

n . The definition (1.9) means that every derivative ∂βφ is decaying
faster than any polynomial. In fact, we have:

Exercise 1.18. The seminorms ‖•‖α,β defined in (1.9) above generate an LCS topology on
S(Rn) that is Fréchet.

Let us collect a few basic properties of Fourier transform in one claim:

Proposition 1.19. Let f, g ∈ L1(Rn). Then:
1. |f̂(ξ)| ≤ ‖f‖L1(Rn) and f̂(η) → 0 as |η| → ∞;

2.
∫
Rn f(x)ĝ(x)dx =

∫
Rn f̂(x)g(x)dx;

3. The convolution f ∗ g(x) :=
∫
Rn f(x − y)g(y)dy exists for almost all x ∈ Rn. Also,

f ∗ g ∈ L1(Rn), and f̂ ∗ g = f̂ ĝ;
4. S(Rn) ↪−→ L1(Rn) continuously;
5. D̂αφ(ξ) = ξαφ̂(ξ) and x̂αφ = (−1)|α|Dαφ̂(ξ) for φ ∈ S(Rn);
6. F : S(Rn) → S(Rn) is a continuous isomorphism and its inverse is given by

φ(x) = (2π)−n
∫
Rn

φ̂(ξ)eix·ξdξ. (1.10)

Hence, F extends by duality to an isomorphism on the space of Schwartz distributions,
S ′(Rn) → S ′(Rn), where 〈F(u), φ〉 := 〈u,F(φ)〉 for u ∈ S ′(Rn) and φ ∈ S(Rn). (By
definition S ′(Rn) is the dual space of S(Rn).)
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7. The Fourier transform extends continuously to an isomorphism F : L2(Rn) → L2(Rn),
such that ‖Ff‖L2 = (2π)

n
2 ‖f‖L2 for any f ∈ L2(Rn).

Proof. 1. The first inequality follows directly from (1.8). For the second property (known as
the Riemann-Lebesgue Lemma), observe firstly that it is true for the characteristic function
f = χ∏n

i=1(ai,bi)
of the rectangle

∏n
i=1(ai, bi) ⊂ Rn, by an explicit computation. Hence it is

also true for any linear combination of characteristic functions. Finally, it suffices to use the
density of step functions in L1(Rn).

2. By 1., f ĝ, f̂g ∈ L1(Rn). Therefore by Fubini’s theorem:∫
Rn

f(x)ĝ(x)dx =

∫
Rn

f(x)

∫
Rn

e−ix·ξg(ξ)dξ =

∫
Rn

g(ξ)

∫
Rn

e−ix·ξf(x)dx =

∫
Rn

f̂(x)g(x)dx.

This is sometimes known as Parseval’s identity.

3. Note that
∫
Rn

∫
Rn |f(x − y)g(y)|dxdy = ‖f‖L1‖g‖L1 , so by Fubini’s theorem f ∗ g(x)

exists almost everywhere, and f ∗ g ∈ L1(Rn). Again by Fubini’s theorem:

f̂ ∗ g(ξ) =
∫
Rn

g(y)dy

∫
Rn

e−ix·ξf(x− y)dx =

∫
Rn

g(y)dy

∫
Rn

e−iy·ξe−iz·ξf(z)dz = f̂(ξ)ĝ(ξ),

where in the second equality we used the substitution x = y + z. This completes the proof.

4. Observe that for N > n/2, we have (1 + |x|2)−N ∈ L1(Rn). Now for any φ ∈ S(Rn), we
have for some C > 0:

(1 + |x|2)N |φ(x)| ≤ C
∑

|α|≤2N

‖φ‖α,0, ∀x ∈ Rn.

It follows that with a possibly different C > 0, ‖φ‖L1 ≤ C
∑

|α|≤2N ‖φ‖α,0, which completes
the proof by using Proposition 1.7.

5. By 4., and since S(Rn) is invariant under differentiation and multiplication by polyno-
mials (easy to check from the definition (1.9) of seminorms), these Fourier transforms exist.
In fact (by induction), it suffices to prove the claim for |α| = 1. We have for k ∈ {1, . . . , n}:

D̂kφ(ξ) =

∫
Rn

Dkφ(x)e
−ix·ξdx =

∫
Rn

(Dk(φe
−ix·ξ) + φ · ξke−ix·ξ)dx = ξkφ̂(ξ),

where in the third equality the first term integrates to zero by the decaying property of
φ ∈ S(Rn). The other claim follows similarly.

6. To show the continuous mapping property, for any φ ∈ S(Rn), α, β ∈ (Z≥0)
n, we have:

‖φ̂‖α,β = ‖(−1)|β|D̂α(xβφ)‖0,0 ≤ ‖Dα(xβφ)‖L1 ,

where we used 5. in the first equality and 1. in the last equality. Thus the map is continuous
by Proposition 1.7.

Next, we show (1.10). To start with, we claim that the Fourier transform of a Gaussian is:

F
(
e−

1
2
|x|2

)
= (2π)

n
2 e−

1
2
|ξ|2 . (1.11)
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To see (1.11), observe that F
(
e−

1
2
|x|2

)
=

∏n
i=1 Fxi→ξi

(
e−

1
2
x2i

)
, so it suffices to show the case

n = 1. Set φ := e−
1
2
x2 ∈ S(R) and observe

(iDx + x)φ = 0 =⇒ (iDξ + ξ)φ̂ = 0,

where we used 5. for the implication. So by uniqueness of solution to ODE,
φ̂(ξ) =

√
2π · e−

1
2
ξ2 , (1.12)

by the classical formula
√
2π =

∫
R e

− 1
2
x2dx.

Now let ε > 0, and apply 2. to f := e−
1
2
ε2|x|2 and g := φ, to get:∫

Rn

φ̂(ξ)e−
1
2
ε2|ξ|2dξ = (2π)

n
2 ε−n

∫
Rn

φ(x)e−
1

2ε2
|x|2dx = (2π)

n
2

∫
Rn

φ(εx)e−
1
2
|x|2dx,

where in the first equality we used (1.11) (the re-scaled version) and in the second equality
we used the substitution z := x

ε
. By the Dominated convergence theorem applied to the two

sides of the previous equality:∫
Rn

φ̂(ξ)dξ = (2π)
n
2 φ(0)

∫
Rn

e−
1
2
|x|2dx = (2π)nφ(0).

This shows (1.10) for x = 0; for arbitrary x ∈ Rn, it suffices to observe that the translation
τxφ(y) := φ(y+ x) ∈ S(Rn) satisfies τ̂xφ(ξ) = eix·ξφ̂(ξ), and apply the previous result to τxφ.
This completes the proof of (1.10).

Now (1.10) shows injectivity of F : S(Rn) → S(Rn) directly, and the surjectivity also fol-
lows by taking ψ(ξ) := (2π)−nφ̂(−ξ) and observing ψ̂ = φ. Continuity of the inverse follows
similarly.

7. Let us first take φ ∈ S(Rn); then applying 2. to f := φ and g := f̂ , we get

‖φ̂‖2L2 =

∫
Rn

|φ̂(ξ)|2dξ =
∫
Rn

φ(x)
̂̂
φ(x)dx = (2π)n‖φ‖2L2 ,

where in the second equality we used φ̂(ξ) = φ̂(−ξ) and (1.10) applied to φ (so
̂̂
φ = (2π)nφ).

Now, since S(Rn) ⊂ L2(Rn) is dense (see Exercise 1.20 below), F admits a continuous
extension to L2(Rn), mapping to L2(Rn). Similarly (using (1.10)), it is invertible. �
Exercise 1.20. C∞

0 (Rn) ⊂ L2(Rn) is dense.
Proof sketch. Given f ∈ L2(Rn), then it is easy to see χBi

f → f in L2(Rn) as i→ ∞, where
χBi

is the indicator function of the ball Bi ⊂ Rn of radius i. Therefore it suffices to consider
f ∈ L2(Rn) of compact support. Now, let φ ∈ C∞

0 (Rn) be a smooth cut-off function such
that

∫
Rn φ(x)dx = 1 (also called a mollifier). Then set φk := knφ (kx) ∈ C∞

0 (Rn). It is then
an exercise to check that 1) the convolution φk ∗f ∈ C∞

0 (Rn), and 2) φk ∗f → f in L2(Rn) as
k → ∞. (The proof is similar to [3, Theorem 1.2.1]. The whole process is called mollification
or regularisation of f , and applies to more general situations.) �
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2. Symbol classes and Oscillatory integrals

In this section, we introduce symbol classes, following the first chapters of [4,5], that we will
use to define distributions called oscillatory integrals, which in turn will serve as Schwartz
kernels of pseudodifferential operators.

Motivation and aim. Given a differential operator P =
∑

|α|≤N aαD
α with constant

coefficients aα ∈ C, we observe (by Proposition 1.19, 5.) that for φ ∈ C∞
0 (Rn):

Pφ = F−1(pFφ), p =
∑
|α|≤N

aαξ
α.

Our goal is to define more general p (non-polynomial and depending on x), called symbols, for
which we will get more general (pseudo)operators P , that will form a calculus. For instance,
if p = 1

1+|ξ|2 we get:

(1−∆)−1 = F−1

(
1

1 + |ξ|2
F
)
,

where −∆ := −
∑n

i=1 ∂
2
xi

is the Laplacian, and this operator defines an inverse to (1−∆), a
non-differential operator.

end of Lecture 2, 27.09.2022
More generally, for arbitrary p(x, ξ) and a test function φ we formally have (by Proposition

1.19)
Pφ(x) = F−1pFφ(x) =

∫
y∈Rn

φ(y)dy (2π)−n
∫
ξ∈Rn

ei(x−y)·ξp(x, ξ)dξ︸ ︷︷ ︸
K(x,y):=

. (2.1)

Then K is the Schwartz kernel of P , and we would like to understand for which p is K a
well-defined distribution.

2.1. Symbol classes. Let X ⊂ Rn be an open set and N ∈ N. In the following definition
take 0 ≤ ρ ≤ 1, 0 ≤ δ ≤ 1.

Definition 2.1 (Symbol classes). Define Smρ,δ(X ×RN) as the space of all a ∈ C∞(X ×RN),
such that for all compact K ⊂ X and all multi-indices α ∈ Nn

0 , β ∈ NN
0 , there is a constant

C = CK,α,β(a) such that:
|∂αx∂

β
θ a(x, θ)| ≤ C(1 + |θ|)m−ρ|β|+δ|α|, ∀(x, θ) ∈ K × RN . (2.2)

Say that Smρ,δ(X × RN) is the space of all symbols of order m and of type (ρ, δ). If ρ = 1

and δ = 0, use the notation Sm(X × RN) := Sm1,0(X × RN).

Remark 2.2. We will be almost exclusively interested in the case ρ = 1 and δ = 0, that is,
the symbol class Sm(X ×RN). Most of the results of this section will however be valid more
generally for arbitrary (ρ, δ) as above.

The space of symbols of order −∞ is defined by

S−∞(X × RN) :=
⋂
m∈R

Sm(X × RN). (2.3)

Equivalently, it follows from the definition that symbols a of order −∞ are such that for all
compact sets K ⊂ X, multi-indices α ∈ Nn

0 and β ∈ NN
0 , M ∈ R, there is a C > 0 such that:

|∂αx∂
β
θ a(x, θ)| ≤ C(1 + |θ|)−M , (x, θ) ∈ K × RN . (2.4)
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Exercise 2.3. We give a few examples of symbols:
1. If aα ∈ C∞(X), then a(x, θ) =

∑
|α|≤m aα(x)θ

α belongs to Sm(X × RN).

2. More generally, if a ∈ C∞(X×RN) is positively homogeneous of degree m (or positively
m-homogeneous) for |θ| ≥ 1, i.e. a(x, λθ) = λma(x, θ) for λ ≥ 1 and |θ| ≥ 1, then
a ∈ Sm(X × RN).
Proof. Let K ⊂ X be compact. For instance, if α and β are zero, then if C :=
supx∈K,|θ|≤1 |a(x, θ)| it holds

|a(x, θ)|
(1 + |θ|)m

≤ C,

where the inequality is obvious for |θ| ≤ 1, and for |θ| ≥ 1, we use the homogeneity
of a. In the general case, by the chain rule it follows that

∂βθ a(x, λθ) = λm−|β|∂βθ a(x, θ), λ ≥ 1, |θ| ≥ 1, x ∈ X,

i.e. ∂βθ a and so ∂αx∂
β
θ a are positively (m − |β|)-homogeneous for |θ| ≥ 1 and λ ≥ 1.

The conclusion follows. �
3. The symbol e−|θ|2 ∈ S−∞(X × RN).
4. We have eix·ξ ∈ S0

0,1(Rn × Rn), but eix·ξ 6∈ Sm(Rn × Rn) for any m ∈ R.
Proof. Compute the derivatives

∂αx∂
β
ξ e

ix·ξ = i|α|+|β|ξαxβeix·ξ.

It is evident that for x in each compact set K ⊂ Rn, this satisfies the estimates (2.2)
for ρ = 0 and δ = 1. On the other hand, a 6∈ Sm(Rn ×Rn) for any m, since applying
∂αx produces powers of ξ in the derivative, contradicting (2.2) for ρ = 1 and δ = 0. �

5. Exotic: assume f ∈ C∞(X × RN ; [0,∞)) and is positively homogeneous of degree 1
for |θ| ≥ 1. Then e−f ∈ S0

1
2
, 1
2

(X × RN).
Proof. See [4, Example 1.4]. �

Remark 2.4. There is little point in introducing Smρ,δ(X × RN) for ρ > 1 (or δ < 0). For
instance, if a ∈ Smρ,δ(X × RN) for m < 0 and ρ > 1, equation (2.2) yields that after applying
the ∂βθ derivative many times and then integrating, that there is a gain in the decay in ∂|β|−1

θ

derivative. Iterating, we obtain a ∈ S−∞(X × RN).

Equip the space Sm(X × RN) with the LCS topology given by the seminorms, for each
compact set K ⊂ X and multi-indices α ∈ Nn

0 , β ∈ NN
0 :

PK,α,β(a) = sup
(x,θ)∈K×RN

|∂αx∂
β
θ a(x, θ)|

(1 + |θ|)m−|β| , a ∈ Sm(X × RN). (2.5)

Exercise 2.5. Let Kj ↗ X be an exhausting sequence of sets. Then the family P :=
{PKj ,α,β | j ≥ 1, α ∈ Nn

0 , β ∈ NN
0 } generates an LCS topology in Sm(X × RN) which is

Fréchet. Similarly, the space S−∞(X ×RN) carries the natural Fréchet topology, by choosing
“the best” constants in (2.4).

Proof. We prove the first claim only and the second one follows similarly. Assume (ai)
∞
i=1 is

a Cauchy sequence in Sm(X × RN). Equivalently, pK,α,β(ai − aj) → 0 as i, j → ∞, for all
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compact sets K ⊂ X and all multi-indices α and β. In particular, this implies that (ai)∞i=1 is a
Cauchy sequence in C∞(K×{|θ| ≤ L}) for any L > 0, i.e. it is Cauchy in C∞(X×RN). Since
the latter is a Fréchet space (see Exercise 1.6), we conclude that there exists a ∈ C∞(X×RN)
such that aj → a in C∞(X ×RN). Next, being Cauchy in Sm(X ×RN) implies boundedness
(i.e. each seminorms is bounded on the sequence), and it is then straightforward to show
a ∈ Sm(X × RN).

To show convergence in Sm(X × RN), let ε > 0. Then for i, j > M for some large M ,
pK,α,β(ai − aj) < ε. Therefore, for any L > 0 and j > N :

sup
K×{|θ|≤L}

∂αx∂
β
θ (a− ai)

(1 + |θ|)m−|β| ≤ sup
K×{|θ|≤L}

∂αx∂
β
θ (a− aj)

(1 + |θ|)m−|β| + sup
K×{|θ|≤L}

∂αx∂
β
θ (aj − ai)

(1 + |θ|)m−|β| .

By the convergence in C∞(X × RN) the first term on the right hand side can be made as
smaller than ε, and the second term is smaller than ε. This shows aj → a in Sm(X × RN)
and completes the proof. �

Next, observe that ∂αx∂
β
θ : Sm(X×RN) → Sm−|β|(X×RN) is continuous (using Proposition

1.7), and that Sm(X × RN) ⊂ Sm
′
(X × RN) if m ≤ m′.

Let us now prove a few basic properties about the topologies on the spaces of symbols,
with the aim to make sense of an asymptotic formula a ∼

∑∞
j=0 aj where aj ∈ Smk(X ×RN)

for mj → −∞ as j → ∞.

Proposition 2.6. Assume m1,m2 ∈ R. Then the bilinear map (a, b) 7→ ab

Sm1(X × RN)× Sm2(X × RN) → Sm1+m2(X × RN)

is well-defined and continuous.

Proof. If we apply the Leibniz’ formula to ∂αx∂
β
θ a, we get

∂αx∂
β
θ (ab) =

∑
α1+α2=α
β1+β2=β

C(α1, α2, β1, β2)∂
α1
x ∂

β1
θ a · ∂

α2
x ∂

β2
θ b (2.6)

for suitable multinomial coefficients C(α1, α2, β1, β2). Well-definedness follows from the esti-
mates (2.2) applied to each summand on a set K×RN , showing that ∂αx∂

β
θ (ab) ∈ Sm1+m2(X×

RN). Continuity follows by using (2.6) to estimate the seminorms of Sm1+m2(X × RN) by
sums of products of seminorms on Sm1(X×RN) and Sm2(X×RN), and using an appropriate
version of Proposition 1.7 for bilinear maps. �

Next we prove a convergence lemma in the symbol space topology.

Proposition 2.7. Let (aj)
∞
j=1 be a bounded sequence1 in Sm(X × RN), which converges

pointwise for each (x, θ) ∈ X ×RN . Then the pointwise limit a belongs to Sm(X ×RN) and
for every m′ > m, we have aj → a as j → ∞ in the topology of Sm′

(X × RN).

Proof. Step 1. By assumption, the PK,α,β(aj) are bounded uniformly in j. Using this for
|α|+ |β| = 1 and Arzelà-Ascoli Theorem, we conclude that aj → a uniformly in C0(X ×RN)
(i.e. uniformly on compact subsets in the C0-norm). Let us give the argument to show
that aj → a uniformly in C1(X × RN). Next, consider ∂x1aj – by the same argument using

1A subset S ⊂ F of an LCS space F is called bounded if for each seminorm p ∈ P we have p is bounded
on S (by a constant depending on p), i.e. sups∈S p(s) < ∞.
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Arzelà-Ascoli Theorem, ∂x1aj → b in C0(X ×RN). In particular, integrating, for some fixed
(x, θ) ∈ X × RN , and for all ε > 0 small enough, we get

1

ε

∫ ε

0

b(x+ te1, θ)dt =
a(x+ εe1)− a(x)

ε
,

where ei ∈ Rn denotes the ith standard coordinate vector. Taking ε → 0 and by the
fundamental theorem of calculus, we conclude b(x, θ) = ∂x1a(x, θ). This argument works
similarly ∂xi and ∂θi , and shows that a is continuously differentiable and aj → a in C1(X ×
RN). Similar (inductive) argument works for higher order derivatives and shows aj → a in
C∞(X × RN).2 It follows that a ∈ Sm(X × RN).

Step 2. In order to prove convergence in Sm
′
(X × RN), consider a compact set K ⊂ X

and multi-indices α, β. For each (x, θ) ∈ K × RN we have:

kj(x, θ) :=
|∂αx∂

β
θ (a− aj)|

(1 + |θ|)m′−|β| =
1

(1 + |θ|)m′−m
|∂αx∂

β
θ (a− aj)|

(1 + |θ|)m−|β|

For any ε > 0, we may take L large enough such that for |θ| ≥ L, by the boundedness of
the second factor, we have kj(x, θ) < ε on K × {|θ| ≥ L}. In the regime where |θ| ≤ L, by
uniform convergence in C∞(X×RN) we have kj(x, θ) →j→∞ 0 on K×{|θ| ≤ L}. Therefore,
combining the two estimates we see that

sup
(x,θ)∈K×RN

kj(x, θ) → 0, j → ∞,

completing the proof. �

Symbols of order −∞ are in fact dense in other finite order symbol spaces.

Proposition 2.8. If m′ > m, then S−∞(X × RN) is dense in Sm(X × RN) in the topology
of Sm′

(X × RN).

Proof. Let χ ∈ C∞
0 (X × RN) with χ = 1 for |θ| ≤ 1 and χ = 0 for |θ| ≥ 2. Then define the

re-scalings χj(θ) := χ( θ
j
) for j ∈ N, which we claim is a bounded sequence in S0(X × RN).

Indeed, we have that

∂αθ χj(θ) = j−|α|∂αθ χ
(θ
j

)= 0, if |θ| ≥ 2j or |θ| ≤ j,

≤ 2|α|
(
1 + 1

j

)|α|
‖∂αθ χ‖L∞(1 + |θ|)−|α|, otherwise.

(This follows since derivatives of χ are supported on 1 ≤ |θ| ≤ 2.) Let a ∈ Sm(X × RN)
and define aj(x, θ) := χj(θ)a(x, θ). By Proposition 2.6 we know aj ∈ S−∞(X × RN). Since
aj → a pointwise, Proposition 2.7 applies and proves the result. �

Now comes one of the main points of this section: we may sum the symbols asymptotically.

2Alternatively, conclude that aj → a in C0 by Arzelà-Ascoli as above. Then apply the interpolation
inequality |f ′(0)| ≤ Cε(‖f‖

1
2

L∞‖f ′′‖
1
2

L∞ + ‖f‖L∞), valid for any f ∈ C2([−ε, ε]). More precisely, argue that
(aj)

∞
j=1 is Cauchy in C1 by applying this inequality to each coordinate of the terms (ai − aj), iterate to get

Cauchy in Ck for each k, and use Exercise 1.6.
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Proposition 2.9. Let (mj)
∞
j=0 ⊂ R such that mj ↘ −∞ as j → ∞ and let aj ∈ Smj(X×RN).

Then there exists a ∈ Sm0(X × RN), unique modulo S−∞(X × RN), such that

a−
k−1∑
j=0

aj ∈ Smk(X × RN), ∀k ∈ N0. (2.7)

If (2.7) holds, we write a ∼
∑∞

j=0 aj and call this an asymptotic sum or asymptotic devel-
opment.
Proof. Uniqueness part follows from the fact that, if a′ ∈ Sm0(X × RN) also satisfies (2.7),
then a− a′ ∈ Smk(X × RN) for all k and so a− a′ ∈ S−∞(X × RN).

For the existence, let Pj = {pj,0, pj,1, . . . } be an enumeration of the seminorms defining
the topology of Smj(X × RN), such that we have pj,k ≤ pj′,k for j′ ≥ j and all k (this can
achieved by taking an exhaustion Kj ↗ X by compact sets, ordering {(Kj, α, β) | j, α, β} =
{a1, a2, . . . } in a sequence, and defining pi,k to be the seminorm (2.2) corresponding to ai and
order mk). Then Proposition 2.8 implies that, for every j ∈ N0, there is bj ∈ S−∞(X × RN)
such that for all 0 ≤ µ ≤ j − 1

Pj,µ(aj − bj) ≤ 2−j.

Therefore, the sum
∑∞

j=k(aj − bj) converges in Smk(X ×RN) for all k ∈ N0, since the partial
sums

∑ℓ
j=k(aj − bj) are Cauchy with respect to the seminorms in Pk, or equivalently they

are Cauchy with respect to the Fréchet topology on Smk(X × RN) (see Exercise 2.5). If we
set a :=

∑∞
j=0(aj − bj) ∈ Sm0(X × RN), then

a−
k−1∑
j=0

aj = −
k−1∑
j=0

bj +
∞∑
j=k

(aj − bj) ∈ Smk(X × RN),

completing the proof. �
Remark 2.10. A couple of remarks concerning Lemma 2.9:

1. The proposition is reminiscent of a statement known as Borel’s lemma, which states
that we may construct smooth functions with prescribed jets, i.e. for any given
sequence (aα)α∈Nn

0
, there exists f ∈ C∞(Rn) with aαα! = ∂αf(0).

2. The form of the a we constructed can be seen as follows:

a =
∞∑
j=0

(
1− χ

( θ
tj

))
aj(x, θ),

where tj → ∞ are chosen to grow sufficiently fast so that the sum and the derivatives
converge, and χ as in Proposition 2.8.

end of Lecture 3, 04.10.2022

2.2. Oscillatory integrals. For a ∈ Sm(X ×RN) and ϕ a phase function, we would like to
make sense as distributions of the integrals of the form

I(a, ϕ)(x) :=

∫
RN

eiφ(x,θ)a(x, θ)dθ. (2.8)

Call the integrals of this form oscillatory integrals. The kernel (2.1) is an instance of an
oscillatory integral (where ϕ(x, y, ξ) := (x− y) · ξ ∈ C∞(X ×X ×Rn)). Next, the conditions
that ϕ needs to satisfy can be formalised in the following definition:
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Definition 2.11. A function ϕ(x, θ) ∈ C∞(
X ×

(
RN \ 0

))
is called a phase function if for

all (x, θ) ∈ X ×
(
RN \ 0

)
1. Imϕ ≥ 0;
2. ϕ(x, λθ) = λϕ(x, θ) for λ > 0 (positive homogeneity);
3. dx,θϕ = (∂x1ϕ, . . . , ∂xnϕ, ∂θ1ϕ, . . . , ∂θNϕ) 6= 0 (ϕ has no critical points).

Remark 2.12. For the applications we have in mind we can safely assume that ϕ extends
to a function in C∞(X × RN). (For instance we will often take ϕ(x, y, ξ) := (x − y) · ξ ∈
C∞(X ×X × Rn) as discussed above.)

Observe that if m < −N − k for some k ∈ N0 the integral in (2.8) converges and I(a, ϕ) ∈
Ck(X) (use the Dominated convergence theorem for continuity; that this is Ck-regular is
obtained in a similar fashion). To make sense of it as an element of D′(X) we integrate by
parts many times to trade x-derivatives for inverse powers of (1 + |θ|).
Lemma 2.13. Let ϕ be a phase function. There exist aj ∈ S0(X×RN) and bk, c ∈ S−1(X×
RN) for j = 1, . . . , N and k = 1, . . . , n, such that

L =
N∑
j=1

aj
∂

∂θj
+

n∑
k=1

bk
∂

∂xk
+ c (2.9)

satisfies tLeiφ = eiφ. Here tL is the adjoint of L (see (1.4)) and is given explicitly by

tLu = −
N∑
j=1

∂(aju)

∂θj
−

n∑
k=1

∂(bku)

∂xk
+ cu.

Proof. Introduce

Φ(x, θ) =
n∑
k=1

∣∣∣ ∂ϕ
∂xk

∣∣∣2 + |θ|2
N∑
j=1

∣∣∣ ∂ϕ
∂θj

∣∣∣2. (2.10)

Note that Φ(x, θ) > 0 for θ 6= 0 since ϕ has no critical points, Φ(x, λθ) = λ2Φ(x, θ) for λ > 0
and θ 6= 0. Let χ ∈ C∞

0 (RN) a bump function such that χ = 1 near zero. Let

tL :=
1− χ(θ)

iΦ(x, θ)

(
|θ|2

N∑
j=1

∂ϕ̄

∂θj

∂

∂θj
+

n∑
k=1

∂ϕ̄

∂xk

∂

∂xk

)
+ χ(θ),

a′j :=
1− χ(θ)

iΦ(x, θ)
· |θ|2 ∂ϕ̄

∂θj
, b′k :=

1− χ(θ)

iΦ(x, θ)
· ∂ϕ̄
∂xk

, c′ := χ(θ).

Clearly c′ ∈ S−∞(X×RN). Since the expressions in the definition of a′j and b′k are 0 and −1-
homogeneous for large |θ|, respectively, by Exercise 2.3, item 3, we have a′j ∈ S0(X×RN) and
b′k ∈ S−1(X × RN). It is straightforward that tLeiφ = eiφ and the formal adjoint L = t

(
tL
)

satisfies the conditions of the lemma. (More precisely, the coefficients of the operator L in
(2.9) are given by aj := −a′j, bk := −b′k, and c := c′ −

∑N
j=1 ∂θjaj −

∑n
k=1 ∂xkbk.) �

Next we extend the oscillatory integrals (2.8) to the space of all symbols continuously:
Theorem 2.14. Let ϕ be a phase function. Then, there exists a unique way to extend I(a, ϕ)
from S−∞(X × RN) to S∞(X × RN) := ∪m∈RS

m(X × RN), such that
Sm(X × RN) 3 a 7→ I(a, ϕ) ∈ D′(X) (2.11)
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is continuous for all m ∈ Z.3

Proof. Uniqueness is clear, as we have S−∞(X ×RN) dense in Sm(X ×RN) in any topology
Sm

′
(X × RN) for m′ > m by Proposition 2.8. For existence, we integrate by parts formally.

Namely, for a ∈ S−∞(X × RN) and u ∈ C∞
0 (X), we have:

〈I(a, ϕ), u〉 :=
∫
X

∫
RN

eiφ(x,θ)a(x, θ)u(x) dθ dx.

Consider now the differential operator L given by Lemma 2.13. For a ∈ Sm(X × RN) and
k ∈ N0, observe that Lk

(
a(x, θ)u(x)

)
∈ Sm−k(X × RN) by Proposition 2.6. Choose k ∈ N0

with m− k < −N and define Ik(a, ϕ) by the following expression:

〈Ik(a, ϕ), u〉 :=
∫
X

∫
RN

eiφ(x,θ)Lk
(
a(x, θ)u(x)

)
dθ dx. (2.12)

Observe we have the following estimate, for any compact set K ⊂ X:

sup
K×RN

|Lk(au)|
(1 + |θ|)m−k ≤ fk,K(a) ·

∑
|α|≤k

sup
K

|∂αu|, (2.13)

where fk,K(a) is a suitable seminorm on Sm(X×RN) (involving the seminorms PK,α,β defined
in (2.5) for |α|+ |β| ≤ k). Taking K = supp(u) this implies that

|〈Ik(a, ϕ), u〉| ≤ Cfk,K(a) ·
∑
|α|≤k

sup
K

|∂αu|,

which by Proposition 1.9 implies u ∈ D′
(X) (in fact it is continuous as a map to D′(k)(X)).

Moreover, it implies that Sm(X×RN) 3 a 7→ Ik(a, ϕ) ∈ D′(X) is continuous (by Proposition
1.7).

It is left to notice that by integrating by parts in (2.12), for any choice of k′ with m− k′ <
−N , we have Ik′(a, ϕ) = Ik(a, ϕ) and I(a, ϕ) = Ik(a, ϕ) for any a ∈ S−∞(X×RN). Therefore,
the extension is well-defined which completes the proof. �

Given a phase function ϕ on X ×
(
RN \ 0

)
, define the critical set of ϕ as

Cφ = {(x, θ) ∈ X ×
(
RN \ 0

)
| ∂θϕ(x, θ) = 0}. (2.14)

Note that ∂θϕ(x, θ) is positively 0-homogeneous, so the set Cφ is closed (in X× (RN \0)) and
conical, that is, it is invariant under scaling by positive reals in the θ variable. The following
statement shows that the singularities of I(a, ϕ) are determined by the behaviour of a and
ϕ near Cφ. Let Π : X × RN → X be the projection to the first coordinate.

Proposition 2.15. The following two claims hold for a ∈ Sm(X × RN):
1. sing supp I(a, ϕ) ⊂ Π(Cφ);
2. If a vanishes on a conical neighbourhood of Cφ, then I(a, ϕ) ∈ C∞(X).

Proof. For the first part, define Rφ := X \ Π(Cφ), an open set. Note that the critical set
of ϕ restricted to Rφ × (RN \ 0) is empty by definition, and that the restriction satisfies
I(a, ϕ)|Rφ = I(a|Rφ×RN , ϕ|Rφ×(RN\0)). Therefore, Item 2 implies Item 1 (as in this case the
critical set is empty).

3Moreover, if k ∈ N and m − k < −N , then Sm 3 a 7→ I(a, φ) ∈ D′(k) is continuous. Here, by D′(k)(X)
we denote the space of distributions of order ≤ k, which is by definition the dual space of Ck

0 (X).
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For the second part, we will follow the proof of Lemma 2.13. Introduce

tL :=
1− χ(θ)

iΦ̃
· |θ|2

N∑
j=1

∂ϕ̄

∂θj

∂

∂θj
+ χ0, Φ̃(x, θ) := |θ|2

N∑
j=1

∣∣∣ ∂ϕ
∂θj

∣∣∣2,
where χ, χ0 ∈ C∞(X ×RN) (where χ0 is compactly supported in the θ variable), are chosen
such that: χ is positively 0-homogeneous for large |θ|, χ = 1 on Cφ ∪X × B(1), supp(χ) ⊂
{a = 0}∪X×B(2) where B(R) ⊂ RN denotes the ball of radius R > 0, and we set χ0 = χ1χ,
where χ1 ∈ C∞

0 (RN) satisfies χ1 = 1 on B(2). Notice in particular that these conditions
imply supp(χ0 − χ) ⊂ {a = 0}. Then as in Lemma 2.13:

L =
N∑
j=1

aj
∂

∂θj
+ c, aj ∈ S0(X × RN), c ∈ S−1(X × RN).

It is straightforward to compute tLeiφ = (1 − χ + χ0)e
iφ. Therefore, if a ∈ S−∞(X × RN),

we see that I(a, ϕ) = I(Lka, ϕ) for any k ∈ N0 (note that (1− χ+ χ0)a = a and L contains
no x-derivatives). More generally if a ∈ Sm(X×RN), by Proposition 2.8, there is a sequence
aj ∈ S−∞(X ×RN) (obtained by multiplying a by a cut-off function in θ), such that aj → a
in Sm′

(X × RN) for m′ > m; by Theorem 2.14 we have that:
I(ai, ϕ) = I(Lkai, ϕ) → I(Lka, ϕ) = I(a, ϕ), i→ ∞,

where we use Lkai → Lka in Sm−k(X × RN). Using Lka ∈ Sm−k(X × RN), and taking k to
be arbitrarily large, we deduce that I(a, ϕ) ∈ C∞(X), completing the proof. �

As an example of previous theory, consider X × Y ×RN , where X ⊂ Rn and Y ⊂ Rm are
open sets. An operator A : C∞

0 (Y ) → D′(X) is called a Fourier Integral Operator (in short
FIO), if there exists an a ∈ Sm(X × Y × RN) and a phase function ϕ such that

Au(x) =

∫
Y

∫
RN

eiφ(x,y,θ)a(x, y, θ)u(y) dθ dy, u ∈ C∞
0 (Y ). (2.15)

Here we view the oscillatory integral KA = I(a, ϕ) ∈ D′(X × Y ) as a Schwartz kernel
generating an operator A via (recall Theorem 1.16)

〈Au, v〉 := 〈KA, v ⊗ u〉, v ∈ C∞
0 (X).

In the particular case when X = Y , N = n, ϕ(x, y, ξ) = (x− y) · ξ, and KA = (2π)−nI(a, ϕ)
(the extra (2π)−n factor is to align this definition with (2.1)), the operator A is called a
pseudodifferential operator (in short PDO). More explicitly, for PDOs we have

Op(a)u(x) := Au(x) = (2π)−n
∫
X

∫
Rn

ei(x−y)·ξa(x, y, ξ)u(y) dξ dy, u ∈ C∞
0 (X), (2.16)

where Op(•) is referred to as quantisation of a. Denote the space of such PDOs as Ψm(X)
and say that A ∈ Ψm(X) is of order m. Write Ψ−∞(X) for the set of operators of order −∞,
that is, Ψ−∞(X) := ∩m∈ZΨ

m(X), and call elements of Ψ−∞(X) smoothing.
Next, we show some basic properties of PDOs. Denote by ∆ := {(x, x) | x ∈ X} ⊂ X ×X

the diagonal.
Proposition 2.16. Let A ∈ Ψm(X) for some m ∈ R or m = −∞. Then:

1. A is a continuous map A : C∞
0 (X) → C∞(X);

2. There exists a well-defined transpose operator tA ∈ Ψm(X) satisfying 〈tAv, u〉 =
〈Au, v〉 for all u, v ∈ C∞

0 (X);
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3. A has a unique continuous extension A : E ′(X) → D′(X) (recall E ′(X) was introduced
in Proposition 1.14 as the set of distributions with compact support);

4. KA is smooth outside of ∆, i.e. KA|X×X\∆ ∈ C∞(X ×X \∆);
5. For all u ∈ C∞

0 (X), we have sing supp(Au) ⊂ sing supp(u), that is, A is a pseudolocal
operator.

Proof. Item 1. Note that dy,ξϕ = (−ξ, x− y) 6= 0 for all points (x, y, ξ) ∈ X ×X × (Rn \ 0)
(i.e. ϕ(x, •, •) is a phase function on X × (RN \ 0) for every fixed x ∈ X). By the proof
of Lemma 2.13, there is an L =

∑n
j=1 aj∂ξj +

∑n
k=1 bk∂yk + c, where aj ∈ S0(X ×X × Rn),

bk, c ∈ S−1(X×X×Rn), such that tL(eiφ) = eiφ. More explicitly, as in Lemma 2.13 we have

tL =
1− χ(ξ)

iΦ(x, y, ξ)

(
|ξ|2

n∑
j=1

(xj − yj)∂ξj −
n∑
k=1

ξk∂yk

)
+ χ(ξ), Φ(x, y, ξ) = |ξ|2(|x− y|2 + 1).

Then for u, v ∈ C∞
0 (X) and k ∈ N0 with m− k < −n− k, by definition (see Theorem 2.14):

〈Au, v〉 = 〈KA, v ⊗ u〉 =
∫
X

∫
X

∫
Rn

ei(x−y)·ξv(x)Lk
(
a(x, y, ξ)u(y)

)
dξ dy dx,

where we used that L has no y-derivatives. Therefore, as Lk(au) ∈ Sm−k(X ×X ×RN), Au
is the Ck-regular function given by the oscillatory integral

Au(x) = (2π)−n
∫
X

∫
Rn

ei(x−y)·ξLk
(
a(x, y, ξ)u(y)

)
dξ dy, (2.17)

and since k can be taken arbitrarily large, we conclude Au ∈ C∞(X). The continuity of
A : C∞

0 (X) → C∞(X) follows from this formula and the estimate in (2.13). (More precisely,
by Proposition 1.7 it suffices to show for any compact set K ⊂ X and any multi-index α, that
supx∈K |∂α(Au)(x)| is a bounded seminorm on C∞

0 (X). By Proposition 1.9 (the analogous
version for seminorms), it suffices to show an estimate of the form (1.2), which follows from
(2.13) and its variant for ∂αxL(au) (the estimate (2.13) works for α = 0)).

end of Lecture 4, 11.10.2022
Item 2. For the second part, in view of Schwartz kernel Theorem 1.16, the transpose of A,

tA : C∞
0 (X) → D′(X), is given by exchanging the roles of x and y:

〈tAv, u〉 := 〈Au, v〉 = 〈KA, v ⊗ u〉 =: 〈KtA, u⊗ v〉, u, v ∈ C∞
0 (X),

whereKtA(x, y) = KA(y, x) is the Schwartz kernel of tA. It follows thatKtA = (2π)−nI(ã, (x−
y) · ξ), where ã(x, y, ξ) = a(y, x,−ξ) ∈ Sm(X ×X × Rn), so tA ∈ Ψm(X).

Item 3. By Items 1 and 2, we get tA : C∞
0 (X) → C∞(X). Therefore, there is a unique

continuous extension given by (see also (1.7))
〈Au, v〉 := 〈u, tAv〉, u ∈ E ′(X), v ∈ C∞

0 (X).

Item 4. Since the critical set of ϕ = (x− y) · ξ satisfies Cφ = ∆×
(
Rn \ 0

)
, the third point

follows from Proposition 2.15, first item.
Item 5. Let u ∈ E ′(X) and take x0 ∈ X \ sing supp(u). Take ψ1, ψ2 ∈ C∞

0 (X) with
supp(ψ1) ∩ supp(ψ2) = ∅, ψ1 = 1 near x0 and ψ2 = 1 near sing supp(u). Let us write

ψ1Au = ψ1A
(
(1− ψ2)u

)
+ ψ1A(ψ2u). (2.18)

It suffices to show that the two terms on the right hand side are in C∞(X). In fact, by Item
1 above we have A

(
(1−ψ2)u

)
∈ C∞(X). Next, since by Item 4 above ψ1(x)KA(x, y)ψ2(y) ∈
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C∞(X × X), which is the Schwartz kernel of the operator u 7→ ψ1A(ψ2u), we get that the
second term is also in C∞(X) by Proposition 2.17 below.

�

Finally we show that smoothing operators arise as operators that ‘smoothen out’ every
distribution. (The equivalence of first two points is ‘standard’ in distribution theory.)

Proposition 2.17. For a continuous operator A : C∞
0 (Y ) → D′(X) with Schwartz kernel

KA ∈ D′(X × Y ) (see Theorem 1.16), the following three statements are equivalent:
1. A extends to a continuous operator A : E ′(Y ) → C∞(X);
2. KA ∈ C∞(X × Y );
3. (when X = Y ) A is smoothing, that is, A ∈ Ψ−∞(X).

Proof. 2. =⇒ 1. Given u ∈ E ′(Y ), we may define Au(x) := ϕ(x) := 〈u,KA(x, •)〉, where
KA(x, •) ∈ C∞(Y ) is considered as a smooth function, and we claim that ϕ is in fact a smooth
function. Firstly, if xi → x, then ϕ(xi) → ϕ(x) since KA(xi, •) → KA(x, •) in C∞(Y ) and
by continuity of u, showing ϕ ∈ C0(X). Next, for i ∈ {1, . . . , n} introduce

ai(x) := 〈u, ∂xiK(x, •)〉,

and by the analogous argument ai is continuous. We claim that ∂xiϕ = ai. To see this, for
any x ∈ X, and ε > 0 small enough, we have:∫ ε

0

ai(x+ sei)ds =

∫ ε

0

〈u, ∂xiK(x+ sei, •)〉ds

=
〈
u,

∫ ε

0

∂xiK(x+ sei, •)ds
〉
= ϕ(x+ εei)− ϕ(x),

where in passing to the second line, we wrote the
∫ ε
0
integral as a limit of Riemann sums, and

used that they converge uniformly and eventually in C∞(Y ). Taking the limit ε → 0 and
using the Fundamental Theorem of Calculus proves the claim, and so ϕ ∈ C1(X). Iterating
this argument, we get ϕ ∈ C∞(X), proving the initial claim. The continuity of the map A
follows similarly.

1. =⇒ 2. Let us ‘plug in’ suitable distributions. Define K(x, y) := 〈Aδy, δx〉. We claim
that K ∈ C∞(X × Y ). To check continuity, notice that if (xi, yi) → (x, y), then Aδyi → Aδy
in C∞(X), and so K(xi, yi) = 〈Aδyi , δxi〉 → K(x, y). For differentiability, notice that for any
(x, y), any i ∈ {1, . . . , n}, and |s| small enough, we have

K(x+ sei, y)−K(x, y)

s
=

〈
Aδy,

δx+sei − δx
s

〉
→ 〈Aδy, ∂xiδx〉, s→ 0,

since δx+sei−δx
s

→ ∂xiδx in E ′(X). By the analogous argument as in the previous paragraph,
〈Aδy, ∂xiδx〉 ∈ C0(X × Y ), and we conclude that K ∈ C1(X × Y ). Iterating this argument,
we get that K is smooth.

It suffices to proveK = KA. Let B be the operator with the Schwartz kernelK. Notice that
for any y ∈ Y , Aδy is a smooth function which by definition agrees with Bδy at any x ∈ X,
hence Aδy = Bδy. It now suffices to show that the space spanned by Dirac distributions
is dense in the topology of distributions. That is, since C∞(Y ) ⊂ D′(Y ) is dense (see
Example 2.18 below), it suffices to show that any ϕ ∈ C∞(Y ) is a limit in D′(Y ) of a linear
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combination of Dirac masses. To do this, for each k ∈ N, enumerate Y ∩
(

Z
k

)n
by (yk,α)α.

Define ϕk :=
∑

α
φ(yk,α)

kn
· δyk,α ∈ D′(Y ) and notice that for any ψ ∈ C∞

0 (Y ) we have:∫
Y

ϕk(y) · ψ(y) dy =
∑
α

ϕ(yk,α) · ψ(yk,α)
kn

→k→∞

∫
Y

ϕ(y) · ψ(y) dy,

where in the last limit we used the convergence of Riemann sums. It follows that ϕk → ϕ in
D′(Y ) as k → ∞. Consequently, by continuity Aψ = Bψ, so A ≡ B which implies K = KA

completing the proof (by Theorem 1.16, operators uniquely determine their Schwartz kernels).

2. ⇐⇒ 3. when X = Y . Assume first A ∈ Ψ−∞(X). By definition, the symbol a defining
A satisfies a ∈ S−∞(X ×X ×Rn) so the oscillatory integral KA defined in (2.16) is smooth,
showing Item 2.

For the converse, assume we have a smooth Schwartz kernel KA ∈ C∞(X × X). In
particular we may choose a(x, y, ξ) := (2π)nKA(x, y)e

−i(x−y)·ξχ(ξ) ∈ S−∞(X × X × Rn),
where χ ∈ C∞

0 (Rn) is such that
∫
χ(χ)dξ = 1. It follows that KA = (2π)−nI(a, (x − y) · ξ)

and so A ∈ Ψ−∞(X), i.e. it satisfies (2.16). �

Example 2.18 (Convolution operators are smoothing). Take a cut-off function χ ∈ C∞
0 (Rn)

that integrates to 1, i.e.
∫
Rn χ(x) dx = 1 and χ = 1 in a neighbourhood of zero. For ε > 0,

set χε(x) = ε−nχ
(
x
ε

)
and define Aεu := χε ∗ u for u ∈ C∞

0 (Rn) (recall ∗ denotes convolution,
see Proposition 1.19, Item 3). By definition of convolution, the Schwartz kernel Kε of Aε is
equal to Kε(x, y) = χε(x − y) ∈ C∞(Rn × Rn). So by Proposition 2.17, Aεu ∈ C∞(Rn) for
any u ∈ E ′(Rn). It can be shown that Aεu→ u as ε→ 0 in the distribution sense (exercise),
so smooth functions are dense in the space of distributions.

3. Method of stationary phase

Aim. In this section we consider integrals of the form, for ϕ ∈ C∞(X;R) and u ∈ C∞
0 (X):

I(λ) :=

∫
X

eiλφ(x)u(x) dx, λ > 0. (3.1)

We are interested in the asymptotic behaviour of I(λ) as λ→ ∞.
As a first result, we record:

Lemma 3.1 (Non-stationary phase lemma). If dϕ 6= 0 on X, then for all N > 0 there exists
C = C(N,ϕ, supp(u)) > 0 such that:

|I(λ)| ≤ Cλ−N ×
( ∑

|α|≤N

sup
x

|∂αu(x)|
)
.

Proof. Let tL := 1
iλ|dφ|2

∑n
j=1 ∂xjϕ · ∂xj , similarly as in Lemma 2.13, so that tLeiλφ = eiλφ.

Integrating by parts k times, we get

I(λ) =

∫
X

eiλφLku dx,

and after observing that |Lku| is bounded by λ−k times a constant depending on ϕ, supp(u),
and k derivatives of u, the result follows. �
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Next, we turn to the more difficult case when ϕ has critical points. We will see that I(λ)
has a polynomial expansion in inverse powers of λ near critical points of ϕ with coefficients
depending on u.

Recall that x0 ∈ X is a non-degenerate critical point of ϕ if dϕ(x0) = 0 and detϕ′′(x0) 6= 0.
Here the symmetric matrix ϕ′′(x) =

(
∂2φ

∂xi∂xj

)n
i,j=1

(x) denotes the Hessian.

Lemma 3.2 (Morse lemma). If x0 is a non-degenerate critical point of ϕ, there exists a local
diffeomorphism H : U → V ⊂ Rn with x0 ∈ U , H(x0) = 0, such that:

ϕ ◦ H−1(x1, . . . , xn) = ϕ(x0) +
1

2
(x21 + . . .+ x2r − x2r+1 − . . .− x2n),

where r is the maximal dimension of a subspace V ⊂ Rn on which the matrix ϕ′′(x0) is
positive definite.

Proof. For instance, see [4, Lemma 2.1]. �
If r is the value from Lemma 3.2, define the signature of ϕ′′(x0) by sgnϕ′′(x0) = 2r − n.

Morse lemma reduces the study of (3.1) to considering a symmetric, non-degenerate matrix
Q with signature sgnQ = 2r − n. Arguing as in the derivation of (1.11), it is possible to
derive the following identity (the Fourier transform of a ‘complex Gaussian’):

F
(
e

i
2
⟨x,Qx⟩)(ξ) = (2π)

n
2 ei

π
4
sgnQ| detQ|−

1
2 e−

i
2
⟨ξ,Q−1ξ⟩, (3.2)

where we make use of the following one dimensional identity (analogous to (1.12)):

F(e±
i
2
x2)(ξ) =

√
2π · e±

iπ
4 e±

i
2
ξ2 .

Note that the Fourier transforms are interpreted as Fourier transforms of Schwartz distribu-
tions (see Proposition 1.19, Item 6).

Theorem 3.3 (Stationary phase lemma). Let ϕ ∈ C∞(X;R) such that x0 ∈ X is a non-
degenerate critical point of ϕ in X, and dϕ(x) 6= 0 for x 6= x0. For ν ∈ N0 there exist
differential operators A2ν of order at most 2ν (depending only on ϕ), such that for every
compact set K ⊂ X and N ∈ N0, there exists C = CK,N > 0, such that for all u ∈ C∞

0 (K):∣∣∣ ∫
X

eiλφ(x)u(x) dx− eiλφ(x0)
(N−1∑
ν=0

(A2ν(x, ∂x)u)(x0) · λ−ν−
n
2

)∣∣∣
≤ Cλ−N−n

2

∑
|α|≤2N+n+1

sup
x∈K

|∂αu(x)|, λ ≥ 1.

Moreover, we have A0 =
(2π)

n
2 ·ei

π
4 sgnφ′′(x0)

| detφ′′(x0)|
1
2

.

Proof. Step 1: reduction to quadratic phase function. Let χ ∈ C∞
0 (X) such that χ = 1 near

x0 and supp(χ) ⊂ U , where U is the open neighbourhood of x0 given by Lemma 3.2. Then∫
X

eiλφ(x)u(x) dx =

∫
X

eiλφ(1− χ)u dx+ eiλφ(x0)
∫
V

e
i
2
λ⟨y,Qy⟩v(y) dy,

where v(y) = (χ · u)(H−1y) · det J(y), Jij(y) :=
∂H−1

i

∂yj
is the Jacobian matrix of H−1 =

(H−1
1 , . . . ,H−1

n ), and Q =

(
Idr 0
0 − Idn−r

)
. By Lemma 3.1, the first term is decaying faster
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than any polynomial in λ, i.e. for all N > 0 there is a CN > 0 that bounds the term
by CNλ

−N . For the second term, it suffices to show the claim for the special case of a
quadratic function (note that J(y) depends on ϕ). Finally, to compute A0, we will simply
use (3.6) below together with the fact that Q = J(0)Tϕ′′(x0)J(0) which implies (det J(0))2 ·
detϕ′′(x0) = detQ. (For this, apply the chain rule to compute for ψ := ϕ ◦ H−1 that
∂2ψ
∂yi∂yj

=
∑

k,ℓ ϕ
′′
kℓ(x0)

∂H−1
ℓ

∂yj

∂H−1
k

∂yi
at y = 0.)

Step 2: quadratic phase function. By Parseval’s identity, Proposition 1.19 7. (i.e. that
(2π)n〈f, g〉 = 〈f̂ , ĝ〉), we obtain:∫

X

e
i
2
λ⟨x,Qx⟩u(x) dx = (2π)−

n
2 ei

π
4
sgnQ| detQ|−

1
2λ−

n
2

∫
Rn

e−
i
2λ

⟨ξ,Q−1ξ⟩û(ξ) dξ. (3.3)

By Taylor’s formula we have that for all N ∈ N0:∣∣∣eit − N−1∑
k=0

(it)k

k!

∣∣∣ ≤ |t|N

N !
, t ∈ R.

Therefore, we obtain for some RN(ξ, λ):

e−
i
2λ

⟨ξ,Q−1ξ⟩ =
N−1∑
k=0

1

k!

( 1

2λi
〈ξ,Q−1ξ〉

)k
+RN(ξ, λ), |RN(ξ, λ)| ≤

1

(2λ)NN !
|〈ξ,Q−1ξ〉|N .

(3.4)
Next, by the properties of the Fourier transform (see Proposition 1.19, Items 5 and 6), we
obtain∫

Rn

〈ξ,Q−1ξ〉kû(ξ) dξ = (2π)nF−1
(
〈ξ,Q−1ξ〉kû(ξ)

)
(0) = (2π)n

(
〈Dx, Q

−1Dx〉ku
)
(0). (3.5)

Here 〈Dx, Q
−1Dx〉 denotes the constant coefficient differential operator −Q−1

ij ∂xi∂xj associ-
ated to Q−1. Combining (3.3), (3.4), and (3.5), we obtain:∫

Rn

e
i
2
λ⟨x,Qx⟩u(x) dx =

N−1∑
k=0

(2π)
n
2 ei

π
4
sgnQ

k!| detQ| 12λk+n
2

( 1

2i
〈Dx, Q

−1Dx〉
)k
u(0) + SN(u, λ), (3.6)

where the remainder term SN(u, λ) can be estimated as, using (3.4)

|SN(u, λ)| ≤ | detQ|−
1
2λ−

n
2 (2λ)−N(N !)−1

∫
Rn

|〈ξ,Q−1ξ〉|N |û(ξ)| dξ

≤ C

λ
n
2
+NN !

×
( ∑

|α|≤2N+n+1

sup
x

|Dαu(x)|
)
,

(3.7)

where C = C(supp(u), N,Q) > 0, and in the second line we used Proposition 1.19, Items 1
and 5, to estimate the integral. This completes the proof. �

Let us now specialise to Q = −
(
0 Id
Id 0

)
, where each block is an n×n matrix, and switch

to (x, y) ∈ R2n variables, and record (3.6) in this case for future use. Then
1

2
〈(x, y), Q(x, y)〉 = −x · y, 〈D(x,y), Q

−1D(x,y)〉 = 2
∑
j

∂xj∂yj .
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Note also that sgn(Q) = 0, Q−1 = Q, and | detQ| = 1. By equation (3.6)( λ

2π

)n ∫
Rn

∫
Rn

e−iλx·yu(x, y) dx dy =
N−1∑
k=0

1

k!λk

(1
i

n∑
j=1

∂xj∂yj

)k
u(0, 0) + SN(u, λ)

=
∑

|α|≤N−1

1

α!λ|α|i|α|
∂αx∂

α
y u(0, 0) + SN(u, λ),

(3.8)

where SN(λ) satisfies the estimate from Theorem 3.3.
end of Lecture 5, 18.10.2022

Remark 3.4. This method is useful in various areas of mathematics and physics, for instance:
in PDEs, Chern-Simons theory (infinite dimensional setting), proving various formulas.

4. Algebra of pseudodifferential operators

Aim. In this section we show basic properties of pseudodifferential operators. More
precisely we show that, up to smoothing operators, the symbols of PDOs can always be
taken to be independent of the y-variable, i.e. in left quantisation. Moreover, we show that
composition of PDOs is still a PDO, and invariance under coordinate changes.

4.1. Compositions. Say a closet set C ⊂ X×Y is proper if the projections Πx : X×Y → X,
(x, y) 7→ x, and Πy : X × Y → Y , (x, y) 7→ y, are proper maps when restricted to C. Here
we recall a map f : V → W between topological spaces is proper if f−1(K) ⊂ V is compact
for all compact sets K ⊂ W . An operator A : C∞

0 (Y ) → C∞(X) is properly supported if
supp(KA) ⊂ X × Y is proper.

Proposition 4.1. Assume A ∈ Ψm(X) is properly supported. Then for all u ∈ C∞
0 (X):

supp(Au) ⊂ Πx

(
suppKA ∩X × supp(u)

)
= Πx

(
suppKA ∩ Π−1

y supp(u)
)
. (4.1)

Moreover, A extends as a continuous map:

C∞
0 (X) → C∞

0 (X), C∞(X) → C∞(X), E ′(X) → E ′(X), D′(X) → D′(X).

Proof. To show (4.1), simply observe that if v ∈ C∞
0 (X) is such that supp(v) is contained in

the complement of Πx

(
suppKA ∩Π−1

y supp(u)
)
, then supp(KA)∩ supp(v)× supp(u) = ∅, so

〈Au, v〉 = 〈KA, v ⊗ u〉 = 0.
Next, (4.1) shows that Au ∈ C∞

0 (X), so A : C∞
0 (X) → C∞

0 (X) is a continuous map-
ping. Here continuity follows by definition of topology on C∞

0 (X) and the continuity of
A : C∞

0 (X) → C∞(X) shown in Proposition 2.16, Item 1. Similarly A extends to a
map A : C∞(X) → C∞(X). Analogous arguments apply to tA ∈ Ψm(X) (see Propo-
sition 2.16, Item 2), and so by duality A extends to a map A : D′(X) → D′(X) and
A : E ′(X) → E ′(X). �

Any pseudodifferential operator can be decomposed into smoothing and properly supported
factors.

Proposition 4.2. Any A ∈ Ψm(X) can be written as A = A0 + A1, where A1 ∈ Ψ−∞(X) is
smoothing and A0 ∈ Ψm(X) is properly supported.
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Proof. Let χ ∈ C∞(X ×X) be such that χ = 1 in a neighbourhood of the diagonal ∆(X) ⊂
X × X and suppχ ⊂ X × X proper. Indeed, such χ exists since for each x ∈ X, there
exist open neighbourhoods Vx ⊂ Ux of x, contained in a ball of radius 1 around x, such that
the closures satisfy Ux ⊂ X (i.e. Ux is a positive distance from the boundary of X) and
V x ⊂ Ux. Let U := ∪x∈XUx × Ux and V := ∪x∈XVx × Vx. Then V ⊂ U by construction and
the existence of χ follows from the existence of a partition of unity with respect to the open
cover {U , X ×X \ V} of X ×X.

Next, by definition A = Op(a) for some a ∈ Sm(X ×X × Rn). Write:
A = A0 + A1, A0 := Op(χ · a) ∈ Ψm(X), A1 := Op

(
(1− χ) · a

)
.

Then the Schwartz kernel KA1 = (1− χ) ·KA ∈ C∞(X ×X) by Proposition 2.16, Item 4, so
by Proposition 2.17 we have A1 ∈ Ψ−∞(X), and KA0 = χ ·KA is properly supported by the
defining properties of χ, completing the proof. �

The next result says that up to smoothing, it only suffices to consider left quantisation,
i.e. symbols depending only on (x, ξ).

Theorem 4.3. Let a ∈ Sm(X × X × Rn) and assume A := Op(a) ∈ Ψm(X) is properly
supported. Then

b(x, ξ) := e−ix·ξA(ei•·ξ) (4.2)
satisfies b ∈ Sm(X × Rn) and has an asymptotic development (recall (2.7))

b(x, ξ) ∼
∑
α∈Nn

0

i−|α|

α!

(
∂αξ ∂

α
y a(x, y, ξ)

)∣∣
y=x

. (4.3)

Moreover, Au(x) = Op(b)u(x) = (2π)−n
∫
Rn e

ix·ξb(x, ξ)û(ξ) dξ for u ∈ C∞
0 (X).

Call σA(x, ξ) := b(x, ξ) the complete symbol of A.
Proof. Step 0: motivation. For y ∈ Rn, the Fourier transform (operating on S ′(Rn)) of the
Dirac delta distribution δy is given by Fδy(ξ) = e−iy·ξ, and so δy(x) = (2π)−nF(ei•·y)(x). We
obtain that for any c ∈ Sm(X × Rn)

eix·ξ
(
Op(c)ei•·ξ

)
(x) = e−ix·ξF−1

(
c(x, •)Fei•·ξ

)
(x) = e−ix·ξ(2π)nF−1

(
c(x, •)δξ(•)

)
(x)

= e−ix·ξc(x, ξ)(2π)nF−1
(
δξ(•)

)
(x) = c(x, ξ).

Therefore, if b satisfies Op(b) = A and does not depend on the y-variable, then (4.2) neces-
sarily ‘reconstructs’ b from A. In what follows we show b satisfies the required properties.

Step 1. By multiplying a(x, y, ξ) by a cut-off χ ∈ C∞(X ×X) with χ = 1 near suppKA ∪
∆(X) and with suppχ ⊂ X × X proper, we may assume that Π(x,y) supp(a) = {(x, y) ∈
X×X | ∃ξ ∈ Rn, a(x, y, ξ) 6= 0} is proper, where χ is constructed similarly as in Proposition
4.2. Then Op(χ · a) = Op(a) = A (as χ · KA = KA) and since χ = 1 near ∆(X), the
asymptotic expansion in (4.2) is not affected. Write

e−ix·ξ
(
Aei•·ξ

)
(x) = (2π)−n

∫
X

∫
Rn

a(x, y, θ)ei(x−y)·(θ−ξ) dθ dy =: b(x, ξ). (4.4)

Note that b ∈ C∞(X × Rn) by the proof of Proposition 2.16, Item 1 (more precisely, by the
integration by parts formula in (2.17) for u(y) = eiy·ξ). We next evaluate the integral (4.4)
using the method of stationary phase and the phase function ϕ(y, θ) = (x− y) · (θ− ξ) with
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the only critical point at (y, θ) = (x, ξ). Since the property b ∈ Sm(X × Rn) depends only
on large |ξ|, we can restrict to |ξ| ≥ 1.

Step 2: reduction to a compact set in θ. Fix a cut-off function χ ∈ C∞
0 ([0,∞); [0, 1]) such

that χ = 1 on [0, 1
3
] and suppχ ⊂ [0, 1

2
). For |ξ| ≥ 1 and x in a compact set K ⊂ X, set:

b2(x, ξ) := (2π)−n
∫
X

∫
Rn

a(x, y, θ)
(
1− χ

( |θ − ξ|
|ξ|

))
ei(x−y)·(θ−ξ) dθ dy. (4.5)

Note that for x in a compact set of X, the integral in the y-variable may be taken to be
over a compact set (since Π(x,y) supp(a) is proper by Step 1). Let us integrate by parts
with L := 1

|θ−ξ|2
∑n

k=1(ξk − θk)Dyk . Observe that tL = −L and Lei(x−y)·(θ−ξ) = ei(x−y)·(θ−ξ).
Observe also that on the support of 1 − χ

(
|θ−ξ|
|ξ|

)
, we have |θ − ξ| ≥ 1

3
|ξ| so by triangle

inequality
1 + |θ|+ |ξ| ≥ |θ − ξ| ≥ 1

10
(1 + |θ|+ |ξ|). (4.6)

Then (where a(1− χ) below stands for the function a(x, y, θ)
(
1− χ

(
|θ−ξ|
|ξ|

))
):

LN
(
a(1− χ)

)
= |θ − ξ|−2N

( n∑
k=1

(ξk − θk)Dyk

)N
a · (1− χ) = ON(1) ·

(1 + |θ|)m

|θ − ξ|N

= ON(1) ·
(1 + |θ|+ |ξ|)m+n+1−N

(1 + |θ|+ |ξ|)n+1
= ON(1) ·

(1 + |ξ|)m+n+1−N

(1 + |θ|)n+1
.

Here we write ON(1) for a term uniformly bounded in (ξ, θ), and depending on N ∈ N
and seminorms of a in Sm(X × X × Rn), we used (4.6) in third equality, and we assume
m + n + 1 − N < 0. For such N ∈ N, from (4.5) we get b2(x, ξ) = Ok(1)(1 + |ξ|)m+n+1−N .
Similar estimates for derivatives of b2 yield b2 ∈ S−∞(X × RN).

Step 3: method of stationary phase. It remains to study for |ξ| ≥ 1 and x in a compact set
K ⊂ X, the following classical integral (it is only an integral over a compact set):

b1(x, ξ) := (2π)−n
∫
X

∫
Rn

a(x, y, θ)χ
( |θ − ξ|

|ξ|

)
ei(x−y)·(θ−ξ) dθ dy

= (2π)−n
∫
−x+X

∫
Rn

a(x, x+ s, ξ + σ)χ
( |σ|
|ξ|

)
e−is·σ dσ ds

=
( λ

2π

)n ∫
−x+X

∫
Rn

a(x, x+ s, λ(ω + σ))χ(|σ|)︸ ︷︷ ︸
u(s,σ):=

e−iλs·σ dσ ds,

where in the second line we used the substitutions y = x+ s and θ = ξ + σ, in the third line
we substituted σ by λ · σ, where λ = |ξ|, and wrote ξ = λω where ω ∈ Rn is of unit length.
Let us apply Theorem 3.3 to the previous integral. More precisely, use the expansion in (3.8)
to write

b1(x, λω) =
∑

|α|≤N−1

1

α!(iλ)|α|
∂αs ∂

α
σ

(
a(x, x+ s, λ(ω + σ))

)∣∣∣
s=σ=0

+ SN(λ)

=
∑

|α|≤N−1

1

α!i|α|

(
∂αy ∂

α
ξ a(x, y, ξ)

)∣∣∣
y=x

+ SN(λ),
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where the remainder term is estimated by Theorem 3.3 as (where the supremum in (s, σ) is
over a suitable compact set depending on K and Π(x,y) supp(a)):

|SN(λ)| ≤ CN,Kλ
−N

∑
|α|+|β|≤2N+2n+1

sup
s,σ

∣∣∂αs ∂βσu∣∣.
It follows that |SN(λ)| ≤ CNλ

m−N ≤ CN |ξ|m−N , for some CN > 0 depending only on a and N
(and for |ξ| ≥ 1). A similar argument applies to provide estimates on x and ξ derivatives of
b1(x, ξ) showing directly that b1 ∈ Sm(X×Rn), and that b = b1+ b2 has the right asymptotic
expansion (recall that b2 ∈ S−∞(X × Rn) by Step 2).

end of Lecture 6, 25.10.2022
Step 4. Finally, for u ∈ C∞

0 (X) write u(x) = (2π)−n
∫
Rn e

ix·ξû(ξ) dξ and approximate this
integral by finite Riemann sums for ε > 0

uε(x) :=
( ε

2π

)n ∑
ξ∈(εZ)n,|ξ|≤ 1

ε

eix·ξû(ξ),

where uε → u in C∞(X) as ε → 0. Since by Proposition 4.1, A : C∞(X) → C∞(X) is
continuous, we get using (4.4)

Au(x) = lim
ε→0

Auε(x) = (2π)−n
∫
Rn

eix·ξb(x, ξ)û(ξ) dξ,

completing the proof. �
By Proposition 4.2, any A ∈ Ψm(X) can be decomposed as A = A0 + A1, where A1 is

smoothing and A0 properly supported. Theorem 4.3 then gives a well-defined bijective map
σ : Ψm(X)/Ψ−∞(X) → Sm(X × Rn)/S−∞(X × Rn), A 7→ σA0 , (4.7)

i.e. the complete symbol map is a well-defined bijection modulo smoothing terms (we empha-
sise that (4.7) applies to possibly non-properly supported operators). Note that the inverse
of this map is the quantisation Op, i.e. Op(σA) = σOp(A) = A modulo smoothing terms.

Let us next discuss adjoint operators. Equip L2(X) with the standard inner product
(u, v) :=

∫
u(x)v(x) dx. Note that (u, v) = 〈u, v〉 if we identify the inner product with the

distributional pairing. If A ∈ Ψm(X), its complex adjoint A∗ : C∞
0 (X) → C∞(X) is defined

by (Au, v) := (u,A∗v), where u, v ∈ C∞
0 (X). On the level of Schwartz kernels we have

KA∗(x, y) = KA(y, x) and so (similarly to Proposition 2.16, Item 2), we have
A∗ = Op(a∗), a∗(x, y, ξ) = a(y, x, ξ), (4.8)

which implies A∗ ∈ Ψm(X). Let us record two consequences of Theorem 4.3:

Theorem 4.4. Let A ∈ Ψm(X). Then:
1. The adjoint A∗ ∈ Ψm(X) satisfies the asymptotic expansion

σA∗(x, ξ) ∼
∑
α

1

α!
∂αξD

α
xσA(x, ξ). (4.9)

2. Let B ∈ Ψm′
(X), with at least one of A,B properly supported. Then the composition

A ◦B ∈ Ψm+m′
(X) is a pseudodifferential operator of order m+m′ and

σAB(x, ξ) ∼
∑
α

1

α!
∂αξ σA(x, ξ)D

α
xσB(x, ξ). (4.10)
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Proof. Item 1. By Proposition 4.2 we may assume A is properly supported. Then Theorem
4.3 implies that A = Op(a) for some a(x, ξ) = σA(x, ξ) with a ∈ Sm(X × Rn), so by (4.8)
a∗(x, y, ξ) = a(y, ξ) satisfies A∗ = Op(a∗). The expansion (4.9) then follows directly from
Theorem 4.3.

Item 2: first proof. Observe firstly that the compositions of a properly supported pseu-
dodifferential and smoothing operators C and D, respectively, CD and DC, are both con-
tinuous E ′(X) → C∞(X) by Propositions 2.17 and 4.1, so again by Proposition 2.17 we get
CD,DC ∈ Ψ−∞(X). By using Proposition 4.2 and observing that the result is unaffected by
changes modulo Ψ−∞(X), this allows us to assume that both A and B are properly supported.

By Theorem 4.3 we have that A = Op(a) and B = Op(b), where a = σA and b = σB.
Approximate the integral defining Bu by Riemann sums converging in C∞(X) as in the proof
of Theorem 4.3, Step 4, to obtain

ABu = (2π)−nA

∫
Rn

ei•·ξb(•, ξ)û(ξ) dξ = (2π)−n
∫
Rn

eix·ξ e−ix·ξA
(
ei•·ξb(•, ξ)

)︸ ︷︷ ︸
c(x,ξ):=

û(ξ) dξ.

Following the proof of Theorem 4.3, i.e. studying the oscillatory integral

c(x, ξ) = e−ix·ξA
(
ei•·ξb(•, ξ)

)
(x) = (2π)−n

∫
X

∫
Rn

ei(x−y)·(θ−ξ)a(x, θ)b(y, ξ) dθ dy (4.11)

using the method of stationary phase, we find c ∈ Sm+m′
(X) and

c(x, ξ) ∼
∑
α

1

α!
∂αθD

α
y

(
a(x, θ)b(y, ξ)

)∣∣
y=x,θ=ξ

=
∑
α

1

α!
∂αξ σA(x, ξ)D

α
xσB(x, ξ).

Step 2: second proof. Alternatively, still assuming both A and B are properly supported,
argue as follows. Notice that t(tB) = B, so by Proposition 2.16, Item 2, and Theorem 4.3,
we may write tB = Op(σtB), and so B = Op(b), where b(x, y, ξ) = σtB(y,−ξ). It follows that
for u ∈ C∞

0 (X):

Bu(x) = (2π)−n
∫
X

eix·ξ
∫
Rn

e−iy·ξσtB(y,−ξ)u(y) dy dξ,

or equivalently by Fourier inversion B̂u(ξ) =
∫
Rn e

−iy·ξσtB(y,−ξ)u(y) dy. Therefore:

ABu(x) = (2π)−n
∫
Rn

∫
X

ei(x−y)·ξσA(x, ξ)σtB(y,−ξ)u(y) dy dξ,
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which implies that AB = Op(c) ∈ Ψm+m′
(X), where c(x, y, ξ) = σA(x, ξ)σtB(y,−ξ). Thus:

σAB(x, ξ) ∼
∑
α

1

α!
∂αξD

α
y

(
σA(x, ξ)σtB(y,−ξ)

)
|y=x

∼
∑
α

1

α!
∂αξ

(
σA(x, ξ)D

α
xσtB(x,−ξ)

)
∼

∑
α

1

α!

∑
β≤α

α!

β!(α− β)!
∂βξ σA(x, ξ) · ∂

α−β
ξ Dα

x [σtB(x,−ξ)]

∼
∑
β

1

β!
∂βξ σA(x, ξ) ·D

β
x

∑
α≥β

1

(α− β)!
∂α−βξ Dα−β

x [σtB(x,−ξ)]

∼
∑
α

1

α!
∂αξ σA(x, ξ)D

α
xσB(x, ξ),

where we used Theorem 4.3 in the first and last lines, and that b(x, y, ξ) = σtB(y,−ξ),
completing the proof. �

Remark 4.5. We remark that the composition of two properly supported pseudodifferential
operator is again a properly supported pseudodifferential operator, as follows from the proof
of Theorem 4.4, Item 2.

4.2. Changes of variables. Let us discuss transformations of PDOs under changes of vari-
ables. Let κ : X → X̃ ⊂ Rn be a C∞ diffeomorphism. This defines the pullback κ∗ and the
pushforward κ∗ by

κ∗ : C∞(X̃) 3 u 7→ u ◦ κ ∈ C∞(X), κ∗ := (κ−1)∗ : C∞(X) → C∞(X̃).

We will also denote by κ′(x) = ∂κ
∂x
(x) and tκ′(x) the differential of κ at x and its transpose,

respectively.

Proposition 4.6. Let Ã = Op(ã) ∈ Ψm(X̃) for some ã ∈ Sm(X̃ × X̃ × Rn). Then the
operator A := κ∗ ◦ Ã ◦ κ∗ : C∞

0 (X) → C∞(X) belongs to Ψm(X). Moreover,

σA(x, ξ) = σÃ
(
κ(x),

(
tκ′(x)

)−1
ξ
)

mod Sm−1(X × Rn).

Proof. Write as an oscillatory integral

Au(x) = Ã(u ◦ κ−1)
(
κ(x)

)
= (2π)−n

∫
X̃

∫
Rn

ei(κ(x)−ỹ)·ξ̃ã
(
κ(x), ỹ, ξ̃

)
u(κ−1(ỹ)) dξ̃ dỹ

= (2π)−n
∫
X

∫
Rn

ei

Φ(x,y,ξ̃):=︷ ︸︸ ︷
(κ(x)− κ(y)) · ξ̃ ã(κ(x), κ(y), ξ̃)

∣∣∣ det ∂ỹ
∂y

∣∣∣(y)︸ ︷︷ ︸
b̃(x,y,ξ̃):=

u(y) dξ̃ dy,

where in the last line we changed the variables by ỹ = κ(y) and wrote
∣∣∣ det ∂ỹ∂y ∣∣∣ for the

Jacobian. Note that b̃ ∈ Sm(X ×X ×Rn) and that Φ(x, y, ξ̃) is a phase function, so A is an
FIO. By a change of variables in the fibres (usually referred to as the Kuranishi trick), we
would like to show that in fact A ∈ Ψm(X). By Proposition 2.15, Item 1, we have that the
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kernel KA = (2π)−nI (̃b,Φ) is smooth away from the diagonal ∆(X) ⊂ X ×X. Therefore, it
suffices to study KA in a small open neighbourhood Ω of ∆(X). Set

F (x, y) :=

∫ 1

0

∂κ

∂x

(
tx+ (1− t)y

)
dt, (x, y) ∈ Ω.

It follows that F and its transpose G := tF belong to C∞(Ω), and by observing that F (x, x) =
∂κ
∂x
(x) is invertible, by taking Ω small enough we may assume F and G to be invertible. Also,

by the chain rule we get F (x, y)(x− y) = κ(x)− κ(y), and so:

Φ(x, y, ξ̃) = 〈F (x, y)(x− y), ξ̃〉 = 〈x− y,G(x, y)ξ̃〉, ξ̃ ∈ Rn, (x, y) ∈ Ω.

After a linear change of variables in the fibres Rn depending on (x, y) ∈ Ω, that is, setting
ξ := G(x, y)ξ̃, we may introduce

a(x, y, ξ) = ã
(
κ(x), κ(y), G−1(x, y)ξ

) ∣∣ det ∂κ
∂y
(y)

∣∣∣∣ detG(x, y)∣∣ . (4.12)

On Ω we obtain that KA(x, y) = (2π)−nI
(
a, (x−y) ·ξ

)
, so it remains to determine the symbol

class of a. On a compact set K ⊂ Ω, we have that for all multi-indices α, β, γ ∈ Nn
0 :

sup
(x,y,ξ)∈K×Rn

|∂αx∂βy ∂
γ
ξ a(x, y, ξ)|

(1 + |ξ|)m−|γ| ≤ C max
|α̃|+|β̃|≤|α|+|β|

pκ(K),(α̃,β̃),γ(ã), (4.13)

where we applied the chain rule to (4.12) and used the fact that G is invertible to show the
inequality. Here C = C(κ,K,Ω) > 0 depends on κ and its derivatives, and we used the
notation for a seminorm introduced in (2.5). This shows that a ∈ Sm(X ×X × Rn) and so
A ∈ Ψm(X), as required.

Note that by (4.7) we may write Ã = Op(σÃ) up to smoothing terms, so by Theorem 4.3:

σA(x, ξ) ∼
∑
α

1

α!
∂αξD

α
y

(
σÃ

(
κ(x), G(x, y)−1ξ

) | det ∂κ
∂y
(y)|

| detG(x, y)|

)∣∣∣
y=x

, (4.14)

and in particular, by identifying the leading order terms we get (4.6). �

Remark 4.7. If we were to consider the analogous classes Ψm
ρ,δ(X) obtained by quantising

Smρ,δ(X) for arbitrary (ρ, δ), then the previous argument would only work if ρ + δ = 1. The
point where the proof breaks for other values of (ρ, δ) is precisely the estimate (4.13) for the
newly obtained symbol. To make Theorem 4.3 work we would need ρ > δ.

We now introduce the principal symbol of a pseudodifferential operator.

Definition 4.8. Given A ∈ Ψm(X), the principal symbol of A is defined as the image of σA
in Sm(X × Rn)/Sm−1(X × Rn).

Let us observe that the principal symbol gives rise to a bijection:

Ψm(X)/Ψm−1(X) → Sm(X × Rn)/Sm−1(X × Rn).

Indeed, this is a direct consequence of (4.7).
Finally, we introduce an important sub-class of symbols. Say that a symbol a ∈ Sm(X×Rn)

is classical and write a ∈ Smcl (X ×Rn), if there exists χ ∈ C∞
0 (Rn) with χ = 1 near zero, and
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(aj)
m
j=−∞ ∈ C∞(

X × (Rn \ 0)
)
, such that aj is positively homogeneous of degree j for |ξ| > 0

(i.e. aj(x, λξ) = λjaj(x, ξ) for λ > 0), such that the following asymptotic expansion holds:

a(x, ξ) ∼
∞∑
j=0

(
1− χ(ξ)

)
am−j(x, ξ). (4.15)

Recall here that (1−χ)aj ∈ Sm(X×Rn) by Example 2.3, Item 2, so the asymptotic sum makes
sense by Proposition 2.9. Let Ψm

cl (X) ⊂ Ψm(X) denote the class of classical pseudodifferential
operators, i.e. those A ∈ Ψm(X) such that σA ∈ Smcl (X × Rn). Observe that differential
operators are classical pseudodifferential operators.

end of Lecture 7, 1.11.2022

Exercise 4.9. The space Ψcl(X) = ∪m∈RΨcl(X) of classical pseudodifferential operators is
closed under composition and invariant under coordinate changes in the sense of Theorem
4.4 and Proposition 4.6, respectively. Moreover, the asymptotic expansion in (4.15) is (es-
sentially) unique, and the principal symbol of A = Op(σA) ∈ Ψm(X) for a := σA ∈ Smcl (X)
may be identified with the function am(x, ξ) in (4.15).

Proof. Invariances under composition and coordinate change follow directly from respective
asymptotic formulas (4.10) and (4.14). Indeed, if the involved complete symbols are classical,
then the symbols in the corresponding formulas are also classical.

For the second claim, assume that
∑∞

j=0(1 − χ)am−j ∼
∑∞

j=0(1 − χ̃)bm−j for some bj ∈
C∞(

X × (Rn \ 0)
)
positively j-homogeneous, and some χ̃ ∈ C∞

0 (Rn) such that χ̃ = 1 near
0. Then we claim that aj(x, ξ) ≡ bj(x, ξ). We show this for j = m, and the other cases
follow by induction. Indeed, by definition of asymptotic summation c := (1 − χ)am − (1 −
χ̃)bm ∈ Sm−1(X ×Rn), which is positively homogeneous of degree m for |ξ| large enough but
(1+ |ξ|)−(m−1)c is bounded over compact sets K ⊂ X uniformly in ξ. This implies that c ≡ 0
and proves the claim.

Finally, observe that by definition a− (1−χ)am ∈ Sm−1
cl (X), so the principal symbol map

agrees with (1− χ)am which by the uniqueness of (4.15) may be identified with am. �

5. Elliptic operators and L2-continuity

Aim. Using the developed composition calculus, we would like to construct inverses of
elliptic operators, called parametrices. Moreover, we introduce Sobolev spaces and study the
continuity of pseudodifferential operators.

5.1. Parametrices. Let P ∈ Ψm(X) with complete symbol p ∈ Sm(X×Rn), i.e. P = Op(p).
Say that P is elliptic or non-characteristic at (x0, ξ0) ∈ X ×

(
Rn \ 0

)
if there exists a conical

neighbourhood V of (x0, ξ0) in X ×
(
Rn \ 0

)
and C > 0 such that

|p(x, ξ)| ≥ 1

C
(1 + |ξ|)m, (x, ξ) ∈ V, |ξ| ≥ C. (5.1)

Say that P is elliptic at x0 ∈ X if P is elliptic at (x0, ξ) for all ξ ∈ Rn \ 0. Furthermore, we
say that P is elliptic if it is elliptic at any x ∈ X.

In what follows we denote the symbols by lowercase letters.

Theorem 5.1. If P ∈ Ψm(X) is elliptic, there exists Q ∈ Ψ−m(X) properly supported such
that

P ◦Q ≡ Q ◦ P ≡ Id mod Ψ−∞(X).
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Moreover, Q is unique modulo Ψ−∞(X).
Proof. By means of a partition of unity, we may find q0 ∈ C∞(X × Rn) such that for every
K ⊂ X compact, there exists CK > 0 with

q0(x, ξ) =
1

p(x, ξ)
, ∀x ∈ K, |ξ| ≥ CK . (5.2)

Indeed, we may exhaust X by compact sets Ki ↗ X such that ∪iK◦
i = X (where •◦

denotes the interior of •). Let (χi)∞i=1 be a partition of unity subordinate to this cover. By
compactness of Ki and ellipticity of P , for each i there exists Ci > 0 such that p(x, ξ) satisfies
(5.1) for |ξ| ≥ Ci and x ∈ Ki. Let ψi ∈ C∞

0 (X) such that ψi(ξ) = 1 for |ξ| ≤ Ci. Then it is
straightforward to see that

q0(x, ξ) :=
∑
i

χi(x)p
−1(x, ξ)

(
1− ψi(ξ)

)
satisfies the required conditions. Moreover, we have:
Lemma 5.2. It holds that q0(x, ξ) ∈ S−m(X × Rn).
Proof. LetK ⊂ X be compact. By (5.2), there existsD > 0 such that for x ∈ K with |ξ| ≥ D,
we have |q0(x, ξ)| ≤ 1

D
(1+ |ξ|)−m. This shows the initial bound in the symbol estimate (2.2).

To show the other ones by induction we may assume for x ∈ K and |α|+ |β| < N that
|∂αx∂

β
ξ q0(x, ξ)| ≤ Cα,β(1 + |ξ|)−m−|β|. (5.3)

Now assume |α|+ |β| = N . Differentiating q0(x, ξ)p(x, ξ) = 1 for x ∈ K and |ξ| ≥ D, we get

|p∂αx∂
β
ξ q0| ≤

∑
α′≤α, β′≤β
(α′,β′) ̸=(α,β)

∣∣C(α′, β′, α, β)
∣∣∣∣∂α−α′

x ∂β−β
′

ξ p
∣∣∣∣∂α′

x ∂
β′

ξ q0
∣∣ ≤ C(1 + |ξ|)−|β|,

for some C > 0, where C(α′, β′, α, β) is a suitable multinomial coefficient, and we used the
symbol estimates for p and (5.3). Combining with the ellipticity assumption on p, this proves
the required bound on ∂αx∂

β
ξ q0 and completes the proof. �

By Lemma 5.2, Op(q0) ∈ Ψm(X), so we may take Q0 ∈ Ψ−m(X) properly supported with
Q0 − Op(q0) ∈ Ψ−∞(X). By Theorem 4.4 we have Q0 ◦ P − Id ∈ Ψ−1(X). Similarly, there
exists (properly supported) Q1 ∈ Ψ−m−1(X) such that

(Q0 +Q1) ◦ P − Id ∈ Ψ−2(X).

Indeed, by Theorem 4.4 we see it suffices to take q1 = −q0(σQ0P − 1) ∈ S−m−1(X ×Rn) and
so Op(q1) ∈ Ψ−m−1(X). Iterating, we obtain Qk with Qk−Op(qk) ∈ Ψ−∞(X) for all k ∈ N0,
such that

(Q0 +Q1 + . . .+Qk) ◦ P − Id ∈ Ψ−k−1(X).

Choosing QL properly supported to be equal to Op
(∑

j≥0 qj
)
up to smoothing gives QL ◦

P − Id ∈ Ψ−∞(X). Arguing similarly, there is a properly supported QR with P ◦QR − Id ∈
Ψ−∞(X). Applying QR to the right of QLP ≡ Id mod Ψ−∞(X) gives Q := QL ≡ QR

mod Ψ−∞(X). Uniqueness of Q similarly follows, which completes the proof. �
The Q constructed in Theorem 5.1 is called the (elliptic) parametrix of P .

Corollary 5.3. Assume P ∈ Ψm(X) is elliptic and properly supported. Then:
1. P : D′(X)/C∞(X) → D′(X)/C∞(X) is a bijection;
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2. For u ∈ D′(X), we have sing supp(Pu) = sing supp(u). In particular, we obtain the
elliptic regularity result: if u ∈ D′(X) is such that Pu ∈ C∞(X), then u ∈ C∞(X).

Proof. Note that P is well-defined on D′(X) by Proposition 4.1. For Item 1, simply observe
that the inverse of P is given by the parametrix Q from Theorem 5.1.

For Item 2, sing supp(Pu) ⊂ sing supp(u) by pseudolocality, see Proposition 2.16, Item
5. For the other inclusion, applying Theorem 5.1 gives Q ∈ Ψ−m(X) such that QPu − u ∈
C∞(X), which implies the claim again by pseudolocality. �

Remark 5.4. Let us make a couple of remarks at this point:
1. More generally, a PDO P is hypoellipic if Pu ∈ C∞(X) implies u ∈ C∞(X). It is

possible to show, for example, that the heat operator ∂t−∆ is hypoelliptic (but clearly
not elliptic).

2. Later we will be able to show a more precise regularity result using wavefront sets.

5.2. L2-continuity. We next focus on mapping properties of operators in Ψ0(X) between
L2 spaces at first, and then generalise to mappings on Sobolev spaces.

Theorem 5.5. Let A ∈ Ψ0(Rn) with KA ∈ E ′(Rn × Rn). Define

M := lim sup
|ξ|→∞

sup
x∈Rn

|σA(x, ξ)|.

Then A : L2(Rn) → L2(Rn) is continuous and for every ε > 0, we can find a decomposition
A = Aε + Kε, where ‖Aε‖L2→L2 ≤ M + ε and Kε ∈ Ψ−∞(Rn). Also, we have suppKAε ⊂
suppKA + {0} × B(0, ε).

Proof. Step 1: well-definedness and the idea. Since suppKA is compact, A is properly sup-
ported and we may write A = Op(σA); in fact, σA(x, ξ) vanishes for x outside a compact set.
More precisely, if χ ∈ C∞

0 (Rn) is such that χ(x)KA(x, y) ≡ KA(x, y), then Op
(
(1−χ)σA

)
= 0

which implies (1− χ)σA = 0. Therefore M is well-defined. For the L2-boundedness, use the
following idea: show that A∗A ≤ (M + ε)2 Id in the sense of self-adjoint operators by con-
structing a square root of (M + ε)2 Id−A∗A. Note that A∗A also has a compactly supported
Schwartz kernel (which follows from the formula 4.11 for the symbol of the composition).

Step 2: the ‘square root’. The following lemma constructs a square root of (M+ε)2 Id−A∗A
up to smoothing.

Lemma 5.6. For all ε > 0, there exist B ∈ Ψ0(Rn) and R ∈ Ψ−∞(Rn) with K(M+ε) Id−B ∈
E ′(Rn × Rn) and such that

(M + ε)2 Id = A∗A+B∗B +R.

Proof. Consider the self adjoint operator C := (M + ε)2 Id−A∗A. We claim that we can find
b0 ∈ S0(Rn × Rn), with b0 =M + ε for x outside of a compact set, such that

σC − |b0|2 ∈ S−1(Rn × Rn).

Indeed, since σA is compactly supported in the x variable, there is an L > 0 such that
M + ε

2
> |σA(x, ξ)| for all x ∈ Rn and |ξ| > L. Taking χ ∈ C∞

0 (Rn) such that χ(ξ) = 0 for
|ξ| ≥ 2L and χ(ξ) = 1 for |ξ| < L, we may set

b0(x, ξ) := (1− χ(ξ))
√

(M + ε)2 − |σA(x, ξ)|2 + χ(ξ)(M + ε). (5.4)
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One checks that b0 ∈ S0(Rn×Rn) similarly to the proof of Lemma 5.2. Moreover, by Theorem
4.4 we have σA∗A − |σA|2 ∈ S−1(Rn × Rn), so

σC − |b0|2 ≡ (M + ε)2 − |σA|2 − |b0|2 ≡ 0 mod S−1(Rn × Rn),

where in the last equivalence we used (5.4), proving the claim.
Write B0 := Op(b0) = (M + ε) Id+D, where suppKD is compact and D ∈ Ψ0(Rn).

Therefore:
Ψ−1(Rn) 3 C0 := C − B∗

0B0 = −A∗A− (M + ε)(D∗ +D)−D∗D,

where suppKC0 is compact and so σC0 is compactly supported in x. Next, we seek for the
next approximation B0 +B1, for some B1 ∈ Ψ−1(Rn) such that:
Ψ−2(Rn) 3 C1 := C − (B∗

0 +B∗
1)(B0 +B1) = (C − B∗

0B0)− (B∗
0B1 +B∗

1B0)− B∗
1B1. (5.5)

To reduce the order of the operator on the right hand side, define the symbol b1 by b1 :=
1
2
b−1
0 σC−B∗

0B0 . Note here that b0 is bounded from below by a positive constant by its definition
(5.4) and so by Lemma 5.2, b−1

0 ∈ S0(Rn × Rn), implying b1 ∈ S−1(Rn × Rn). Therefore,
taking B1 properly supported such that B1 −Op(b1) is smoothing shows (5.5).

Iterate this procedure and obtain Bk ∈ Ψ−k(Rn) with symbols bk ∈ S−k(Rn × Rn) and
C − (B0 + . . .+Bk)

∗(B0 + . . .+Bk) ∈ Ψ−k−1(Rn).

The operator B is then defined to be Op
(∑∞

k=0 bk
)
, proving the lemma. �

Step 3: the L2-bound. For u ∈ C∞
0 (Rn) and the operator B ∈ Ψ0(Rn) constructed in

Lemma 5.6, we have: (B∗Bu, u) = ‖Bu‖2L2 ≥ 0. Thus
0 ≤ ‖Bu‖2L2 = (B∗Bu, u) = (M + ε)2‖u‖2L2 − ‖Au‖2L2 − (Ru, u). (5.6)

Note by Lemma 5.6 that R ∈ Ψ−∞(Rn) and the Schwartz kernel of R is compactly supported,
so R : L2(Rn) → L2(Rn) is bounded, which combined with (5.6) shows the continuity prop-
erty.

Step 4: the sharp estimate. For the second part, let ψ ∈ C∞
0

(
B(0, 1

2
)
)
with

∫
ψ(x) dx = 1

and ψ ≥ 0. Then also 0 ≤ |ψ̂| ≤ 1 and ψ̂(0) = 1. Put χ = ψ ∗ ψ̌ ∈ C∞
0

(
B(0, 1)

)
, where

ψ̌(x) := ψ(−x). Then χ̂ = |ψ̂|2 by Proposition 1.19, Item 3, so also 0 ≤ χ̂ ≤ 1 and χ̂(0) = 1.
Put χε(x) := ε−nχ

(
x
ε

)
and define Pεu := u− χε ∗ u.

Now by Proposition 1.19, Items 3 and 7, we get
‖Pεu‖2L2 = (2π)−n‖û(1− ψ̂)‖2L2 ≤ (2π)−n‖û‖2L2 = ‖u‖2L2 .

Thus applying the inequality (5.6) to Pεu we conclude that
‖APεu‖2L2 ≤ (M + ε)2‖u‖2L2 + ‖RPεu‖L2‖u‖L2 .

Observe that the Schwartz kernel Kε of RPε is equal to:

Kε(x, y) = KR(x, y)−
∫
Rn

KR(x, z)χε(z − y) dz,

which converges uniformly to zero in C∞(Rn) as ε → 0. It follows that for any ε0 > 0, for
ε > 0 small enough we have ‖APεu‖L2 ≤ (M + ε0)‖u‖2L2 . Finally, define Aε := APε′ and
Kε(•) := A(χε′ ∗ •) ∈ Ψ−∞(Rn), for some ε′ small enough depending on ε. This completes
the proof. �

end of Lecture 8, 8.11.2022
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5.3. Sobolev spaces and PDOs. Let us now extend the L2-continuity of PDOs to prop-
erties about mappings between Sobolev spaces.

For each s ∈ R, we define the Sobolev space Hs(Rn) as

Hs(Rn) := {u ∈ S ′(Rn) | û(ξ)(1 + |ξ|2)
s
2 ∈ L2(Rn)},

equipped with the norm

‖u‖2Hs(Rn) := (2π)−n
∫
Rn

(1 + |ξ|2)s|û(ξ)|2 dξ,

with the associated inner product given explicitly by

(u, v)Hs(Rn) := (2π)−n
∫
Rn

(1 + |ξ|2)sû(ξ)v̂(ξ) dξ.

Note that for s = 0 we have H0(Rn) = L2(Rn) (using Proposition 1.19, Item 7). Let us
collect some basic properties of Sobolev spaces in one proposition:

Proposition 5.7 (Properties of Sobolev spaces).
1. Hs(Rn) is a Hilbert space with the inner product given by (5.3) and S(Rn) ⊂ Hs(Rn)

is dense;
2. Hs(Rn) ⊂ H t(Rn) for s > t. Moreover, this inclusion is compact;
3. There exists a non-degenerate continuous pairing, continuously extending the one on

S(Rn)× S(Rn)

Hs(Rn)×H−s(Rn) → C, (u, v) :=

∫
Rn

u(x)v(x) dx. (5.7)

This gives a canonical isometric isomorphism H−s(Rn) =
(
Hs(Rn)

)′, the dual space
of Hs(Rn);

4. For m ∈ N, there is an alternative definition of Sobolev spaces:
Hm(Rn) = {u ∈ D′(Rn) | Dαu ∈ L2(Rn), ∀|α| ≤ m}. (5.8)

The norm ‖u‖Hm is equivalent to the norm
∑

|α|≤m ‖Dαu‖L2(Rn);
5. Let ϕ ∈ S(Rn) and s ∈ R. Then the multiplication map Mφ : S(Rn) 3 u 7→ ϕu ∈

S(Rn), extends to a continuous map Mφ : Hs(Rn) → Hs(Rn). Therefore a differential
operator P of order m with constant coefficients or coefficients in S(Rn) is continuous
P : Hs(Rn) → Hs−m(Rn);

6. For s, ` ∈ R, the operator (1 − ∆)
ℓ
2 := Op

(
(1 + |ξ|2) ℓ

2

)
: Hs(Rn) → Hs−ℓ(Rn) is an

isometric isomorphism;
7. Sobolev embedding theorem holds: for any k ∈ N0, if s > n

2
+ k, then Hs(Rn) ↪−→

Ck(Rn) continuously.

Proof. The proofs mostly follow [3, Chapter 9.3].
Item 1. Note that (•, •)Hs is well-defined by Cauchy-Schwarz, and that ‖u‖Hs = 0 implies

that û = 0 as a distribution in S ′(Rn), which by Proposition 1.19, Item 6, implies u = 0.
Thus ‖ • ‖Hs is positive-definite. To show it is complete, assume (ui)∞i=1 ⊂ Hs(Rn) is Cauchy.
Then by definition

(
(1+ |ξ|2) s

2 ûi
)∞
i=1

is Cauchy in L2(Rn), and by completeness of L2(Rn) we



38 M. CEKIĆ

get (1 + |ξ|2) s
2 ûi → v in L2(Rn). Writing v = (1 + |ξ|2) s

2 û for some u ∈ S ′(Rn) gives ui → u
in Hs(Rn) and proves completeness of Hs(Rn).

For the density part, let u ∈ Hs(Rn). By definition (1 + |ξ|2) s
2 û ∈ L2(Rn) so by Exercise

1.20 there exist (φj)
∞
j=1 ⊂ C∞

0 (Rn) such that φj → (1 + |ξ|2) s
2 û in L2(Rn) as j → ∞.

Writing φj = (1 + |ξ|2) s
2 ψ̂j for some ψj ∈ S(Rn) (possible by Proposition 1.19, Item 6), this

immediately implies ψj → u in Hs(Rn).
Item 2. If u ∈ S(Rn), it is straightforward to see that ‖u‖Ht ≤ ‖u‖Hs . The result then

follows by density of S(Rn) ⊂ Hs(Rn) from the preceding item. The compactness claim is
known as the Rellich-Kondrachov theorem.

Item 3. Given φ, ψ ∈ S(Rn), the pairing (5.7) is well-defined and satisfies

|(φ, ψ)| = (2π)−n
∣∣∣ ∫

Rn

(1 + |ξ|2)
s
2 φ̂(ξ) · (1 + |ξ|2)−

s
2 ψ̂(−ξ) dξ

∣∣∣ ≤ ‖φ‖Hs‖ψ‖H−s , (5.9)

where we used Proposition 1.19, Item 7, and Cauchy-Schwarz inequality. This implies that
the pairing extends continuously to Hs(Rn) × H−s(Rn). To show the isometry claim, let
u ∈ H−s(Rn). By (5.9), the map Hs(Rn) 3 v 7→ (v, u) ∈ C is a continuous linear functional
with norm bounded by ‖u‖H−s . In fact, taking v0 := F−1

(
(1 + |ξ|2)−sû(−ξ)

)
∈ Hs(Rn), by

definition we get (u, v0) = ‖u‖2H−s , which shows that H−s(Rn) 3 u 7→ (•, u) ∈
(
Hs(Rn)

)′ is
an isometry onto its range.

To show surjectivity, let u′ ∈
(
Hs(Rn)

)′. By the Riesz representation theorem, there exists
w ∈ Hs(Rn) such that

u′(v) = (v, w)Hs = (2π)−n
∫
Rn

(1 + |ξ|2)sv̂(ξ)ŵ(ξ) dξ.

Setting u := F−1
(
(1+ |ξ|2)sŵ(−ξ)

)
, it follows that u ∈ H−s(Rn) and so similarly to the first

equality of (5.9) we get u′(v) = (v, u), showing surjectivity and completing the proof.
Item 4. Let us first observe that for a vector ξ ∈ Rn and a multi-index α we have

|ξα|2 ≤ |ξ|2|α|, and that also any k

|ξ|2k =
( n∑
i=1

ξ2i

)k
=

∑
|β|=k

k!

β!
|ξβ|2.

It follows that there exists C > 1 depending on m such that
1

C

∑
|α|≤m

|ξα|2 ≤ (1 + |ξ|2)m ≤ C
∑
|α|≤m

|ξα|2. (5.10)

If u ∈ S(Rn), then multiplying (5.10) by |û|2 and integrating yields
1

C

∑
|α|≤m

‖Dαu‖2L2 ≤ ‖u‖2Hm ≤ C
∑
|α|≤m

‖Dαu‖2L2 . (5.11)

To show (5.11) for u ∈ Hm(Rn), by density of S(Rn) it suffices to show that if S(Rn) 3 vi → v
in Hm(Rn) as i → ∞, then Dαvi → Dαv in L2(Rn) for all |α| ≤ m. However by Item 2 we
have v ∈ L2(Rn) and by (5.11) that (Dαvi)

∞
i=1 is a Cauchy sequence in L2(Rn), so Dαvi → vα

for some vα ∈ L2(Rn). By uniqueness of limits, we get Dαv = vα, proving the claim. The
same argument shows that the space on the right hand side of (5.9) is equal to Hm(Rn), and
therefore (5.11) gives the equivalence of norms.
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Item 6. Note that (1−∆)
ℓ
2 ∈ Ψℓ(Rn) and also by definition

(1−∆)
ℓ
2u = F−1

(
(1 + |ξ|2)

ℓ
2 û

)
, u ∈ S(Rn). (5.12)

This precisely means that (1 − ∆)
ℓ
2 : Hs(Rn) → Hs−ℓ(Rn) is an isometric isomorphism

onto range (here we use the density of S(Rn) in Hs(Rn) established by Item 1 above). The
surjectivity is obtained by noting that the inverse map is given by (1−∆)−

ℓ
2 .

Item 7. Firstly, consider the case k = 0 and note that ξ 7→ (1+ |ξ|2)−s ∈ L1(Rn) for s > n
2
.

If u ∈ Hs(Rn), then by Cauchy-Schwarz

‖û‖L1(Rn) ≤
(∫

Rn

(1 + |ξ|2)s|û(ξ)|2 dξ
) 1

2
(∫

Rn

(1 + |ξ|2)−s dξ
) 1

2
= C(s)‖u‖Hs ,

for some C(s) > 0. By the inverse Fourier transform (see Proposition 1.19, Items 1 and 6),
we have u ∈ C0(Rn) and |u(x)| ≤ C‖u‖Hs for some C > 0 and any x ∈ Rn, proving the
claim.

For an arbitrary k > 0, apply the preceding paragraph to Dαu for |α| ≤ k and note that
Dαu ∈ Hs−k(Rn) for such range of α. This completes the proof. �

We next introduce a few versions of Sobolev spaces for an open set X ⊂ Rn. The space of
distributions that locally belong to a Sobolev space is given by

Hs
loc(X) = {u ∈ D′(X) | ϕu ∈ Hs(Rn), ∀ϕ ∈ C∞

0 (X)}.
The space Hs

loc(X) is equipped with the topology of a locally convex space induced by P =
{pφ | ϕ ∈ C∞

0 (X)}, where pφ(u) := ‖ϕu‖Hs . Then:
Exercise 5.8. It suffices to take a countable, exhausting family of seminorms, i.e. (ϕj)

∞
j=1 ⊂

C∞
0 (X) such that ϕj+1 = 1 on supp(ϕj) and ∪j{ϕj = 1} = X. Then Hs

loc(X) becomes a
Fréchet space.

Next, let K ⊂ X be compact. Define
Hs(K) := {u ∈ Hs(Rn) | supp(u) ⊂ K} ⊂ Hs(Rn).

The space Hs(K) inherits the subspace topology, making it into a Hilbert space. Finally, the
Sobolev space of distributions with compact support is introduced by

Hs
comp(X) =

⋃
K⊂X

Hs(K),

where the union is over all K ⊂ X compact. Topologise Hs
comp(X) with the locally convex

inductive limit topology, analogous to the topology on test functions C∞
0 (X) in §1.2.

Exercise 5.9. The pairing Hs
loc(X)×H−s

comp(X) is non-degenerate, similarly to Proposition
5.7, Item 3.

We are ready to present the main theorem of this subsection:
Theorem 5.10. Let A ∈ Ψm(X) be properly supported and let s ∈ R. Then A is continuous
as a map:

A : Hs
loc(X) → Hs−m

loc (X), A : Hs
comp(X) → Hs−m

comp(X).

If A is elliptic, then for all u ∈ D′(X), we have the qualitative elliptic regularity
u ∈ Hs

loc(X) ⇐⇒ Au ∈ Hs−m
loc (X).



40 M. CEKIĆ

Proof. The last claim follows from the mapping properties and the existence of an elliptic
parametrix, Theorem 5.1. Let us give only the argument for the mapping property on the
Hs

loc(X) space – the other case follows similarly.

Step 1: reduction to X = Rn. Let ϕ ∈ C∞
0 (X). Then it suffices to show ϕA : Hs

loc(X) →
Hs−m

loc (Rn) is continuous. There exists ψ ∈ C∞
0 (X) equal to one on large compact subset of

X (more precisely, equal to one on Πx

(
supp(ϕKA)

)
, where we use the notation from Section

4), such that ϕA = ϕAψ. It suffices to prove Ã = ϕAψ : Hs(Rn) → Hs−m(Rn) is continuous.
Here Ã ∈ Ψm(Rn) and suppKÃ is compact.

Step 2: isomorphism to L2. We claim that for every ` ∈ R, there is an elliptic, properly
supported Λℓ ∈ Ψℓ(Rn), such that for all t ∈ R we have isomorphisms

Λℓ : H
t(Rn) → H t−ℓ(Rn).

To prove the claim, let us modify the operator (1−∆)
ℓ
2 ∈ Ψℓ(Rn) introduced in Proposition

5.7, Item 6, into a properly supported Λℓ ∈ Ψℓ(Rn) that satisfies the required properties.
First observe that we may write (1−∆)

ℓ
2u = F−1(v̂ℓû) for any u ∈ C∞

0 (Rn), where

vℓ(x) = F−1
(
(1 + |ξ|2)

ℓ
2

)
(x) = (2π)−n

∫
Rn

eix·ξ(1 + |ξ|2)
ℓ
2 dξ ∈ S ′(Rn),

understood as an oscillatory integral. By Proposition 2.15, Item 1, we have that vℓ is smooth
outside x = 0. In fact, we claim that for x 6= 0, vℓ is of Schwartz class (in the sense that
(1− χ)vℓ ∈ S(Rn) for χ ∈ C∞

0 (Rn) with χ = 1 close to zero) since for any k ∈ N:

vℓ(x) = (2π)−n
1

|x|2k

∫
Rn

eix·ξ(−∆ξ)
k(1 + |ξ|2)

ℓ
2 dξ,

and similarly for any of the x derivatives of vℓ. Take χℓ ∈ C∞
0 (Rn) with χℓ = 1 near zero and

define wℓ := χℓvℓ. Then, as (1− χℓ)vℓ ∈ S(Rn)

Rℓ := ŵℓ(ξ)− (1 + |ξ|2)
ℓ
2 = F

(
(χℓ − 1)vℓ

)
∈ S(Rn). (5.13)

Define Λℓu := F−1
(
ŵℓû

)
. By (5.13) we have that Λℓ ∈ Ψℓ(Rn) and that Λℓ : H t(Rn) →

H t−ℓ(Rn) is continuous. Moreover, Λℓ is properly supported as its Schwartz kernel is wℓ(x−y)
and wℓ is compactly supported. Finally, observe that by taking χℓ equal to 1 on a sufficiently
large set, we have ‖Op(Rℓ)‖Ht→Ht−ℓ ≤ 1

2
for any t ∈ R. Since (1 − ∆)

ℓ
2 is an isometric

isomorphism, by standard functional analysis this shows that Λℓ is an isomorphism, proving
the claim.

Step 3: conclusion. By Step 2, note that Hs(Rn) = Λ−sL
2(Rn). So it suffices to prove

that B := Λs−mÃΛ−s : L
2(Rn) → L2(Rn) is continuous. But this follows from Theorem 5.5,

as B ∈ Ψ0(Rn) and suppKB compact. �

end of Lecture 9, 15.11.2022

Remark 5.11. If A ∈ Ψm(X) is not assumed properly supported, then it can be shown
that A : Hs

comp(X) → Hs−m
loc (X) is continuous. This should be compared to the mapping

properties of PDOs in Proposition 2.16, Item 1, i.e. we need compact support of functions
in the domain of a general PDO and we only get local control in the range.
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Corollary 5.12 (Quantitative elliptic estimates). Let A be an elliptic differential operator
of order m with smooth coefficients. Then for any K ⊂ X compact, s ∈ R, and N ∈ Z, there
exists C = CK,s,N > 0 such that

‖u‖Hs+m ≤ C(‖Au‖Hs + ‖u‖H−N ), ∀u ∈ Hs+m(K).

Proof. Let B ∈ Ψ−m(X) be the parametrix of A. Then u = BAu+Ru, where R ∈ Ψ−∞(X)
is smoothing. The estimate follows by applying Theorem 5.10. �

6. The wavefront set of a distribution

Aim. Using the Fourier transform, refine the notion of singular support by introducing
the wavefront set, the set of directions where the Fourier transform is not rapidly decaying.

Let us use the notation T ∗X = X × Rn for the cotangent space of some open X ⊂ Rn

and 0 := X × {0} for its zero section. All PDOs in this section are assumed to be properly
supported, unless otherwise stated. Recall that if u ∈ D′(X), then x0 6∈ sing supp(u) if and
only if there is a ϕ ∈ C∞

0 (X) with ϕ(x0) 6= 0, such that ϕu ∈ C∞(X).

Definition 6.1. Let u ∈ D′(X) and (x0, ξ0) ∈ T ∗X \ 0. We say that u is C∞ microlocally
near (x0, ξ0) if there exists A ∈ Ψm(X) elliptic at (x0, ξ0), such that Au ∈ C∞(X). Then

WF(u) := {(x, ξ) ∈ T ∗X \ 0 | u is not C∞ near (x, ξ)}.

Remark 6.2. We make some initial observations:
1. We may always assume m = 0 in Definition 6.1, by composing on the left with
B ∈ Ψ−m(X) elliptic at (x0, ξ0);

2. The set of points in T ∗X \ 0 where u is C∞ is an open conic set, so WF(u) is a closed
conic set in T ∗X \ 0;

3. We may introduce symbols in a cone. Let V ⊂ T ∗X \ 0 be any open conic subset.
Then a ∈ Sm(V ) if a ∈ C∞(V ), and for all α, β ∈ Nn

0 and closed conic sets W b V
(in the sense that W ∩ {|ξ| = 1} is compactly contained in V ∩ {|ξ| = 1}), there
exists C = C(α, β,W ) > 0 such that |∂αx∂

β
ξ a(x, ξ)| ≤ C(1 + |ξ|)m−|β| for (x, ξ) ∈ W .

The space S−∞(V ) is defined as ∩m∈RS
m(V ). The general results for symbols from

Section 2 remain valid for Sm(V ) (products, asymptotic summation).

Definition 6.3. Given A ∈ Ψm(X), we define its wavefront set WF(A) as the smallest closed
cone Γ ⊂ T ∗X \ 0 such that σA|Γc ∈ S−∞(Γc).

Remark 6.4. We make a couple of further observations:
1. We have that WF(A) = ∅ if and only if A ∈ Ψ−∞(X). This follows directly from the

definitions;
2. Given two pseudodifferential operators A and B, we have that

WF(A ◦B) ⊂ WF(A) ∩WF(B). (6.1)
This is because at least one of σA and σB is of class S−∞ on WF(A)c ∪WF(B)c, so
σA◦B is also of class S−∞ by the composition formula from Theorem 4.4, Item 2.

Let us now prove that the wavefront set of distributions behaves well under the action of
PDOs.
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Lemma 6.5. If u ∈ D′(X) and A ∈ Ψm(X), then
WF(Au) ⊂ WF(A) ∩WF(u).

Proof. Let (x0, ξ0) ∈
(
WF(A)c ∪WF(u)c

)
\ 0. Consider two cases:

Case 1: (x0, ξ0) 6∈ WF(A). Then if B ∈ Ψ0(X) elliptic at (x0, ξ0) with WF(B)∩WF(A) =
∅, by Remark 6.4 we have BA ∈ Ψ−∞(X) and so BAu ∈ C∞(X). By definition this means
that (x0, ξ0) 6∈ WF(Au). (To construct B we may take B = Op(χ(x)ψ(ξ)), where χ is
localised near x0 and ψ is positively 0-homogeneous and non-zero near ξ0/|ξ0|.)

Case 2: (x0, ξ0) 6∈ WF(u). Let B ∈ Ψm(X) be elliptic at (x0, ξ0) such that Bu ∈ C∞(X).
Let V be an open conic neighbourhood of (x0, ξ0), such that B is elliptic at every point of
V . Similarly to the parametrix construction in Theorem 5.1, we can construct c ∈ S−m(V )
such that

c#σB ≡ 1 mod S−∞(V ). (6.2)
Here we introduce the notation •#• for expressions appearing in the symbol of a composition
by (see Theorem 4.4, Item 2, and note that this operation is well-defined modulo S−∞(T ∗X))

a#b :=
∑
α≥0

∂αxa ·Dα
ξ b

α!
.

Let χ(x, ξ) ∈ C∞(T ∗X), such that χ = 0 for small |ξ|, χ positively 0-homogeneous for
|ξ| ≥ 1, χ = 1 on a closed conic neighbourhood W b V of (x0, ξ0) and supported in a
slightly larger cone. Define C1 := Op(χc) ∈ Ψ−m(X) and note that D := C1 ◦ B ∈ Ψ0(X)
satisfies σD ≡ χc#σB mod S−∞(T ∗X) by Theorem 4.4, Item 2. Thus Bu ∈ C∞(X) implies
Du ∈ C∞(X). On the other hand, σD ≡ 1 mod S−∞ in W by (6.2) and so by definition
WF(Id−D) ⊂ W c.

Take E ∈ Ψ0(X) elliptic at (x0, ξ0) with WF(E) ⊂ W . Then by (6.1) we get that
WF

(
EA(Id−D)

)
= ∅ and so EA ≡ EAD mod Ψ−∞. Therefore

EAu ≡ EA(Du) ≡ 0 mod C∞(X),

which by definition implies (x0, ξ0) 6∈ WF(Au). �
The next claim rigorously relates the notions of the wavefront set and the singular support

of a distribution.

Proposition 6.6. Let Π : T ∗X → X be the natural projection. Then Π
(
WF(u)

)
=

sing supp(u).

Proof. We show the inclusions from both sides and separate two cases:
Step 1: Π

(
WF(u)

)
⊂ sing supp(u). Let x0 ∈ X \ sing supp(u). By definition, there exists

χ ∈ C∞
0 (X) such that χu ∈ C∞(X). Multiplication with χ is a PDO with symbol χ ∈ S0(X),

which is elliptic at every (x0, ξ0), for ξ0 6= 0. This ends the first part of the proof.
Step 2: sing supp(u) ⊂ Π

(
WF(u)

)
. Let x0 6∈ Π

(
WF(u)

)
. By definition, for every ξ ∈ Sn−1

there exists Aξ ∈ Ψ0(X), elliptic at (x0, ξ) such that Aξu ∈ C∞(X). By compactness, we
may find finitely many A1, . . . , AN ∈ Ψ0(X) such that Aju ∈ C∞(X) and for every ξ ∈ Sn−1,
at least one of Aj is elliptic at (x0, ξ). Therefore

A :=
N∑
j=1

A∗
jAj ∈ Ψ0(X)
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is elliptic at x0, and Au ∈ C∞(X). By Corollary 5.3, Item 2, we have u is C∞ near x0,
completing the proof. �

We next recall a fact from the theory of distributions.

Exercise 6.7. If u ∈ E ′(X), the Fourier transform û(ξ) belongs to C∞(Rn), and is moreover
analytic. If N is the order of u (i.e. the N in the estimate (1.2)), there exists C > 0 with 4

|û(ξ)| ≤ C(1 + |ξ|)N , ∀ξ ∈ Rn. (6.3)

Proof. By definition û is well-defined as a distribution in S ′(Rn). We claim that û(ξ) =
〈u(x), e−ix·ξ〉. Indeed, for φ ∈ C∞

0 (Rn) we have

〈û, φ〉 = 〈u, φ̂〉 =
〈
u(x),

∫
Rn

e−ix·ξφ(ξ) dξ
〉
=

∫
Rn

〈u(x), e−ix·ξ〉φ(ξ) dξ,

where in the last line we wrote φ̂ as a limit of Riemann sums converging in C∞(Rn) (as in
the proof of Theorem 4.3, Step 4) and used that u belongs to the dual space of C∞(Rn) (by
Proposition 1.14). This proves the claim.

The claim about smoothness of û now follows from the expression û(ξ) = 〈u(x), e−ix·ξ〉 and
the fact that u extends to C∞(Rn) continuously. The analyticity claim follows from

∂αξ û(ξ) = 〈u(x), e−ix·ξ(−ix)α〉

and the bound (1.2). More precisely, we have that for each compact set K ⊂ Rn, there exists
C > 0 such that supξ∈K |∂αξ û(ξ)| ≤ C |α|+1α! holds.

The estimate (6.3) follows directly from (1.2) and the relation û(ξ) = 〈u(x), e−ix·ξ〉. �

Finally, we give an alternative definition of the wavefront set, in terms of directions in
which the Fourier transform is rapidly decaying.

Proposition 6.8. Let u ∈ D′(X) and (x0, ξ0) ∈ T ∗X \ 0. Then (x0, ξ0) 6∈ WF(u) if and only
if there exists ϕ ∈ C∞

0 (X) with ϕ(x0) 6= 0 and a conical neighbourhood Γ of ξ0 in Rn \ 0, such
that for all N > 0 there exists CN > 0 with:

|ϕ̂u(ξ)| ≤ CN(1 + |ξ|)−N , ∀ξ ∈ Γ. (6.4)

Proof. Step 1: assume that ϕ, u,Γ satisfy (6.4). Let χ ∈ C∞(Rn) such that supp(χ) ⊂ Γ,
χ positively 0-homogeneous for |ξ| ≥ 1 and χ

(
ξ0
|ξ0|

)
= 1. Define a(x, y, ξ) = ϕ(x)ϕ(y)χ(ξ) ∈

S0(X ×X × Rn) and A = Op(a) ∈ Ψ0(X). By definition we have that

Au(x) = ϕ(x)F−1
(
χ(ξ)ϕ̂u(ξ)

)
.

By (6.4) (1+ |ξ|2)sχ(ξ)ϕ̂u(ξ) ∈ L2(Rn) for any s ∈ R and so F−1
(
χ(ξ)ϕ̂u(ξ)

)
∈ ∩s∈RHs(Rn).

By Sobolev embedding theorem (Proposition 5.7, Item 7) we obtain Au ∈ C∞(X), and since
A is elliptic at (x0, ξ0) by construction, (x0, ξ0) 6∈ WF(u).

Step 2: assume (x0, ξ0) 6∈ WF(u). By definition there is A ∈ Ψ0(X) elliptic at (x0, ξ0)
with Au ∈ C∞(X). Let χ(ξ) ∈ C∞(Rn) be positively 0-homogeneous for |ξ| ≥ 1 supported
in a small cone close to ξ0

|ξ0| such that χ
(
ξ0
|ξ0|

)
6= 0, and ϕ ∈ C∞

0 (X) with ϕ(x0) 6= 0 and

4For the Fourier-Laplace transform and more precise relations between u ∈ E ′(Rn) and the decay of û(ξ)
as |ξ| → ∞, see the Paley-Wiener theorem [3, Chapter 10].
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sufficiently small support. As in the proof of Lemma 6.5, Case 2, there exist B ∈ Ψ0(X) and
R ∈ Ψ−∞(X) with

Op
(
χ(ξ)ϕ(y)

)
= BA+R. (6.5)

Write v := ϕu ∈ E ′(X). By (6.5) we have Op(χ)v ∈ C∞(X) and in fact, we claim that
Op(χ)v ∈ S(Rn). To prove the claim, note that Op(χ)• = k ∗ • where

k(x) = F−1(χ)(x) = (2π)−n
∫
Rn

eix·ξχ(ξ) dξ ∈ D′(Rn).

As in the proof of Theorem 5.10, Step 2, integrating by parts using (−∆ξ)
N we get that

(1− ψ)k ∈ S(Rn) for any ψ ∈ C∞
0 (Rn) with ψ = 1 near zero. Thus for large |x|, that is, for

x outside of supp v, the integral

Op(χ)v(x) =

∫
Rn

k(x− y)v(y) dy (6.6)

converges absolutely. Since |x| ≤ 2|x − y| for y ∈ supp v and |x| large enough, we get that
Op(χ)v(x) = ON(|x|−N) as |x| → ∞ for any N > 0. Repeatedly differentiating (6.6), this
implies that Op(χ)v ∈ S(Rn) and proves the claim.

Given the claim, we have χ(ξ)ϕ̂u(ξ) ∈ S(Rn), which shows the decay condition (6.4) in a
small cone around x0. �

Example 6.9. Let us give a few explicit examples of distributions and their wavefront sets,
using the characterisation of Proposition 6.8.

1. WF(δ0) = {(0, ξ) | ξ 6= 0}, where δ0(x) ∈ E ′(Rn) is the Dirac delta at zero. This
follows since ϕ̂δ(ξ) = ϕ(0) for ϕ ∈ C∞

0 (X);
2. More generally if S ⊂ Rn is a submanifold, then WF(δS) = N∗S \ 0 = {(x, ξ) | x ∈
S, 0 6= ξ ⊥ TxS};

3. Let f ∈ C∞(Rn′′
) and δ0 be the Dirac delta at zero in Rn′′ . If u(x′, x′′) := δ0(x

′) ⊗
f(x′′), then WF(u) = {(0, x′′, ξ′, 0) | x′′ ∈ supp(f)}.
Proof. Assume first that f(x′′) 6= 0 for all x′′. Then WF(δ ⊗ f) = WF(δ ⊗ 1), by
Lemma 6.5 (where we see the multiplication by f(x′′) as an invertible pseudodiffer-
ential operator). Secondly, if ψ ∈ C∞

0 (Rn′+n′′
), then ψ̂δ0 ⊗ 1(ξ′, ξ′′) = ψ̂0(ξ

′′), where
ψ0(x

′′) = ψ(0, x′′). If x′ 6= 0, then u(x′, x′′) = 0; if ξ′′ 6= 0, then since ψ̂0 is of rapid
decay near ξ′′, we obtain WF(u) ⊂ {(0, x′′, ξ′, 0) | ξ′ 6= 0}. Assume now ψ(0, x′′) 6= 0.
The other inclusion follows by observing that for ψ̂0(ξ

′′) to be of rapid decay near
(ξ′, 0), implies ψ̂0(ξ

′′) = 0 for all ξ′′, so ψ0 ≡ 0 contradicting the assumption.
The case when f is allowed to vanish follows similarly. �

4. WF(H(x1) ⊗ 1(x′′)) = {(0, x′′, ξ1, 0) | ξ1 6= 0}. Here H(x1) is the one-dimensional
Heaviside step function, H(x1) = 1 for x1 ≥ 0 and zero otherwise, and x′′ ∈ Rn−1.
Proof. Denote F (x1, x′′) = F (x) = H(x1)⊗ 1(x′′). First observe that ∂F

∂x1
= δ0(x1)⊗

1(x′′), so by Lemma 6.5 and Item 2 above, {(0, x′′, ξ1, 0) | ξ1 6= 0} ⊂ WF(F ).
To show this is all, consider (x1, x

′′, ξ0, ξ
′′
0 ) and note if x1 6= 0, then F smooth; if

x1 = 0 and ξ′′0 6= 0 we let ϕ ∈ C∞
0 (R) and ψ ∈ C∞

0 (Rn−1). Then ̂ϕH ⊗ ψ(ξ1, ξ
′′) =

ϕ̂H(ξ1)ψ̂(ξ
′′) and consider C > 0, such that the cone V = {|ξ1| < C|ξ′′|} contains
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(ξ0, ξ
′′
0 ). Since ψ̂(ξ′′) is Schwartz, we see that in V , ϕ̂H(ξ1)ψ̂(ξ

′′) is of rapid decay, so
(0, x′′, ξ0, ξ

′′
0 ) 6∈ WF(F ), completing the proof. �

5. Let ϕ be a real-valued phase function on X × RN \ 0, a ∈ Sm(X × RN), and set:

Λφ = {(x, ϕ′
x(x, θ)) | ϕ′

θ(x, θ) = 0, θ 6= 0}

which is a closed conic set in T ∗X \ 0. Recall the oscillatory integral I(a, ϕ) ∈ D′(X)
was defined in (2.8); then:

WF(I(a, ϕ)) ⊂ Λφ.

In particular, if A ∈ Ψm(X) then its Schwartz kernel KA satisfies

WF(KA) ⊂ {(x, x, ξ,−ξ) | x ∈ X, ξ 6= 0}.

Proof. To prove this, we first recall that the critical set Cφ is given by Cφ = {(x, θ) ∈
X ×RN \ 0 | ϕ′

θ(x, θ) = 0} (see (2.14)). By Proposition 2.15, Item 2, we may assume
that a is supported in a small closed conic neighbourhood Γ of Cφ without affecting
the wavefront set and also that a(x, θ) = 0 for |θ| small enough.

Let (x0, ξ0) ∈ T ∗X \
(
Cφ ∪ 0

)
and choose ψ ∈ C∞

0 (X) supported near x0, such that
ξ0 6= ϕ′

x(x, θ) 6= 0 for all (x, θ) ∈
(
suppψ×RN \0

)
∩Γ (we can do so by compactness

and as ϕ has no critical points and is positively 0-homogeneous).
Again by positive 0-homogeneity of x · ξ and ϕ(x, θ) there is a C > 0 such that∣∣∣ ∂

∂x

(
ϕ(x, θ)− x · ξ

)∣∣∣ ≥ 1

C
(|θ|+ |ξ|) (6.7)

for (x, θ) ∈
(
suppψ × RN \ 0

)
∩ Γ and for ξ in a small conic neighbourhood V of

(x0, ξ0). Here it is important that V and Γ may be assumed to be disjoint.
Define tL = 1

|φ′
x(x,θ)−ξ|2

∑n
j=1

(
∂φ
∂xj

−ξj
)
Dxj for (x, ξ) ∈ V and note that tLei(φ−x·ξ) =

ei(φ−x·ξ). Then for any k ∈ Z≥0 we have

J(ξ) := ̂ψI(a, ϕ)(ξ) = 〈I(a, ϕ), ψe−i•·ξ〉 =
∫
Rn

∫
RN

ei(φ(x,θ)−x·ξ)Lk
(
a(x, θ)ψ(x)

)
dθ dx,

where we integrate by parts using L many times and use the inequality (6.7) to see
that the coefficients of L are in S−1(Γ). Thus J(ξ) = O(|ξ|−k) for any k > 0 as
|ξ| → ∞ and ξ ∈ V and so (x0, ξ0) 6∈ WF(I(a, ϕ)), which completes the proof. �

7. Manifolds

Aim. Build the theory of distributions, calculus of pseudodifferential operators, and
Sobolev spaces on compact smooth manifolds. We will follow mostly [6, Chapter 14].

Let M be a compact smooth manifold. Denote by TM = ∪x∈MTxM the tangent bundle
of M and by T ∗M = ∪x∈MT ∗

xM the cotangent bundle, where T ∗
xM denotes the dual vector

space to TxM . Write 0 := {(x, 0) | x ∈M} ⊂ T ∗M for the zero section.



46 M. CEKIĆ

7.1. Function spaces on manifolds. We start by carrying over the notion of a distribution
to a manifold. First of all, let (Ui, ϕi)i∈I be a cover ofM by charts, that is such that each ϕi :
Ui → ϕi(Ui) ⊂ Rn is a diffeomorphism. For each K ⊂ Ui compact, and N ∈ Z≥0 an integer,
equip C∞(M) with the LCS topology induced by the seminorms ‖u‖i,K,N := ‖ϕi∗(u|Ui

)‖CN (K)

for each such triple (i,K,N).

Exercise 7.1. C∞(M) is a Fréchet space.

Similarly to Section 1.2, we give the space of compactly supported smooth functions
C∞

0 (M) an LCS topology. Then the space of distributions D′(M) on M is defined as the
continuous dual to C∞

0 (M). Note that C∞(M) ⊂ D′(M) but this depends on a choice of a
smooth measure5 dx on M , so that

〈u, φ〉 :=
∫
M

u(x)φ(x) dx, ∀u ∈ C∞(M), ∀φ ∈ C∞
0 (M).

The notion of the wavefront set carries over to u ∈ D′(M) by saying that (x, ξ) ∈ T ∗M \ 0 if
in some chart x ∈ Ui, we have

(ϕi(x), ξ ◦ dϕ−1
i (ϕi(x))) ∈ WF(ϕi∗(u|Ui

)) ⊂ ϕi(Ui)× Rn \ 0.

It may be checked that this well defined, i.e. that it does not depend on the choice of the
chart at (x, ξ).

Let us from now on assume that M is compact.

Definition 7.2. The following generalises L2-Sobolev space to compact manifolds
1. L2(M) := {u :M → C measurable | ‖u‖2L2(M) :=

∫
M
|u|2 dx <∞}.

2. Let s ∈ R and {(Ui, ϕi)}Ni=1 be a cover of M by coordinate charts. Then we say
u ∈ D′(M) lies in Hs(M), if ϕi∗(u|Ui

) ∈ Hs
loc(ϕi(Ui)) for all i = 1, . . . , N .

Given a partition of unity {ρi}Ni=1 subordinate to Ui, define for u ∈ Hs(M)

‖u‖2Hs(M) :=
N∑
i=1

‖ϕi∗(ρiu)‖2Hs(φi(Ui))
.

Exercise 7.3. It is possible to show that:
1. Hs(M) is a Hilbert space equipped with the inner product given by polarising the

above, and moreover, all norms obtained in this way are equivalent;
2. D′(M) = ∪s∈RHs(M).

7.2. Pseudodifferential operators on manifolds. For a guideline on how to prove what
follows, see [4, Exercise 3.4]. We do not need to assume that M is compact.

end of Lecture 10, 22.11.2022
Let us start with the definition of the space of symbols:

Definition 7.4. The symbol space Sm(T ∗M) consists of smooth functions a ∈ C∞(T ∗M)
such that for all charts (U, κ) of M we have

a
(
κ−1(x), ξ ◦ dκ(κ−1(x))

)
∈ Sm(T ∗κ(U)). (7.1)

(Where (x, ξ) ∈ T ∗κ(U) = κ(U)× Rn.)

5The definition of a distribution on a manifold that does not involve choices involves the bundle of densities.
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It is straightforward from the definition of a symbol that if a ∈ Sm(T ∗X) where X ⊂ Rn,
and κ : X → Y ⊂ Rn is a diffeomorphism, then the symbol defined in (7.1) belongs to
Sm(T ∗Y ). Therefore, our new definition agrees with the usual one. Again using this property,
it follows that it suffices to check the symbol property on an arbitrary fixed cover of M by
charts. Similarly as in the case of Rn, we defined the subspace Smcl (T ∗M) ⊂ Sm(T ∗M) of
classical symbols.
Definition 7.5. Let P : C∞(M) → D′(M) be a continuous operator. We say P ∈ Ψm(M),
the space of pseudodifferential operators on M of order m, if the following two condition hold:

1. There is a covering of M by charts {(Ui, ϕi)}i∈I and Pi ∈ Ψm(ϕi(Ui)) such that for
all i ∈ I and all u ∈ C∞

0 (Ui)

Pu ◦ ϕ−1
i = Pi(u ◦ ϕ−1

i ). (7.2)
2. For every χ1, χ2 ∈ C∞(M) with suppχ1 ∩ suppχ2 = ∅, we have χ1Pχ2 extending to

a continuous map
χ1Pχ2 : D′(M) → C∞(M).

Define the set of smoothing operators as Ψ−∞(M) := ∩s∈RΨs(M).
Exercise 7.6. The following points hold:

1. It can be straightforwardly checked from the definition that P : C∞
0 (M) → C∞(M);

2. We may define a suitable principal symbol map, σ : Ψm(M) → Sm(T ∗M)/Sm−1(T ∗M).
For P ∈ Ψm(M), a cover (Ui, ϕi)i∈I by charts such that P is over Ui equal to
Pi = Op(pi) up to smoothing (in the sense of (7.2)), define

σ(P )(x, ξ) :=
∑
i

ψi(x)pi
(
ϕi(x), ξ ◦ dψ−1

i (ψi(x))
)
.

where (ψi)i∈I is a partition of unity subordinate to the cover. Exercise: use §4.2 to
show that this is independent of any choices; if P ∈ Ψm

cl (M), then σ(P ) ∈ Smcl (T
∗M)

is a well defined positively homogeneous function of order m in ξ;
3. An operator P ∈ Ψm(M) is said to be elliptic if its local representatives Pi in (7.2)

are elliptic. Equivalently, P is elliptic if any its principal symbol representatives
σ(P ) ∈ Sm(T ∗M) has a suitable asymptotic growth in the ξ variable.

Theorem 7.7. The following holds true for PDOs on manifolds:
1. There is a (non-canonical) quantisation map Op : Sm(T ∗M) → Ψm(M), such that ι

is injective, σ is surjective with σ ◦Op(•) = •, and σ ◦ ι = 0:

0 → Ψm−1(M)
ι
↪−→ Ψm(M)

σ−→ Sm(T ∗M)/Sm−1(T ∗M) → 0. (7.3)
(The first map is inclusion, while the second is the principal symbol map.)

2. Assume A ∈ Ψm1(M) and B ∈ Ψm2(M) with at least one of A and B properly
supported. Then A ◦B ∈ Ψm1+m2(M) and σ(AB) = σ(A)σ(B).

3. Assume M is compact. Given A ∈ Ψm(M), we have for all s ∈ R that A : Hs(M) →
Hs−m(M). If A ∈ Ψ−∞(M), then A : Hs1(M) → Hs2(M) is compact for any
s1, s2 ∈ R.

Exercise 7.8. Given A ∈ Ψm(M) elliptic, from this theorem we are able to deduce the
existence of a parametrix B ∈ Ψ−m(M) with AB − Id = K1 ∈ Ψ−∞(M) and BA − Id =
K2 ∈ Ψ−∞(M) (c.f. the iterative procedure in Theorem 5.1).
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Figure 1. Anosov dynamics: contraction and expansion.

8. Hyperbolic dynamics

Aim. We introduce the class of Anosov (or uniformly hyperbolic) dynamical systems,
modelling chaotic dynamics. We give the main examples and construct a functional setting
to studying their statistical properties.

Throughout this section M will be a smooth closed manifold.

8.1. Definitions. We introduce the basic notions of chaotic dynamics.

Definition 8.1. We say that the flow (ϕt)t∈R generated by a smooth vector field X is Anosov
if there exists a continuous flow-invariant splitting TM = RX⊕Eu⊕Es into flow, unstable,
and stable directions, respectively, and there are C, ν > 0 such that

|dϕt(x)v| ≤ Ce−ν|t| · |v|,

{
t ≥ 0, v ∈ Es(x),

t ≤ 0, v ∈ Eu(x),
(8.1)

where | • | is an arbitrary norm on the fibres of TM.

Example 8.2. We have the following examples of Anosov flows:
1. Let M be a closed smooth manifold and f :M →M an Anosov diffeomorphism, that

is, we have a continuous flow-invariant splitting TM = Eu⊕Es with the properties as
in (8.1). Let M :=M×[0, 1]/ ∼ be the mapping torus associated to f , where (x, 1) ∼
(f(x), 0). The suspension flow is then defined as vertical translation ϕt(x, s) = (x, s+
t), where the addition is understood to respect ∼ (once we cross the value 1 we “jump”
using f to the zero level). It is an Anosov flow with the splitting TM = R∂t⊕Ẽu⊕Ẽs,
where Ẽu/s are the lifts of Eu/s to M and ∂t is the flow generator (exercise).

2. Let A ∈ SLN(Z) be an N ×N matrix with integer entries and determinant equal to
1, seen as a map on the N -torus TN = RN/ZN . Say that the matrix A is hyperbolic
if it has no eigenvalues of modulus 1. If A is hyperbolic, then A : TN → TN is
Anosov with TTN = Eu ⊕Es, where Eu and Es are the span of generalised eigenvec-
tors corresponding to eigenvalues of modulus bigger and smaller than 1, respectively
(exercise).
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Figure 2. Arnold’s cat map.

3. Arnold’s cat map is the hyperbolic matrix A =

(
2 1
1 1

)
. It is one of the first examples

of hyperbolic dynamics, see Figure 2.
4. Let (M, g) be a closed smooth Riemannian manifold of negative sectional curvature.

Let M := SM := {(x, v) ∈ TM | |v|gx = 1} be the unit sphere bundle. Define the
geodesic flow ϕt : M → M by ϕt(x, v) = (γx,v(t), γ̇x,v(t)), where γx,v(t) is the unit
speed geodesic, defined by initial conditions

γx,v(0) = x, γ̇x,v(0) = v.

Then, the geodesic flow is Anosov (to discuss the proof for surfaces).

Dually to the differential dϕt(x) acting on TxM there is the transpose dϕᵀ
t (x) acting

on T ∗
xM by dϕᵀ

t (x)ξ = ξ ◦ dϕ−1
t (x) ∈ T ∗

φtxM. Let X be the generator of ϕt and define
E∗
u/s ⊂ T ∗M to be the vector bundle obtained by annihilating Eu/s ⊕ RX and E∗

0 as the
annihilator of Eu ⊕ Es. Let (Φt)t∈R be the flow extension Φt(x, ξ) := (ϕtx, dϕ

ᵀ
t (x)ξ) of ϕt to

T ∗M and denote by X its generating vector field.
We see that the flow Φt leaves the vector bundles E∗

u/s/0 invariant, that there is a splitting

T ∗M = E∗
0 ⊕ E∗

u ⊕ E∗
s

such that with the same C, ν > 0 as in Definition 8.1:

|dϕᵀ
t (x)ξ| ≤ Ce−ν|t||ξ|,

{
t ≥ 0, ξ ∈ E∗

s (x),

t ≤ 0, ξ ∈ E∗
u(x).

(8.2)

Let us fix an arbitrary Riemannian metric g onM inducing a norm |•| on the fibres of T ∗M.
Define S∗M := {(x, ξ) | |ξ| = 1} the unit co-sphere bundle (alternatively, we may consider
the space of spherification, i.e. the space of half-lines), and denote by π : T ∗M\ 0 → S∗M
the projection. Note that Φt descends to S∗M by asking Φ̃t(x, ξ) :=

(
ϕt(x),

dφᵀ
t (x)ξ

|dφᵀ
t (x)ξ|

)
. Write

X̃ for the vector field generating Φ̃t, and H(x, ξ) := ξ(X(x)) (note that Φt is the Hamiltonian
flow of H with respect to the canonical symplectic structure on T ∗M). Then it follows from
(8.2) that the flow Φ̃t has the following sink and source structure on S∗M.
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8.2. Construction of the escape function. We will follow the construction of Faure-
Sjöstrand [2]. The idea is to construct a Sobolev space that has negative regularity in a cone
near E∗

u, positive in the complement of a slightly bigger neighbourhood of E∗
u, and satisfies

a certain dynamical invariance property.
We start with an elementary lemma. Let us denote by d(x, S) the distance (with respect

to an arbitrary fixed Riemannian metric) from a point x and a set S.

Lemma 8.3. Let (ψt)t∈R be a flow on a compact manifold M generated by a vector field V
and let Σu/s ⊂M be compact flow-invariant disjoint subsets such that

d(ψt(x),Σs) →t→∞ 0, x ∈M \ Σu, d(ψt(x),Σu) →t→−∞ 0, x ∈M \ Σs.

Let ε > 0. Then there exist open neighbourhoods Wu/s of Σu/s, η > 0, and m ∈ C∞(M ; [0, 1])
such that:

1. V m ≥ 0 on M and V m ≥ η > 0 on M \ (Wu ∪Ws);
2. m = 1 near Σs and m > 1− ε on Ws;
3. m = 0 near Σu and m < ε on Wu.

end of Lecture 11, 29.11.2022
Proof. Let T > 0 and let Vu/s be arbitrary open neighbourhoods of Σu/s with disjoint closures.
Set

Ws :=M \ ψT (Vu), Wu :=M \ ψ−T (Vs).

By the assumption when T is large enough one has Wu/s ⊂ Vu/s, ψ−tWu ⊂ Vu and ψtWs ⊂ Vs
for t ≥ 0. Let m0 ∈ C∞(M ; [0, 1]) be an arbitrary smooth function such that m0 = 0 on Vu
and m0 = 1 on Vs. Set

m :=
1

2T

∫ T

−T
ψ∗
tm0 dt. (8.3)

Then by the Fundamental Theorem of Calculus

V m(x) =
1

2T

(
m0(ψTx)−m0(ψ−Tx)

)
. (8.4)

Also, by compactness and by the assumption, there exists a T0 > 0 such that x ∈M \(Vu∪Vs)
implies ψT0x ∈ Vs and ψ−T0x ∈ Vu. We assume T > T0 and split the analysis according to
the location of x:

1. If x ∈M \ (Wu ∪Ws) = ψT (Vu) ∩ ψ−T (Vs), by (8.4) then V m(x) = 1
2T
> 0;

2. If x ∈ Wu, then m0(ψtx) = 0 for t ≤ T − T0 and so

m(x) =
1

2T

(∫ T−T0

−T
m0(ψtx)︸ ︷︷ ︸

=0

dt+

∫ T

T−T0
m0(ψtx)︸ ︷︷ ︸

≤1

dt
)
≤ T0

2T
< ε,

for T large enough. Since m0(ψ−tx) = 0 for t ≥ 0, by (8.4) V m(x) ≥ 0;
3. If x ∈ Ws, then m0(ψtx) = 1 for t ≥ −T + T0 and so

m(x) =
1

2T

(∫ −T+T0

−T
m0(ψtx)︸ ︷︷ ︸

≥0

dt+

∫ T

−T+T0
m0(ψtx)︸ ︷︷ ︸

=1

dt
)
≥ 2T − T0

2T
> 1− ε,

for T large enough and similarly V m(x) ≥ 0.
�
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Next, we need to “adapt” the Riemannian metric to the dynamics.

Lemma 8.4. Let ν > 0 be the constant in (8.1). For any µ ∈ (0, ν), there are smooth
Riemannian metrics gs/u on M such that in (8.2) we may take C = 1 for the action of dϕt
on Es/u with respect to metrics gs/u. More precisely for any x ∈ M and t ≥ 0:

|dϕt(x)v|2s ≤ e−µt|v|2s, v ∈ Es(x), |dϕ−t(x)v|2s ≤ e−µt|v|2u, v ∈ Eu(x),

where | • |2s/u := gs/u(•, •) are the norms induced by gs/u.

Proof. Let us construct gs; the case of gu follows by considering the reversed flow. For some
T > 0 to be specified later we set

|v|2s :=
∫ T

0

e2µt|dϕt(x)v|2 dt, x ∈ M, v ∈ TxM.

Then we compute:

|dϕt(x)v|2s = e−2µt

∫ T

0

e2µ(r+t)|dϕr+t(x)v|2 dr = e−2µt

∫ t+T

t

e2µq|dϕq(x)v|2 dq

= e−2µt
(
|v|2s +

∫ T+t

T

e2µq|dϕq(x)v|2 dq −
∫ t

0

e2µq|dϕq(x)v|2 dq
)

= e−2µt|v|2s + e−2µt

∫ t

0

e2µq
(
e2µT |dϕT+q(x)v|2 − |dϕq(x)v|2

)
dq

≤ e−2µt|v|2s + e−2µt

∫ t

0

e2µq
(
C2e2µT e−2νT − 1

)
|dϕq(x)v|2 dq ≤ e−2µt|v|2s,

if T is taken sufficiently large. Here in the second and fourth equalities we simply changed
variables, while in the second to last estimate we use the Anosov condition (8.1). This
completes the proof. �

We use the adapted metrics to get the following:

Lemma 8.5. Let ν > 0 be the constant in (8.1). For any µ ∈ (0, ν), there exists a smooth
Riemannian metric gad on M, and conical neighbourhoods Ns/u of E∗

s/u, such that for ξ 6= 0

ξ

|ξ|
∈ Ns =⇒ X log〈ξ〉ad ≤ −µ · |ξ|2ad

1 + |ξ|2ad
,

ξ

|ξ|
∈ Nu =⇒ X log〈ξ〉ad ≥ µ · |ξ|2ad

1 + |ξ|2ad
.

Here 〈•〉ad and | • |2ad are the Japanese bracket and the norm induced by gad, respectively.

Proof. Consider the (continuous) adapted metric

|v|21 := |vs|2s + |vc|2 + |vu|2u, x ∈ M, v ∈ TxM,

where vs/u denote the projections onto Es/u and vc the projection onto RX, and | • |2s/u were
constructed in Lemma 8.4. We note that the metric is smooth along the flow, in the sense
that the map t 7→ |dϕt(x)v|21 is smooth in t by the invariance of the Anosov splitting and
smoothness of | • |2s/u.
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Next, note that we have

X(|ξ|21)(x, ξ) = lim
ε→0

1

ε
(|dϕᵀ

ε(x)ξ|2s − |ξ|2s) ≤ lim
ε→0

1

ε
(e−2µε − 1)|ξ|2s = −2µ|ξ|21, ξ ∈ E∗

s (x),

X(|ξ|21)(x, ξ) = lim
ε→0

1

ε
(|dϕᵀ

ε(x)ξ|2u − |ξ|2u) ≥ lim
ε→0

1

ε
(e2µε − 1)|ξ|2u = 2µ|ξ|21, ξ ∈ E∗

u(x).

(8.5)
For any δ > 0, approximating g1 by smooth Riemannian metrics, we may assume that the
conditions (8.5) are satisfied with µ replaced by µ − δ > 0 and the smooth norm | • |2ad.
Note that X(|ξ|2ad) are 2-homogeneous in ξ, so the previous conditions also hold on conical
neighbourhood Ns/u of E∗

s/u with µ− δ replaced by µ− 2δ. Then it is easy to conclude that
for ξ ∈ Ns(x)

X log〈ξ〉ad =
1

2

X|ξ|2ad
1 + |ξ|2ad

≤ −(µ− 2δ) · |ξ|
2
ad

|ξ|2ad
.

By reversing the flow we get the analogous claim in the case of the unstable bundle and Nu.
Since µ > 0 and δ > 0 are arbitrary, the claim follows. �

From now we work with the smooth Riemannian metric gad constructed in Lemma 8.5.
The following is the main result of this paragraph:

Lemma 8.6. Let u, n0, s ∈ R with u < 0 < s and u < n0 < s. Let N0 be an arbitrarily small
conical neighbourhood of E∗

0 in T ∗M\0. There exists an order function m ∈ C∞(T ∗M; [u, s])
and an escape function Gm ∈ C∞(T ∗M)

Gm(x, ξ) := m(x, ξ) log
√
1 + f(x, ξ)2, (8.6)

where f ∈ C∞(T ∗M) satisfies for |ξ| ≥ 1: f is positively 1-homogeneous, f(x, ξ) = |ξ| in
small conical neighbourhoods of E∗

u and E∗
s , and f(x, ξ) = |H(x, ξ)| in a conical neighbourhood

of E∗
0 . Moreover:
1. For |ξ| ≥ 1: m(x, ξ) is positively 0-homogeneous, takes values u, n0, and s, in small

conical neighbourhoods of E∗
u, E∗

0 , and E∗
s , respectively, and Xm ≤ 0;

2. Gm decreases strictly and uniformly along Φt, except in a conical neighbourhood N0

of E∗
0 and for small |ξ|, that is, there exists R > 0 such that

(x, ξ) ∈ T ∗M\N0, |ξ| ≥ R =⇒ XGm(x, ξ) < −cmin(|u|, s),
where c > 0 is independent of u, n0, and s. Moreover,

(x, ξ) ∈ T ∗M, |ξ| ≥ R =⇒ XGm(x, ξ) ≤ 0.

Proof. Step 1: construction of m(x, ξ). Let ε > 0 and denote by π : T ∗M\ 0 → S∗M the
projection. Apply Lemma 8.3 to M = S∗M and ψt = Φ̃t with

1. Σu = π(E∗
s \ 0) and Σs = π(E∗

u⊕E∗
0 \ 0). We obtain m1 ∈ C∞(T ∗M) and neighbour-

hoods W 1
u/s of Σu/s such that m1 satisfies Items 1–3 of Lemma 8.3;

2. Σu = π(E∗
s ⊕E∗

0 \ 0) and Σs = π(E∗
u \ 0). We obtain m2 ∈ C∞(T ∗M) and neighbour-

hoods W 2
u/s of Σu/s such that m2 satisfies Items 1–3 of Lemma 8.3.

Set m̃ := s+ (n0 − s)m1 + (u− n0)m2 and
Ñs = W 1

u ∩W 2
u , Ñ0 := W 1

s ∩W 2
u , Ñu := W 1

s ∩W 2
s .

Let us split to cases according to the position of (x, ξ) ∈ S∗M:
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1. On S∗M\ (Ñs ∪ Ñ0 ∪ Ñu) we have X̃m1 > η or X̃m2 > η, and so

X̃m̃ = (n0 − s)X̃m1 + (u− n0)X̃m2 < −ηmin
(
|n0 − s|, |u− n0|

)
. (8.7)

2. On Ñs we have if ε is chosen small enough:

m̃ > s+ (n0 − s)ε+ (u− n0)ε = s(1− ε) + uε >
s

2
. (8.8)

3. On Ñu we have if ε is chosen small enough:

m̃ < s+ (n0 − s)(1− ε) + (u− n0)(1− ε) = εs+ u(1− ε) <
u

2
. (8.9)

4. On the whole of S∗M we have:
X̃m̃ = (n0 − s)X̃m1 + (u− n0)X̃m2 ≤ 0. (8.10)

Finally, let χ ∈ C∞
0 (R) be such that χ(r) = 1 for |r| ≤ 1

2
and χ(r) = 0 for |r| > 1. Then, we

set m(x, ξ) := (1− χ(|ξ|))m̃
(
ξ
|ξ|

)
, a smooth function on T ∗M.

Step 2: construction of Gm(x, ξ). Choose f ∈ C∞(T ∗M) such that for |ξ| ≥ 1: f is
positively 1-homogeneous, for ξ

|ξ| ∈ Ñu ∪ Ñs and ξ
|ξ| ∈ Ñ0 we have f(x, ξ) = |ξ| and f(x, ξ) =

|〈ξ,X(x)〉|, respectively. The escape function Gm is then defined by (8.6) and we have

XGm(x, ξ) = Xm log
√
1 + f(x, ξ)2 +mX log

√
1 + f(x, ξ)2. (8.11)

Note firstly that X log
√

1 + f 2 = Xf ·f
1+f2

is uniformly bounded by some constant C1 (we use
here that Xf is positively 1-homogeneous for |ξ| ≥ 1). Secondly, by Lemma 8.5 there exists
C > 0 such that for |ξ| ≥ 1

ξ

|ξ|
∈ Ñs =⇒ X log〈ξ〉 < −C, ξ

|ξ|
∈ Ñu =⇒ X log〈ξ〉 > C. (8.12)

To show the required properties, we split to cases and assume |ξ| ≥ 1:
1. (x, ξ|ξ|) ∈ S∗M\ (Ñs ∪ Ñ0 ∪ Ñu). Then applying (8.7) to (8.11) we get

XGm(x, ξ) < −ηmin
(
|n0 − s|, |u− n0|

)
log

√
1 + f(x, ξ)2 +max(|u|, s)C1 < −C

2
min(|u|, s),

where in the last inequality we used that f is positively 1-homogeneous, and we took
|ξ| ≥ R with R large enough (the constant R might depend on u, n0, or s). Note that
we also used that Xm(x, ξ) = X̃m̃

(
x, ξ|ξ|

)
.

2. (x, ξ|ξ|) ∈ Ñs. Then by (8.8), (8.10), and (8.12):

XGm(x, ξ) = Xm log〈ξ〉+mX log〈ξ〉 ≤ −C
2
|u|.

3. (x, ξ|ξ|) ∈ Ñu. Then by (8.9), (8.10), and (8.12):

XGm(x, ξ) = Xm log〈ξ〉+mX log〈ξ〉 ≤ −C
2
s.

4. (x, ξ|ξ|) ∈ Ñ0. Then since XH ≡ 0, applying (8.10) to (8.11) we have XGm(x, ξ) ≤ 0.
Setting c := −C

2
completes the proof of the lemma. �
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end of Lecture 12, 13.12.2022

8.3. Symbols and operators of variable order. Before we get into the applications of
Lemma 8.6, we need to introduce another class of symbols and operators. For an open
set X ⊂ Rn, we introduce the class Smρ (T ∗X) of symbols satisfying bounds as in (2.2) for
(ρ, δ) = (ρ, 1− ρ). In what follows we will assume 1

2
< ρ ≤ 1. Let M be a smooth manifold.

We say that m(x, ξ) ∈ S0(T ∗X) with sup(x,ξ)∈T ∗X |m(x, ξ)| < ∞ is an order function. We
introduce:

Definition 8.7. Let m(x, ξ) be an order function. A function a ∈ C∞(T ∗X) belongs to the
symbol class Sm(x,ξ)

ρ (T ∗X) of variable order if for any compact set K ⊂ X, multi-indices
α, β ∈ Nn

0 , there is C > 0 such that

|∂αx∂
β
ξ a(x, ξ)| ≤ C(1 + |ξ|)m(x,ξ)−ρ|β|+(1−ρ)|α|, (x, ξ) ∈ K × Rn. (8.13)

Note that we have Sm(x,ξ)
ρ (T ∗X) ⊂ S

supx,ξm(x,ξ)
ρ (T ∗X) and that the class a ∈ S

m(x,ξ)
ρ (T ∗X)

behaves well under change of coordinates, that is:

Exercise 8.8. If κ : X → Y is a diffeomorphism then a(κ−1(y), dκ−1(y)) belongs to
S
m(κ−1(y),dκ−1(y))
ρ (T ∗Y ).

The product of symbols a ∈ S
m(x,ξ)
ρ (T ∗X) and b ∈ S

ℓ(x,ξ)
ρ (T ∗X) (where ` is another order

function) satisfies ab ∈ S
m(x,ξ)+ℓ(x,ξ)
ρ (T ∗X) similarly to Proposition 2.6. Notice that if ρ1 >

ρ2 then S
m(x,ξ)
ρ1 (T ∗X) ⊂ S

m(x,ξ)
ρ2 (T ∗X). The definition of a symbol of variable order can

naturally be carried over to manifolds as in Section 7. We will simply write Sm(x,ξ)(T ∗M) :=

S
m(x,ξ)
1 (T ∗M) if ρ = 1 and Sm(x,ξ)

ρ− (T ∗M) := ∩ε>0S
m
ρ−ε(T

∗M).
Let us introduce the notation 〈ξ〉 :=

√
1 + |ξ|2 usually referred to as the Japanese bracket.

The main example of a symbol of variable order is:

Lemma 8.9. Let m(x, ξ) ∈ S0(T ∗M) be an order function. Then 〈ξ〉m(x,ξ) ∈ S
m(x,ξ)
1− (T ∗M).

More generally, if f(x, ξ) ∈ S1(T ∗M) is real-valued and positively 1-homogeneous for large
|ξ|, then

(
1 + f(x, ξ)2

)m(x,ξ)
2 ∈ S

m(x,ξ)
1− (T ∗M).

Proof. For simplicity, we show only the first claim while the second claim follows similarly.
It suffices to prove the claim in local coordinates, i.e. to assume M = X ⊂ Rn. We claim
that for all multi-indices α, β ∈ Nn

0 , writing p(x, ξ) := 〈ξ〉m(x,ξ) we have

∂αx∂
β
ξ p(x, ξ) = q(x, ξ)p(x, ξ),

where for any ε > 0 we have q ∈ S−(1−ε)|β|+ε|α|(T ∗X). Assuming the claim, this directly
proves the required symbol estimate (8.13) on p and proves the lemma.

To prove the claim, we argue by induction on |α|+ |β|. For α = β = 0 the claim is certainly
true with q ≡ 1, and we assume by induction it is true for all |α| + |β| ≤ N . Take some α′

and β′ with |α′| + |β′| = N + 1. If |α′| 6= 0, then we may write α′ = α + ei for some i and
β′ = β with |α|+ |β| = N , with ∂αx∂

β
ξ p = qp for some q ∈ S−(1−ε)|β|+ε|α|(T ∗X), so:

∂α
′

x ∂
β′

ξ p(x, ξ) =
(
∂xiq(x, ξ) + q(x, ξ) log〈ξ〉

(
∂xim(x, ξ)

))
〈ξ〉m(x,ξ). (8.14)
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The first term in the brackets in (8.14) belongs to S−(1−ε)|β|+ε|α|(T ∗X). Moreover, since
log〈ξ〉 ∈ Sδ(T ∗X) for any δ > 0, the second term lives in S−(1−ε)|β|+ε|α|+δ(T ∗X). Taking ε
and δ > 0 small enough proves the induction step in this case.

In the other case |β′| 6= 0 so we may write α′ = α and β′ = β + ei for some i, with
∂αx∂

β
ξ p = qp, so that:

∂α
′

x ∂
β′

ξ p(x, ξ) =
(
∂ξiq(x, ξ) + q(x, ξ)∂ξi

(
log〈ξ〉m(x, ξ)

))
〈ξ〉m(x,ξ). (8.15)

We analyse similarly the terms in (8.15): the first term belongs to S−1−(1−ε)|β|+ε|α|(T ∗X) by
the induction hypothesis, while the second one belongs to S−1−(1−ε)|β|+ε|α|+δ(T ∗X) for any
δ > 0. This similarly completes the proof of the induction step and the lemma follows. �

As in Section 2 it is possible to quantise symbols in Sm(x,ξ)
ρ (T ∗X) to obtain pseudodifferen-

tial operators of variable order Ψ
m(x,ξ)
ρ (X) ⊂ Ψ

supx,ξm(x,ξ)
ρ (X), and more generally to transfer

this definition to manifolds and obtain classes Ψ
m(x,ξ)
ρ (M). We say that P = Op(p) ∈

Ψ
m(x,ξ)
ρ (X) is elliptic if for every compact set K ⊂ X, there exists C > 0 such that (similarly

to (5.1))

|p(x, ξ)| ≥ 1

C
(1 + |ξ|)m(x,ξ), x ∈ K, |ξ| ≥ C.

Similarly one introduces the notion of ellipticity in Ψ
m(x,ξ)
ρ (M). Note that in general this

ellipticity is not the same as ellipticity in say Ψ
supx,ξm(x,ξ)
ρ (M).

Exercise 8.10. In fact, we have:
1. Following Proposition 4.6, it is possible to show that pseudodifferential operators in

Ψ
m(x,ξ)
ρ (X) behave well under change of coordinates, and that the principal symbol

map is well-defined modulo S
m(x,ξ)−(2ρ−1)
ρ (T ∗X). (Note that it is here that we need

ρ > 1
2
.) This similarly works on manifolds as in Section 7;

2. Similarly to Theorem 4.4 (Item 2), if P ∈ Ψ
m(x,ξ)
ρ (X) and Q ∈ Ψ

ℓ(x,ξ)
ρ (X) for some

order functions m and `, and assuming at least one of P and Q is properly supported,
then PQ ∈ Ψ

m(x,ξ)+ℓ(x,ξ)
ρ (M) and

σ(PQ)− σ(P )σ(Q) ∈ Sm(x,ξ)+ℓ(x,ξ)−(2ρ−1)
ρ (T ∗X).

This similarly works on manifolds;
3. Similarly to Theorem 4.4 (Item 1), if P ∈ Ψ

m(x,ξ)
ρ (M), then its formal adjoint P ∗

belongs to Ψ
m(x,ξ)
ρ (M) such that

σ(P ∗)− σ(P ) ∈ Sm(x,ξ)−(2ρ−1)(T ∗M);

4. Similarly to Theorem 5.1, if P ∈ Ψ
m(x,ξ)
ρ (X) is elliptic, then there exists a parametrix

Q ∈ Ψ
−m(x,ξ)
ρ (X) such that PQ− Id, QP − Id ∈ Ψ−∞(X), which similarly works over

manifolds as seen in Section 7.
5. Mapping properties: for P ∈ Ψ

m(x,ξ)
ρ (X) ⊂ Ψm+

ρ (X) where m+ = supx,ξm(x, ξ),
following the proofs of Theorems 5.5 and 5.10, we get that P : Hs

comp(X) → Hs−m+

loc (X)
is continuous for each s ∈ R; this carries over to manifolds as in Section 7.
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Let us recall at this point that a continuous linear map A : D → E between Banach spaces
D and E is called Fredholm if there exists a continuous linear map B : E → D such that
AB − IdE : E → E and BA − IdD : D → D are compact operators. It is possible to show
that A is Fredholm if and only if it has a finite dimension kernel, closed range A(D) ⊂ Y ,
and finite dimensional co-kernel (that is, the quotient Y/A(D)). The index of the Fredholm
operator A is defined as ind(A) = dim

(
kerA

)
− dim

(
Y/A(D)

)
. It can be shown that the

index of a Fredholm operator is locally constant, that is, if A′ : D → E is another Fredholm
operator with ‖A − A′‖X→Y sufficiently small (where ‖T‖X→Y = sup∥x∥X=1 ‖Tx‖Y is the
operator norm), then ind(A) = ind(A′). Note that for any compact operator K : X → Y ,
A+K is Fredholm, and ind(A) = ind(A+K) since the index of Fredholm operators A+ sK
for s ∈ [0, 1] is locally constant.

In the following we assume that M is closed. We recall that a pseudodifferential operator
P is called formally self-adjoint if 〈Pu, v〉L2 = 〈u, Pv〉L2 for all u, v ∈ C∞(M).

Lemma 8.11. Let p ∈ S
m(x,ξ)
ρ (T ∗M) be a real-valued, elliptic symbol. Then there is a

formally self-adjoint operator P ∈ Ψ
m(x,ξ)
ρ (T ∗M) such that P − Op(p) ∈ Ψ

m(x,ξ)−(2ρ−1)
ρ (M),

P : C∞(M) → C∞(M) is invertible and its inverse P−1 belongs to Ψ
−m(x,ξ)
ρ (M).

Proof. First of all, write Q := Op(p)+Op(p)∗

2
and note that σ(Q) − p ∈ S

m(x,ξ)−(2ρ−1)
ρ (T ∗M)

since p is real-valued (by Exercise 8.10, Item 3). Therefore, Q is also a formally self-adjoint,
elliptic operator in Ψ

m(x,ξ)
ρ (M) and in what flows we will produce a smoothing perturbation

of Q that satisfies the conditions of the lemma.
Note that Q maps Hs(M) → Hs−m+

(M), where m+ = supx,ξm(x, ξ) and s ∈ R is
arbitrary (Exercise 8.10, Item 5). By the existence of the parametrix (Exercise 8.10, Item 4),
there is a B ∈ Ψ

−m(x,ξ)
ρ (M) such that BQ−Id = R is smoothing. If Qu = 0 with u ∈ Hs(M),

then (Id+R)u = 0, which in particular implies that u is smooth. Now Id+R : Hs(M) →
Hs(M) is a Fredholm operator (since for instance R : Hs(M) → Hs+1(M) and Hs+1(M)
compactly embeds into Hs(M) by the Rellich-Kondrachov theorem, see Proposition 5.7),
and so it has a finite dimensional kernel implying the same conclusion for Q.

Let (ei)
r
i=1 be an L2(M)-orthonormal basis of kerQ ⊂ C∞(M) and denote by Πu :=∑r

i=1〈u, ei〉ei the orthogonal projection onto kerQ (here 〈•, •〉 denotes the distributional
pairing of u ∈ D′(M) with a smooth function). Note that Π maps D′(M) to C∞(M)
continuously, hence is a smoothing operator which is formally self-adjoint, and we claim that
P := Q+Π solves the problem.

If Pu = 0 for some u ∈ Hs(M), for an arbitrary s, then similarly as above u ∈ C∞(M) and
alsoQ2u = 0. Integrating by parts we get 0 = 〈Q2u, u〉L2 = ‖Qu‖2L2 which impliesQu = 0 and
so u ∈ kerQ, implying further 0 = Πu = u, hence P is injective on each Hs(M). Again by
the parametrix construction there exists an elliptic B ∈ Ψ

−m(x,ξ)
ρ (M) such that BP = Id+R1

and PB = Id+R2 where R1, R2 ∈ Ψ−∞
ρ (M); we may assume that B is formally self-adjoint

and that R∗
1 = R2. Moreover, by adding a smoothing operator to B similarly as above we may

assume that B is injective. By the injectivity of B and P , we know that ker(Id+R1)|Hs(M) =
{0}, and since R1 : H

s(M) → Hs(M) is compact, the operator Id+R1 is Fredholm of index
zero. Hence Id+R1 : Hs(M) → Hs(M) is an isomorphism for each s ∈ R, which further
implies that Id+R1 : C

∞(M) → C∞(M) is an isomorphism by Sobolev embedding theorem
(Proposition 5.7, Item 7). In particular, writing (Id+R1)

−1 = Id−R1(Id+R1)
−1 we get that

(Id+R1)
−1 ∈ Ψ0(M) and similarly (Id+R2)

−1 ∈ Ψ0(M). Define P−1 := B(Id+R1)
−1 ∈
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Ψ
−m(x,ξ)
ρ (M) and note that by definition PP−1 = (Id+R2)

−1BP = Id. Applying P−1 to
the right of the second equality we get also (Id+R2)

−1B = P−1 so also P−1P = Id. Since
P : C∞(M) → C∞(M) is continuous and injective with inverse P−1 : C∞(M) → C∞(M),
the final claim follows. �

8.4. Existence of resonances. Let us return to the setting of a closed manifold M and
an Anosov flow (ϕt)t∈R : M → M generated by a smooth vector field X. Let m(x, ξ) and
Gm(x, ξ) be the order and escape functions constructed in Lemma 8.6, respectively. Note
that eGm ∈ S

m(x,ξ)
1− (T ∗M) by Lemma 8.9 and that it is elliptic and real-valued. By Lemma

8.11, there is a formally self-adjoint operator Am ∈ Ψ
m(x,ξ)
1− (M) satisfying Am − Op(eGm) ∈

Ψ
m(x,ξ)−(2ρ−1)
1− (M) that is invertible on C∞(M) and whose inverse A−1

m belongs to Ψ
−m(x,ξ)
1− .

Introduce the anistropic Sobolev space of variable order m(x, ξ) as:

Hm(x,ξ)(M) := A−1
m

(
L2(M)

)
, ‖u‖Hm(x,ξ) := ‖Amu‖L2 . (8.16)

Since Am is injective ‖ • ‖Hm(x,ξ) is a norm which comes from the natural scalar product
〈u, v〉Hm(x,ξ) := 〈Amu,Amv〉L2 . We will consider the vector field X as a differential operator of
order 1 on M, which in particular is belongs to Ψ1(M) and acts on the space of distributions
D′(M) (by duality). Since X does not leave the space Hm(x,ξ)(M) invariant, we introduce
its domain of definition (here D(X) does depend on m(x, ξ) which we drop from the notation
for simplicity)

D(X) := {u ∈ Hm(x,ξ)(M) | Xu ∈ Hm(x,ξ)(M)}, ‖u‖2D(X) := ‖u‖2Hm(x,ξ) + ‖Xu‖2Hm(x,ξ) ,

where the norm ‖ • ‖D(X) comes from a natural scalar product 〈•, •〉D(X). It follows directly
from the definition that for any z ∈ C the following is a continuous linear map:

X + z : D(X) → Hm(x,ξ)(M).

end of Lecture 13, 15.12.2022

Proposition 8.12. The spaces Hm(x,ξ)(M) and D(X) equipped with the scalar products
〈•, •〉Hm(x,ξ) and 〈•, •〉D(X), respectively, are Hilbert spaces.

Proof. It suffices to show that the two spaces are complete with respect to the corresponding
norms. Assume firstly that (ui)

∞
i=1 ⊂ Hm(x,ξ)(M) is a Cauchy sequence. By definition,

(Amui)
∞
i=1 ⊂ L2(M) is then a Cauchy sequence, so by completeness of L2(M) there exists

v ∈ L2(M) such that Amui →i→∞ v in L2(M). Since Am is invertible, we may write v = Amu
where u = A−1

m v ∈ Hm(x,ξ)(M), and so by definition ui →i→∞ u in Hm(x,ξ)(M) proving that
Hm(x,ξ)(M) is complete.

For the domain D(X) of X, we argue similarly: let (ui)∞i=1 ⊂ D(X) be a Cauchy sequence.
Then by the first part there are u, v ∈ Hm(x,ξ)(M) such that ui →i→∞ u and Xui →i→∞ v
in Hm(x,ξ)(M). It follows that Xui →i→∞ Xu in D′(M) and by uniqueness of limits we
conclude that v = Xu. Therefore ui →i→∞ u in D(X), completing the proof. �

Let us make a few initial observations about the resolvent of X, that is, the inverse of X+z
(when it exists). Let Ω be an arbitrary smooth volume form on M (that is, a non-vanishing
top degree differential form). The divergence divΩ(X) ∈ C∞(M) of X with respect to Ω is
defined by the relation LX Ω = divΩ(X)Ω, where LX is the Lie derivative along the vector
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field X and we recall that LX Ω = ∂t|t=0ϕ
∗
tΩ, where ϕ∗

t denotes the pullback of differential
forms. Hence ϕ∗

tΩ = e
∫ t
0 φ

∗
s divΩ(X) dsΩ and for any u ∈ C∞(M) we have

‖ϕ∗
−tu‖2L2 =

∫
M

|ϕ∗
−tu|2 Ω =

∫
M

|u|2 ϕ∗
tΩ ≤ e2C0t‖u‖2, (8.17)

where C0 = 1
2
supx∈M | divΩX(x)|, we changed variables in the second equality, and by

density this holds for any u ∈ L2(M). Therefore for Re(z) > C0 and u ∈ L2(M) we have
that

∫∞
0
e−ztϕ∗

−tu dt converges in L2(M) and we get

(X + z)

∫ ∞

0

e−ztϕ∗
−tu dt = (X + z) lim

T→∞

∫ T

0

e−ztϕ∗
−tu dt

= − lim
T→∞

∫ T

0

∂t(e
−ztϕ∗

−tu) dt = u− lim
T→∞

e−zTϕ∗
−Tu = u,

(8.18)

where in the second equality we commuted the limit as T → ∞ and X + z by the continuity
of X + z : L2(M) → H−1(M) ⊂ D′(M), integrated by parts in the third equality, and used
that e−zTϕ∗

−Tu→T→∞ 0 in L2(M) in the last equality by (8.17). We just proved that
X + z : DL2(X) := {u ∈ L2(M) | Xu ∈ L2(M)} → L2(M), Re(z) > C0, (8.19)

is an isomorphism with inverse (X+z)−1 :=
∫∞
0
e−ztϕ∗

−t dt, with the natural norm ‖u‖2DL2 (X) :=

‖u‖2L2 + ‖Xu‖2L2 on DL2(X) (coming from a Hilbert space structure similarly to Proposition
8.12).
Theorem 8.13. With C0 defined in (8.17) and u, s, c0 in Lemma 8.6, for Re(z) > C0 −
c0 min(|u|, s) we have that

X + z : D(X) → Hm(x,ξ)(M)

is a Fredholm operator of index zero. Moreover, for Re(z) large enough X + z is invertible.
Proof. Let us divide the proof into steps. The idea is to mimic the identity in (8.18) up
to finite time to construct an approximate inverse (inverse up to a compact operator). Set
P := AmXA

−1
m ∈ Ψ1

1−(M) and note that the claim is equivalent to showing that P + z :
DL2(P ) := {u ∈ L2(M) | Pu ∈ L2(M)} → L2(M) is Fredholm, with the natural norm on
DL2(P ).

Step 1. We claim that ϕ∗
−t : Hm(x,ξ)(M) → Hm(x,ξ)(M) is continuous for t ≥ 0 which is

by definition equivalent to showing the conjugate operator Amϕ∗
−tA

−1
m : L2(M) → L2(M) is

continuous. Simply write
Amϕ

∗
−tA

−1
m = ϕ∗

−tϕ
∗
tAmϕ

∗
−tA

−1
m

and note that ϕ∗
−t is bounded on L2(M), the middle term ϕ∗

tAmϕ
∗
−t ∈ Ψ

m◦Φt(x,ξ)
1− by the

change of variables formula (see Exercise 8.10, Item 1), and A−1
m ∈ Ψ

−m(x,ξ)
1− (M). By the

composition formula (see Exercise 8.10, Item 2), ϕ∗
tAmϕ

∗
−tA

−1
m belongs to Ψ

(m◦Φt−m)(x,ξ)
1− (M),

so by Lemma 8.6, Item 1 (it gives that (m ◦Φt −m)(x, ξ) ≤ 0 for |ξ| ≥ 1), we conclude that
this operator belongs to Ψ0

1−(M) and so is bounded on L2(M), proving the claim.
Step 2. Let T > 0 and let χT ∈ C∞([0,∞); [0, 1]) with compact support, such that

χT (t) = 1 for t ≤ T and χT (t) = 0 for t ≥ T + 1, and −2 ≤ χ′
T (t) ≤ 0. We observe the

following identity similar to (8.18) (note however that all the integrals here are finite):

(X + z)

∫ ∞

0

χT (t)e
−ztϕ∗

−t dt = Id+

∫ ∞

0

χ′
T (t)e

−ztϕ∗
−t dt. (8.20)
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Conjugate the previous identity with Am to get:

(P + z)

∫ ∞

0

χT (t)e
−ztAmϕ

∗
−tA

−1
m dt︸ ︷︷ ︸

Q(z):=

= Id+

∫ ∞

0

χ′
T (t)e

−ztAmϕ
∗
−tA

−1
m dt︸ ︷︷ ︸

R(z):=

. (8.21)

Our aim is to show that R(z) can be written as a sum of invertible (with small norm) and
compact operators on L2(M). Let b ∈ S0(T ∗M) be a symbol with values in [0, 1], positively
0-homogeneous for |ξ| ≥ 1 such that b = 1 in a conical neighbourhood of E∗

u ⊕E∗
s and b = 0

outside a slightly larger conical neighbourhood (so that in particular b = 0 on N0). Set
B := Op(b) ∈ Ψ0(M) and write

K1(z) :=

∫ ∞

0

χ′
T (t)e

−ztAmϕ
∗
−t(Id−B)A−1

m dt.

Step 3. We claim thatK1(z) ∈ Ψ−∞(M). Note that the principal symbol ofX is σX(x, ξ) =
iξ(X(x)), which is non-zero in the complement of E∗

u ⊕ E∗
s , and in particular X is elliptic

on the set of (x, ξ) ∈ T ∗M\ 0 where 1 − b(x, ξ) 6= 0. By the parametrix construction (see
Theorem 5.1), for each k ∈ N there exists E ∈ Ψ−k(M) such that XkE = Id−B +F , where
F ∈ Ψ−∞(M). Therefore

K1(z) +

∫ ∞

0

χ′
T (t)e

−ztAmϕ
∗
−tFA

−1
m dt =

∫ ∞

0

χ′
T (t)e

−ztAmϕ
∗
−tX

kEA−1
m dt

=

∫ ∞

0

χ′
T (t)e

−zt(−∂t)kAmϕ∗
−tEA

−1
m dt =

∫ ∞

0

∂kt
(
χ′
T (t)e

−zt)Amϕ∗
−tEA

−1
m dt,

where the term involving F belongs to Ψ−∞(M) (using Step 1), we wrote Xk = (−∂t)kϕ∗
−t

and integrated by parts in the second and third equalities, respectively. The last term belongs
to Ψ−k

1−(M), and since k was arbitrary, the claim follows.

Step 4. By Lemma 5.6 (its version for compact manifolds), we may write

Gt := ϕ∗
tAmϕ

∗
−tBA

−1
m = Dt +Kt, Dt ∈ Ψ0

1−(M), Kt ∈ Ψ−∞(M), t ∈ [T, T + 1],

such that ‖Dt‖L2→L2 ≤ ε + lim sup|ξ|→∞ supx∈M |σGt(x, ξ)|, for some fixed arbitrarily small
ε > 0. Note that σGt(x, ξ) = e(Gm◦Φt−Gm)(x,ξ)b(x, ξ) and using b = 0 on N0 we get

|σGt(x, ξ)| = e
∫ t
0 ∂s(Gm◦Φs)(x,ξ) dsb(x, ξ) = e

∫ t
0 XGm◦Φs(x,ξ) dsb(x, ξ) ≤ e−c0 min(|u|,s)t, |ξ| ≥ R.

(8.22)
Choose ε > 0 such that ‖Dt‖L2→L2 ≤ 2e−c0 min(|u|,s)t for t ∈ [T, T + 1]; note that we may
choose Dt and Kt to depend continuously on t. Set

K2(z) :=

∫ ∞

0

χ′
T (t)e

−ztϕ∗
−tKt dt ∈ Ψ−∞(M), D(z) :=

∫ ∞

0

χ′
T (t)e

−ztϕ∗
−tDt dt,

where K2(z) is smoothing since ϕ∗
−tKt : D′(M) → C∞(M) is continuous, hence smoothing.

Using (8.22), properties of χT , and (8.17), we conclude that

‖D(z)‖L2→L2 ≤ 4

∫ T+1

T

e−
(
Re(z)−C0+c0 min(|u|,s)

)
t dt ≤ 4e−

(
Re(z)−C0+c0 min(|u|,s)

)
T

Re(z)− C0 + c0 min(|u|, s)
.
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Take T large enough so that ‖D(z)‖L2→L2 ≤ 1
2
. Writing K(z) := K1(z) +K2(z) we proved

that
Id+R(z) = Id+D(z) +K(z),

where Id+D(z) is invertible on L2(M) (by Neumann series), and K(z) ∈ Ψ−∞(M) is com-
pact acting on L2(M), which shows that Q(z)(Id+D(z))−1 is a right approximate inverse.

Step 5. Let us show that (Id+D(z))−1Q(z) is a left approximate inverse on DL2(P ).
It follows from (8.21) that Q(z) maps DL2(P ) to itself continuously. Observe next that
P and Q(z) commute and hence [P,D(z)] = −[P,K(z)] ∈ Ψ−∞(M), which implies that
Id+D(z) is a map on DL2(P ). (Here we use that smoothing operators map DL2(P ) to
C∞(M) ⊂ DL2(P ).) Equivalently [P, (Id+D(z))] = −[P,K(z)] ∈ Ψ−∞(M), which implies
that on DL2(P ) we have

P (Id+D(z))−1 = (Id+D(z))−1P + (Id+D(z))−1[P,K(z)](Id+D(z))−1.

This implies that Id+D(z) : DL2(P ) → DL2(P ) is an isomorphism, and using that K(z) :
DL2(P ) → DL2(P ) is compact (as it maps DL2(P ) to H2(M), compactly contained in
H1(M) ⊂ DL2(P )), this completes the proof of the first part of the lemma.

Step 6. To show that X + z : D(X) → Hm(x,ξ)(M) is invertible for Re(z) large enough, it
is possible (following Step 1) to show that Amϕ∗

−tA
−1
m is a continuous family of operators on

L2(M) for t ≥ 0. Therefore there exists C ≥ 0 such that supt∈[0,1] ‖Amϕ∗
−tA

−1
m ‖L2→L2 = eC ,

and it follows that for arbitrary t ≥ 0 we have
‖Amϕ∗

−tA
−1
m ‖L2→L2 ≤ eC(t+1).

This shows that for Re(z) large enough, we have ‖R(z)‖L2→L2 ≤ 1
2
and so Id+R(z) is

invertible on L2(M). By (8.18) we conclude that X + z is an isomorphism for Re(z) large
enough, completing the proof. �

Let us record an immediate corollary of this theorem to the existence of the resolvent.

Corollary 8.14. The resolvent map z 7→ (X + z)−1 : Hm(x,ξ)(M) → D(X) ⊂ Hm(x,ξ)(M) is
meromorphic in the region Re(z) > C0 − c0 min(|u|, s) of the complex plane.

Proof. According to Theorem 8.13, X + z : D(X) → Hm(x,ξ)(M) is a holomorphic family of
Fredholm operators in the mentioned region (in the sense of Definition 8.17), invertible for
Re(z) large enough. Therefore the Analytic Fredholm Theorem 8.18 applies and proves the
claim directly. �

Next we show that the eigenvalues ofX on D(X) are intrinsic, that is, the set of z satisfying
Re(z) > C0 − c0 min(|u|, s) for which ker(X + z) 6= {0} does not depend on the choice of the
space Hm(x,ξ)(M).

Theorem 8.15. Let m̃ and Gm̃ be an order and an escape function respectively satisfying
the properties of Lemma 8.6 for some ũ < 0 < s̃. Let D := min(min

(
|u|, s),min(|ũ|, s̃)

)
.

Then for z satisfying Re(z) > C0 − c0D, the eigenvalues and the corresponding eigenspaces
of X + z acting on Hm(x,ξ)(M) and Hm̃(x,ξ)(M) coincide.

Proof. According to the second part of Theorem 8.13 and (8.19), there exists C > 0 suffi-
ciently large such that X + z is an isomorphism on L2(M), Hm(x,ξ)(M), and Hm̃(x,ξ)(M)
(with appropriate domain) for Re(z) > C, with inverse denoted by RL2(z), RHm(x,ξ)(z), and
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RHm̃(x,ξ)(z), respectively. Let U < 0 < S be such that U < m(x, ξ), m̃(x, ξ) < S for all
(x, ξ) ∈ T ∗M; then

HU(M) ⊂ Hm(x,ξ)(M),Hm̃(x,ξ)(M) ⊂ HS(M),

and therefore R(z) := RL2(z) = RHm(x,ξ)(z) = RHm̃(x,ξ)(z) on HS(M) for Re(z) > C. More-
over, by Corollary 8.14 R(z) : HS(M) → HU(M) admits a meromorphic continuation that
agrees with RHm(x,ξ)(z) and RHm̃(x,ξ)(z) (restricted to HS(M)) for Re(z) > C0 − c0D. If
we take z in this region and a small positively oriented circle γ around z not including any
eigenvalues except possibly z, we conclude that on HS(M)

ΠHm(x,ξ)

z = ΠHm̃(x,ξ)

z =
1

2πi

∮
γ

R(w) dw.

Since HS(M) is dense in Hm(x,ξ)(M) and Hm̃(x,ξ)(M), and these spectral projectors have
finite rank, by Lemma 8.19 we conclude that the ranges of ΠHm(x,ξ)

z and ΠHm̃(x,ξ)

z agree, which
implies the required conclusion. �

Eigenvalues of X + z acting on anisotropic Sobolev spaces are called Pollicott-Ruelle reso-
nances. The corresponding eigenfunctions u ∈ Hm(x,ξ)(M) are called Pollicot-Ruelle resonant
states or generalised Pollicot-Ruelle resonant states if (X + z)u = 0 or there exists J ≥ 1
such that (X + z)Ju = 0, respectively. These are well-defined by Theorem 8.15. For brevity
we will often drop the ‘Pollicott-Ruelle’.

Lemma 8.16. Assume u ∈ Hm(x,ξ)(M) is a generalised resonant state satisfying (X+z)u = 0
for some z ∈ C. Then WF(u) ⊂ E∗

u and Re(z) ≤ 0.

Proof. Since by Theorem 8.15 the spectrum is intrinsic, we are free to choose our anisotropic
Sobolev space satisfying Lemma 8.6. Indeed, we may take n0 and s in this lemma arbitrarily
large, such that m(x, ξ) is arbitrarily large for |ξ| ≥ 1 and outside of an arbitrarily small
conical neighbourhood of E∗

u. It follows that WF(u) ⊂ E∗
u.

For the last statement, note that the resolvent

(X + z)−1 =

∫ ∞

0

e−ztϕ∗
−t dt,

is well-defined for Re(z) > 0 as a map C0(M) → C0(M) and is invertible. Arguing similarly
as in Theorem 8.15 using that C∞(M) and HN(M) are dense in Hm(x,ξ) and C0(M), and
that the two resolvents agree for Re(z) � 1, we conclude there are no poles for Re(z) > 0. �

8.5. Meromorphic continuation of operators. In this section we set up a theoretical
framework for defining a meromorphic family of resolvents z 7→ (X + z)−1. For a reference
on the material in this section, see [1, Section C.3]. Let X and Y be Banach spaces, and
denote by L(X,Y ) the Banach space of continuous linear maps between X and Y . We start
with

Definition 8.17. Let Ω ⊂ C be an open connected set and for z ∈ Ω let B(z) ∈ L(X,Y ).
We say that z 7→ B(z) is:

1. holomorphic, if for every x ∈ X and y∗ ∈ Y ∗ (the dual of Y ), we have Ω 3 z 7→
y∗(B(z)x) is holomorphic;
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2. meromorphic, if for any z0 ∈ Ω there exist operators (Bj)
J
j=1 ⊂ L(X,Y ) of finite rank

and a family of operators z 7→ B0(z) defined and holomorphic in a neighbourhood U
of z0, such that

B(z) = B0(z) +
J∑
j=1

Bj

(z − z0)j
, z ∈ U \ z0.

There is a natural class of meromorphic operators arising in practise. This is recorded by
the following theorem, known as the Analytic Fredholm Theorem:
Theorem 8.18. Let Ω ⊂ C be a connected open set and assume that X ⊂ Y is a continuous
inclusion. If for every z ∈ Ω, P + z : X → Y is a Fredholm operator and there exists a
z0 ∈ Ω such that P + z0 : X → Y is an isomorphism, then z 7→ (P + z)−1 ∈ L(Y,X) is a
meromorphic family of operators on Ω. Moreover, define for z ∈ Ω

Πz :=
1

2πi

∮
z

(w + P )−1 dw,

where the contour integral is along a small positively oriented circle around z including no
poles of (w + P )−1 except possibly z. Then Πz is a bounded projection of finite rank, that is:

Π2
z = Πz, Πz : Y → X ⊂ Y,

and there exists a neighbourhood U of z, J ∈ N0, and a holomorphic U 3 w 7→ B(w) ∈
L(Y,X) such that

(P + w)−1 = B0(w) +
J∑
j=1

(−(P + z))j−1Πz

(w − z)j
, w ∈ U \ z.

Moreover, J is the smallest non-negative integer such that ker(P + z)J |X = ran(Πz) (and the
composition is well-defined).

We conclude this section with an elementary lemma.
Lemma 8.19. Let F : X → Y be a finite rank operator and Z ⊂ X a dense subspace. Then
F (Z) = F (X).
Proof. Let x1, . . . , xr ∈ X be such that F (x1), . . . , F (xr) form a basis of F (X). By the
equivalence of norms on finite dimensional spaces, there is a constant C > 0 such that

1

C
max
i

|ai| ≤ ‖
r∑
i=1

aiF (xi)‖X ≤ Cmax
i

|ai|, (8.23)

for any ai ∈ C. Let ε > 0 and take zi ∈ Z such that ‖zi − xi‖X < ε for i = 1, . . . , r. Then
for an r × r matrix A we may writeF (z1)...

F (zr)

 = A

F (x1)...
F (xr)


This implies that the norm of each entry of (A − Id)

F (x1)...
F (xr)

 is less than ε‖F‖X→Y , and

consequently by (8.23) that each entry of A− Id has absolute value bounded by Cε‖F‖X→Y .
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Taking ε > 0 small enough, we get that A is invertible and therefore F (z1), . . . , F (zr) span
F (X), completing the proof. �

8.6. Ergodicity. In this section we assume that the Anosov flow (ϕt)t∈R preserves the
smooth volume form Ω. We will say that (ϕt)t∈R is ergodic with respect to Ω if any u ∈ L1(M)
satisfying Xu = 0 is a constant function. Note that −X generates the Anosov flow (ϕ−t)t∈R
which has Eu and Es as stable an unstable bundles, respectively.

Since the flow preserves Ω, we have ‖ϕ∗
tu‖Lp = ‖u‖Lp for any u ∈ Lp(M) and p ∈ [1,∞].

Denote by R±(z) the corresponding resolvents, defined on Lp(M) for Re(z) > 0 and any
p ∈ [1,∞] by the following formula:

R±(z) := (±X + z)−1 =

∫ ∞

0

e−ztϕ∗
∓t dt. (8.24)

It follows that there are no Pollicott-Ruelle resonances for Re(z) > 0 and that

‖R±(z)‖Lp→Lp ≤ 1

Re(z)
, Re(z) > 0, p ∈ [1,∞]. (8.25)

Let H±(M) be some anisotropic Sobolev space constructed with respect to ±X such that
R±(z) : H±(M) → H±(M) is meromorphic for Re(z) > −C1, for some C1 > 0. Denote by
Π± the spectral projectors at zero with respect to ±X. It follows from the above formulas
and meromorphic continuation that

R+(z)
∗ = R−(z), (Π+)

∗ = Π−, (8.26)
where the superscript ∗ denote the L2-adjoint. We start with an auxiliary lemma.

Lemma 8.20. Assume u ∈ L1(M) satisfies Xu = iλu for some λ ∈ R. Then u ∈ C∞(M).

Before proving the lemma, we apply it to show ergodicity of (ϕt)t∈R.

Theorem 8.21. The volume-preserving Anosov flow (ϕt)t∈R is ergodic with respect to Ω.

Proof. Let u ∈ L1(M) such that Xu = 0. By Lemma 8.20 we have that u ∈ C∞(M). Let v ∈
Es(x) for some x ∈ M. Using that ϕ∗

tu = u for all t ∈ R, we get du(x)(v) = du(ϕtx)(dϕt(x)v)
and letting t → ∞ by the Anosov condition (8.1), we get du(x)(v) = 0. Similarly by letting
t → −∞ and v ∈ Eu(x) we get du(x)(v) = 0. By the assumption du(x)(X(x)) = 0 and
therefore du ≡ 0 which implies that u is constant, proving the claim. �

end of Lecture 14, 20.12.2022
Proof of Lemma 8.20. Let us assume that λ = 0 (the other cases follow similarly). Firstly,
observe that constant functions are resonant states of X. Moreover, if there exists a gen-
eralised resonant state u such that X2u = 0 and Xu 6= 0, by Lemma 8.19 we may write
u = Π+v for some v ∈ C∞(M). Therefore R+(z)v = OH+

(
1

Re(z)2

)
as Re(z) → 0+ which

contradicts (8.25). Similar argument applies to −X and so we may write close to z = 0

R±(z) = Rhol
± (z) +

Π±

z
, (8.27)

where z 7→ Rhol
± (z) : H±(M) → H±(M) are holomorphic. Let (un)

∞
n=1 ⊂ C∞(M) be a

sequence such that un → u in L1(M), and define vn := Π+un ∈ kerX|H+ .
Step 1: we claim that ‖vn‖H+ is bounded and argue by contradiction, assuming (up to

taking a subsequence) ‖vn‖H+ → ∞. Since kerX|H+ is finite-dimensional, we may further
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assume vn
∥vn∥H+

→ v∞ ∈ H+ for some v∞ ∈ H+ with ‖v∞‖H+ = 1. Let ψ ∈ C∞(M) be a test
function. Then:

〈v∞, ψ〉 = 〈v∞ − vn
∥vn∥H+

, ψ〉+ 1
∥vn∥H+

〈un,Π−ψ〉

= 〈v∞ − vn
∥vn∥H+

, ψ〉+ 1
∥vn∥H+

〈un, (zR−(z)− zRhol
− (z))ψ〉,

where we used (8.26) in the first equality and (8.27) in the second line. Note that
|〈un, zR−(z)ψ〉| ≤ ‖un‖L1‖zR−(z)ψ‖L∞ ≤ 2‖u‖L1‖ψ‖L∞ , (8.28)

for n large enough, where we used (8.25) in the last estimate. Let us fix ε > 0. Then for n
large enough

|〈v∞ − vn
∥vn∥H+

, ψ〉| ≤ ε, ‖vn‖−1
H+ ≤ ε. (8.29)

Note also that zRhol
− (z) : H+ → H+ is uniformly bounded, and therefore taking |z| small

enough (depending on n and ε), combining with (8.28) and (8.29) implies that, for some
C > 0

|〈v∞, ψ〉| ≤ Cε.

Since ε > 0 was arbitrary, we get that v∞ = 0, contradicting ‖v∞‖H+ = 1.
Step 2: now ‖vn‖H+ is bounded, and again using that kerX|H+ is finite-dimensional we

may assume that vn → v∞ in H+. We claim that v∞ = u. For that purpose, fix ε > 0 and
note that (X + z)u = zu implies that u = zR+(z)u for all z with Re(z) > 0. Therefore for
all test functions ψ ∈ C∞(M):

〈u, ψ〉 = 〈zR+(z)(u− un), ψ〉+ 〈zR+(z)un − vn, ψ〉+ 〈vn − v∞, ψ〉+ 〈v∞, ψ〉.
Arguing similarly to Step 1, observe that by (8.25) and for n large enough we have:

|〈zR+(z)(u− un), ψ〉| ≤ ‖u− un‖L1‖ψ‖L∞ ≤ ε, Re(z) > 0. (8.30)
Also, since vn → v∞ in D′(M), taking n large enough we may assume that |〈vn − v∞, ψ〉| ≤ ε.
Finally, since zR+(z)un − vn = zRhol

+ (z)un by (8.27), and Rhol
+ (z) : H+ → H+ is uniformly

bounded we observe
|〈zR+(z)un − vn, ψ〉| = |z||〈AmRhol

+ (z)un, A
−1
m ψ〉|

≤ |z|‖Rhol
+ (z)‖H+→H+‖un‖H+‖A−1

m ψ‖L2 ≤ ε,

for |z| small enough (depending on both n and ε), where we used that A∗
m = Am. Everything

combined shows |〈u− v∞, ψ〉| ≤ 3ε, and since ε > 0 and ψ were arbitrary, we get u ≡ v∞ ∈
H+.

Step 3. The same argument as in Step 2 applied to −X shows that u ∈ H−. Since by
Lemma 8.6 we may construct H± such that H+ ∩ H− ⊂ Hn0(M) and take n0 arbitrarily
large, by Sobolev embedding we get that u ∈ C∞(M), completing the proof. �
8.7. Mixing. Let us now get to the stronger mixing properties. We say that (ϕt)t∈R is
mixing with respect to Ω if

〈ϕ∗
−tf, g〉L2 =

∫
M
ϕ∗
−tf · ḡΩ →t→∞

(∫
M
f Ω

)(∫
M
ḡΩ

)
, ∀f, g ∈ L2(M).

By subtracting from f and g their average, mixing is equivalent to the fact that 〈ϕ∗
−tf, g〉L2 →

0 for all f, g ∈ L2(M) with zero average. It is possible to give a spectral characterisation of
mixing:
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Lemma 8.22. The volume-preserving Anosov flow (ϕt)t∈R is mixing with respect to Ω if and
only if there are no non-constant L2(M) eigenfunctions on the imaginary axis, that is, we
have u ∈ L2(M) with (X + iλ)u = 0 for some λ ∈ R implies λ = 0 and u is constant.

Proof. Now, if (X + iλ)u = 0 for some 0 6= λ ∈ R and 0 6≡ u ∈ L2(M), then clearly u has
zero average and ϕ∗

−tu = eiλtu for t ∈ R. Therefore 〈ϕ∗
−tu, u〉L2 = eiλt‖u‖2L2 which does not

converge to zero.
It remains to show the other direction, that is, to show the flow is mixing given that there

are no L2-eigenfunctions on the imaginary axis. We will make use of the spectral theorem
for unbounded self-adjoint operators. The operator −iX is a closed (by Proposition 8.12),
unbounded, self-adjoint operator, with domain DL2(X) ⊂ L2(M). Therefore the spectral
theorem applies, and by the functional calculus we have ϕ∗

−t = e−tX on L2(M). Given
u, v ∈ L2(M) denote by dµu,v the spectral measure (defined on the Borel sets of R) satisfying
for any bounded Borel function f that

〈f(−iX)u, v〉L2 =

∫
R
f dµu,v.

Note that dµu,v is a finite measure, and when f is a characteristic function of a Borel set
f(−iX) is an orthogonal projector on L2(M). Next, we record Stone’s formula that expresses
the spectral measure in terms of the resolvent, for any real numbers a < b, and u ∈ C∞(M):
1

2

(
1[a,b](−iX) + 1(a,b)(−iX)

)
u = lim

ε→0+

1

2πi

∫ b

a

(
(−iX − (λ+ iε))−1 − (−iX − (λ− iε))−1

)
u dλ

= lim
ε→0+

1

2π

∫ b

a

(
R−(iλ+ ε) +R+(−iλ+ ε)

)
u dλ.

If there are no resonances of ±X in the set −i[a, b], by the meromorphic continuation we
may take the limit to get − 1

2π

∫ b
a

(
R−(iλ) +R+(−iλ)

)
u dλ. Therefore

|dµu,v((a, b))| ≤ |b− a| sup
λ∈(a,b)

|〈
(
R−(iλ) +R+(−iλ)

)
u, v〉L2 |,

which in turn implies that dµu,v is absolutely continuous with respect to the Lebesgue measure
outside of the resonances of ±X. Note that this is also true for any u, v ∈ L2(M) by the
continuity of the spectral measure with respect to u, v and density of C∞(M) ⊂ L2(M). In
fact, by taking the holomorphic part of the resolvents, we get that

dµac
u,v(λ) := − 1

2π

〈(
Rhol

− (iλ) +Rhol
+ (−iλ)

)
u, v

〉
L2 dλ

is the absolutely continuous part of dµu,v, that is, there is a splitting
dµu,v = dµac

u,v + dµpp
u,v,

where dµpp
u,v is pure point, that is, it is supported on the resonances of ±X. However, by the

spectral theorem we know that λ ∈ supp(dµpp
u,v) if and only if λ is an L2-eigenvalue of X, that

is, there exists u ∈ L2(M) such that Xu = iλu. By assumption this implies that λ = 0 and u
is constant. Now note that we may restrict the domain of−iX toDL2(M)∩1⊥ ⊂ L2(M)∩1⊥,
where 1⊥ is the L2 orthogonal to the constant function 1 equal to 1 everywhere, that is, the
space of functions with zero average. Then exactly the same argument as above applies and
shows u = 0. Thus dµpp

u,v = 0 and dµu,v is absolutely continuous with respect to the Lebesgue
measure.
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Therefore by the spectral theorem we may write

〈ϕ∗
−tu, v〉L2 = 〈e−itλ(−iX)u, v〉L2 =

∫
R
e−itλ dµu,v

= − 1

2π

∫
R
e−itλ

〈(
Rhol

− (iλ) +Rhol
+ (−iλ)

)
u, v

〉
L2︸ ︷︷ ︸

F (λ):=

dλ,

where since dµu,v is a finite measure we get that F (λ) ∈ L1(R, dλ). Writing 〈ϕ∗
−tu, v〉L2 =

− 1
2π
F̂ (λ) and applying the Riemann-Lebesgue lemma (see Proposition 1.19, Item 1) implies

that 〈ϕ∗
−tu, v〉L2 →t→∞ 0.

Let us now show by a simple density argument that this implies mixing. Let u, v ∈ L2(M)
with zero average and let un, vn ∈ C∞(M) ∩ 1⊥ be such that un → u and vn → v in L2(M)
as n→ ∞, and assume ‖un‖L2 ≤ 2‖u‖L2 and ‖vn‖L2 ≤ 2‖v‖L2 for all n. Therefore

|〈ϕ∗
−tu, v〉L2 | ≤ |〈ϕ∗

−t(u− un), v〉L2 |+ |〈ϕ∗
−tun, v − vn〉L2 |+ |〈ϕ∗

−tun, vn〉L2 |
≤ ‖u− un‖L2‖v‖L2 + 2‖u‖L2‖v − vn‖L2 + |〈ϕ∗

−tun, vn〉L2 |.
Let ε > 0 be arbitrary, and take n large enough so that ‖u− un‖L2 < ε and ‖v − vn‖L2 < ε,
and t large enough such that |〈ϕ∗

−tun, vn〉L2 | < ε. Thus for t large enough
|〈ϕ∗

−tu, v〉L2 | ≤ (‖u‖L2 + 2‖v‖L2 + 1)ε,

and since ε was arbitrary this concludes the proof. �
Next we prove an auxiliary lemma saying that

Lemma 8.23. The volume-preserving Anosov flow (ϕt)t∈R is transitive, that is, there exists
a point x ∈ M such that the orbit {ϕtx | t ∈ R} ⊂ M is dense.
Proof. Let (Uj)∞j=1 ⊂ M be a base of open sets for the topology on M. Assume x ∈ M does
not have a dense orbit: then there exists j such that x ∈ Sj := M\ ∪t∈Rϕt(Uj). Note that
each Sj is flow-invariant, but not of full measure (since the measure of Uj is non-zero) so by
ergodicity of (ϕt)t∈R (see Theorem 8.21) we get that Aj has zero measure. Assuming the flow
is not transitive, we get M = ∪jAj which is a contradiction since the measure of the right
hand side is zero. This completes the proof. �

Finally, we are able to characterise Anosov flows that are not mixing by the following
result, known as the Anosov alternative:
Theorem 8.24. The volume-preserving Anosov flow (ϕt)t∈R is not mixing with respect to
Ω if and only if it is a suspension of an Anosov diffeomorphism f : M → M of a closed
manifold M (recall suspensions were introduced in Example 8.2).
Proof. If M =M × [0, 1]/ ∼ is a suspension (up to diffeomorphism) of an Anosov diffeomor-
phism f : M → M , then the function F : M 3 (x, θ) 7→ e2πiθ ∈ S1 descends to a smooth
function on the quotient M which satisfies (X−2πi)F = 0, and hence the flow is not mixing
by Lemma 8.22.

Conversely, assume the flow is not mixing, so by Lemma 8.22 there exists u ∈ L2(M)
and 0 6= λ ∈ R such that (X + iλ)u = 0. Since u ∈ L2(M) ⊂ L1(M), by Lemma 8.20
we get u ∈ C∞(M). Moreover, X|u|2 = Xu · u + u · Xu = (−iλ + iλ)|u|2 = 0, and so by
ergodicity we get |u| is constant, and up to rescaling we can assume that |u| ≡ 1. Integrating
∂tϕ

∗
tu = ϕ∗

tXu = −iλϕ∗
tu, we get ϕ∗

tu = e−iλtu for all t ∈ R, which implies that u : M → S1
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is a submersion and so we may define codimension 1 smooth submanifolds Mθ := u−1(eiθ)
for θ ∈ R. Observe that for all t ∈ R

ϕt(Mθ) = ϕt(u
−1(eiθ)) = (ϕ∗

−tu)
−1(eiθ) = u−1(ei(θ−λt)) =Mθ−λt, (8.31)

and so all (Mθ)θ∈R are diffeomorphic to M0.
Note that M0 could have several connected components and let N ⊂ M0 be one of them.

By Lemma 8.23 there exists a point x ∈ N with a dense orbit which in particular needs to
cross N at some time. Hence there exists a minimal time T > 0 such that ϕTx ∈ N and thus
ϕT (N) = N . Note that T = 2πk

λ
by (8.31), for some positive integer k. Define the map

D̃ : N × R 3 (x, θ) 7→ ϕθx ∈ M,

and note that it descends to a smooth map D on the mapping torus S := N × [0, T ]/ ∼,
where (x, 1) ∼ (ϕTx, 0), since D̃(x, θ+ T ) = ϕT D̃(x, θ). Observe that D is injective: indeed,
if D(x, θ) = D(y, η) for some x, y ∈ N and θ, η ∈ [0, T ), then ϕθ−ηx = y ∈ N implying by the
definition of T that θ − η ∈ TZ, and so θ = η implying further x = y. Note that D is also
an immersion because N is transversal to the flow direction and hence D is an embedding
which is necessarily onto because M is connected, hence a diffeomorphism onto M.

If ψt(x, θ) = (x, θ + t) is the vertical flow (descending to S), we observe that

D̃ψt(x, θ) = D̃(x, θ + t) = ϕθ+tx = ϕtD̃(x, θ), θ, t ∈ R, x ∈ N

and hence D is a diffeomorphism that conjugates ψt and ϕt. It remains to show that ϕT :
N → N is a volume-preserving Anosov diffeomorphism. To define a volume form on N ,
note that X is transversal to N and so the restriction of ΩN := ιXΩ to N is a volume form
(here ιX denotes contraction). Observe that ϕT preserves ΩN since indeed ϕ∗

TX = X and so
ϕ∗
TΩN = ιXϕ

∗
TΩ = ΩN . To show the Anosov property, it suffices to show that Eu/s(x) ⊂ TxN

for x ∈ N ; then the Anosov property of ϕT follows from the one of (ϕt)t∈R. To prove the
former, let v ∈ Es(x) for some x ∈ N and write v = aX(x) + u, where u ∈ TxN and a ∈ R.
For any m ∈ N, we see that

dϕmT (x)(v) = adϕmT (x)(X(x)) + dϕmT (x)(u) = aX(ϕmTx) + dϕmT (x)(u)︸ ︷︷ ︸
∈TφmT (x)N

.

If we let m → ∞ the left hand side converges in norm to zero by the Anosov condition,
and so by transversality of X and N we must have a = 0. Therefore Es(x) ⊂ TxN and a
similar argument shows that Eu(x) ⊂ TxN , showing TxN = Eu(x) ⊕ Es(x) and completing
the proof. �

8.8. Speed of mixing.

9. Sinai-Ruelle-Bowen measure

The goal of this section is to introduce a natural measure, called Sinai-Ruelle-Bowen (SRB)
measure which is a natural replacement for the volume form in the dissipative (non-volume
preserving) case, and to give it a microlocal interpretation.
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9.1. Spectral approach to SRB measures. In what follows, we will revisit the proof of
Theorem 8.13 and some of its notation. Recall we took T > 0 and χT ∈ C∞([0,∞); [0, 1])
with compact support, such that χT (t) = 1 for t ≤ T and χT (t) = 0 for t ≥ T + 1, and
−2 ≤ χ′

T (t) ≤ 0; recall (8.20) reads

(X + z)

∫ ∞

0

χT (t)e
−ztϕ∗

−t dt︸ ︷︷ ︸
Q(z):=

= Id−
∫ ∞

0

(−χ′
T (t))e

−ztϕ∗
−t dt︸ ︷︷ ︸

R(z):=

. (9.1)

Throughout the section will write ψ := −χ′
T and Π(iλ) for the spectral projector at τ = 1 of

R(iλ) (see the next lemma to see this is well defined). We will use the notation ResX(z) to
denote the space of resonant states of X at z. We will say that a bounded operator T on a
Banach space B has essential spectral radius r > 0 if T − λ is Fredholm for |λ| > r.

Lemma 9.1. Let λ ∈ R. The following holds:

1. R(iλ) has essential spectral radius < 1.
2. R(iλ) has no eigenvalues for |z| > 1.
3. R(iλ) has an eigenvalue τ ∈ S1 if and only if iλ is a resonance of X, in which case
τ = 1 and the pole is of order ≤ 1.

4. As bounded operators on H, we have

lim
k→∞

R(iλ)k = Π(iλ).

Proof. Item 1. By the proof of Theorem 8.13, if T > 0 is large then we may write R(iλ) =
D + K where K is smoothing and D satisfies ‖D‖H→H ≤ 1

2
. The first claim then follows

directly.

Item 2. For the second claim, observe firstly that for |z| > ‖R(iλ)‖H→H we have

(z −R(iλ))−1 = z−1
∑
k≥0

z−kR(iλ)k, (9.2)

as an operator H → H. Note that by the Analytic Fredholm Theorem and the first item, the
resolvent (z − R(iλ))−1 extends meromorphically to |z| > r for some r < 1. Next, observe
that by definition of R(iλ) for any f ∈ C0(M) we have

‖R(iλ)f‖C0 ≤
∫ ∞

0

(−χ′
T (t))‖ϕ∗

−tf‖C0 dt = ‖f‖C0 .

Therefore, similarly to (9.2), the Neumann series of the resolvent (z−R(iλ)−1 converges and
gives an operator C0(M) → C0(M) for |z| > 1.

The two resolvents agree for |z| � 1 on C∞(M) and HN(M) for some N � 1; similarly
to the proof of Theorem 8.15 we derive that R(iλ) has no eigenvalues for |z| > 1, proving
the claim.
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Item 3. Observe that

R(iλ)k =
(∫ ∞

0

(−χ′
T (t))e

−itλϕ∗
−t dt

)k
=

∫
Rk

(−χ′
T (t1)) · · · (−χ′

T (tk))e
−iλ(t1+···+tk)ϕ∗

−(t1+···+tk) dt1 · · · dtk

=

∫ ∞

0

ψ(k)(t)e−itλϕ∗
−t dt,

(9.3)

where ψ(k) denotes the k-fold convolution. If u, v ∈ C∞(M), it follows that

|〈R(iλ)u, v〉L2 | ≤ ‖u‖C0‖v‖C0R(0)k1 = ‖u‖C0‖v‖C0 ,

where we used that R(0)1 = 1. Therefore if |z| > 1 and u, v ∈ C∞(M)

|〈z(z −R(iλ)−1u, v〉L2 | ≤
∑
k≥0

|z|−k|〈R(iλ)u, v〉L2 | ≤ (1− |z|−1)−1‖u‖C0‖v‖C0 .

Assume (z−R(iλ))−1 has a pole of order ≥ 2 at τ ∈ S1. By density, there exist u, v ∈ C∞(M)
such that 〈(z −R(iλ))−1u, v〉 has a pole of degree ≥ 2 at τ ; but this contradicts the preceding
inequality and shows τ can only be a pole of degree ≤ 1.

For the other part of the third item, if u is a resonant state of X + iλ, then clearly
u = R(iλ)u is also an eigenfunction with eigenvalue 1 of R(iλ). Conversely, observe R(iλ)
commutes with X and hence so does Π(iλ); thus X acts on ranΠ(iλ). Thus we may take
0 6= u ∈ H such that R(iλ)u = τu and (X + z)u = 0 for some z ∈ C. The latter equation
implies ϕ∗

−tu = eztu for t ∈ R and so

τu = R(iλ)u =

∫ ∞

0

ψ(t)e−iλtϕ∗
−tu dt = u · ψ̂(λ+ iz),

which implies τ = ψ̂(λ+ iz). Thus we have

1 = |ψ̂(λ+ iz)| ≤
∫ ∞

0

eRe(z)tψ(t) dt ≤
∫ ∞

0

ψ(t) dt = 1,

where we used that Re(z) ≤ 0 since there are no resonances with positive real part.
This implies that Re(z) = 0 and moreover that z = iλ and τ = 1, completing the proof of

the third item.

Item 4. For the fourth statement, by the first and third points we write R(iλ) = Π(iλ) +
K(iλ), where K(iλ) has spectral radius < 1, i.e. z −K(iλ) is invertible for |z| > r for some
r < 1. By definition of a spectral projector, Π(iλ) commutes with R(iλ) and so it commutes
with K(iλ) as well. Moreover

Π(iλ)K(iλ) = K(iλ)Π(iλ) = (R(iλ)− Π(iλ))Π(iλ) = 0,

where in the last equality we used Π(iλ)2 = Π(iλ) and R(iλ) fixes elements of ranΠ(iλ). By
Gelfand’s spectral radius formula, there exist 0 < r < 1 and N0 such that

‖K(iλ)N‖H→H ≤ rN , N ≥ N0.

It follows that R(iλ)k = Π(iλ) +K(iλ)k → Π(iλ) as k → ∞, completing the proof. �
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Note that the pairing
Hm(x,ξ) ×H−m(x,ξ) 3 (u, v) 7→ 〈u, v〉L2

is well-defined and non-degenerate (by the properties of Am). Via this pairing we may identify
the dual (Hm(x,ξ))′ with H−m(x,ξ). Recall we fixed a probability volume form Ω and wrote
div(X) for the divergence of X with respect to Ω, i.e. LX Ω = div(X)Ω; we will write
X∗ = −X − div(X) for the L2-adjoint of X. Then, we have

Lemma 9.2. The projector Π(iλ) does not depend on the choices made in defining R(iλ).
More precisely, if v1, . . . , vJ ∈ D′

E∗
u
(M) and w1, . . . , wJ ∈ D′

E∗
s
(M) form a basis of resonant

states of X at iλ and of X∗ at −iλ such that 〈vi, wj〉L2 = δij for i, j = 1, . . . , J , then

Π(iλ)(•) =
J∑
i=1

vi〈•, wi〉.

Proof. By Theorem 8.15 and Lemma 9.1, we may write Π(iλ)(•) =
∑J

i=1 vi〈•, w̃i〉L2 for some
w̃i ∈ H−m(x,ξ). Again by Lemma 9.1 (item 3) we have (X + iλ)Π(iλ) ≡ Π(iλ)(X + iλ) ≡ 0.
This implies that (X∗ − iλ)w̃i = 0 for all i = 1, . . . , J .

Now, write RX(z) := R(z) to emphasise the dependence on X, and write

RX∗(z) =

∫ ∞

0

ψ(t)e
∫ t
0 φ

∗
s div(X) dse−ztϕ∗

t dt. (9.4)

One can similarly define QX∗(z) so that QX∗(z)(X∗ + z) = Id−RX∗(z) and argue as in the
proof of Theorem 8.13 to show that the resolvent (X∗ + z)−1 admits a suitable meromorphic
continuation on H−m(x,ξ). In fact, as follows from definition (9.4) we have (RX(iλ))

∗ =
RX∗(−iλ) in the sense of L2 adjoints:

〈RX(iλ)u, v〉L2 = 〈u,RX∗(−iλ)v〉L2 , u ∈ Hm(x,ξ), v ∈ H−m(x,ξ).

Therefore, also
Π(iλ)∗ = ΠX∗(−iλ), (9.5)

where ΠX∗(−iλ) denotes the spectral projector onto τ = 1 of RX∗(−iλ). It follows that for
any smooth u, v

〈Π(iλ)u, v〉L2 =
J∑
i=1

〈vi, v〉〈u, w̃i〉 = 〈u,
J∑
i=1

w̃i〈v, vi〉〉,

that is, ΠX∗(−iλ) =
∑J

i=1 w̃i〈v, vi〉. This implies that (w̃i)Ji=1 is a basis of resonant states of
X∗ at −iλ, and in fact wi = w̃i for all i. �

The following theorem constructs the SRB measures and gives their microlocal interpre-
tation. We will write 〈•, •〉 for the distributional pairing (to be distinguished from the L2

pairing 〈•, •〉L2 which is sesquilinear).

Theorem 9.3. The following points hold:
1. For any v ∈ C∞(M,R>0),

µv : C
∞(M) 3 u 7→ 〈Π(0)u, v〉

is a non-negative Radon measure invariant by the flow, called SRB measure.



LECTURE NOTES: MICROLOCAL METHODS 71

2. We have
span{µv | v ∈ C∞(M,R>0)} = Π(0)∗(C∞(M)),

where Π(0)∗ is the L2 adjoint of Π(0). Equivalently, Π(0)∗(C∞(M)) can be interpreted
as the set of complex measures with wavefront set in E∗

s invariant by the flow.
3. For any λ ∈ R and v ∈ C∞(M), the map

µλv : C
∞(M) 3 u 7→ 〈Π(iλ)u, v〉

is a finite complex valued measure. These measures satisfy the invariance µλv(Xu) =
−iλµλv(u) for any u ∈ C∞(M), the set {µλv | v ∈ C∞(M)} coincides with the set
of finite complex measures with wavefront set in E∗

s which are invariant in the above
sense, and µλv are absolutely continuous with respect to µ := µ1.

4. The measures µv are Cesaro averages of smooth measures, that is for any u ∈ C∞(M)
we have

µv(u) = lim
T→∞

1

T

∫ T

0

〈ϕ∗
−tu, v〉 dt.

Proof. Item 1. Observe that for u ∈ C0(M)

‖R(0)ku‖C0 ≤ R(0)k1 · ‖u‖C0 = ‖u‖C0 ,

where we used the formula (9.3), and if additionally u ≥ 0, then R(0)ku ≥ 0. It follows that
|µv(u)| = |〈Π(0)u, v〉L2 | ≤ lim sup

k→∞
|〈R(0)ku, v〉L2 | ≤ ‖u‖C0‖v‖C0 , ∀u ∈ C0(M),

and so µv defines a Radon measure. It is invariant as µv(ϕ∗
tu) = µv(u) for any real t, since

Π(0) commutes with ϕ∗
t and the range of Π(0) consists of flow-invariant distributions.

Item 2. Given an SRB measure µv, we simply observe that
µv(u) = 〈Π(0)u, v〉L2 = 〈u,Π(0)∗v〉L2 .

It is left to observe that
Π(0)∗v = ΠX∗(0)v = ΠX∗(0)v = Π(0)∗v,

where we used the characterisation of Π(0)∗ obtained in the proof of Lemma 9.2 and the
fact that v is real-valued. For the other inclusion, it simply suffices to observe that any
v ∈ C∞(M) splits as v = v1 + iv2 where vi ∈ C∞(M,R) and furthermore that vi = v+i − v−i
for some non-negative smooth functions v±i . The wavefront set characterisation follows again
from Π(0)∗ = ΠX∗(0) (and the wavefront set characterisation of resonant states, see Lemma
8.16).

Item 3. That µλv are finite complex measures follows from Lemma 9.1, Item 4, and that
‖R(iλ)u‖C0 ≤ ‖u‖C0 , see (9.3) (this is similar to Item 1 above). Their invariance is a
consequence of the fact that 0 ≡ (X + iλ)Π(iλ) = Π(iλ)(X + iλ), and the wavefront set
interpretation follows from

span{µv | v ∈ C∞(M)} = Π(iλ)∗(C∞(M)),

obtained similarly to Item 2, and the fact that Π(iλ)∗ = ΠX∗(−iλ) (which follows from (9.5)).
Absolute continuity with respect to µ1 can be seen as

|〈R(iλ)ku, v〉| ≤ 〈R(0)k|u|,1〉 · ‖v‖C0 , ∀u ∈ C∞(M), ∀k ∈ N,
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and so by taking the limit k → ∞ we get |µλv(u)| ≤ ‖v‖C0µ1(|u|). Approximating indica-
tor functions by smooth functions and using the Dominated Convergence Theorem we get
|µλv(A)| ≤ ‖v‖C0µ1(A) for any closed set A, and hence for any Borel set A, which proves the
claim.

Item 4. We divide the proof into several steps.
Step 1: average over smooth functions. Let ω ∈ C∞

0 (R>0) be a cut-off function such that∫∞
0
ω(x) dx 6= 0. We claim that, for any u ∈ C∞(M) and v ∈ C∞(M,R>0)

1

T
∫∞
0
ω(x) dx

∫ ∞

0

ω( t
T
)〈ϕ∗

−tu, v〉 dt→T→∞ µv(u). (9.6)

We will without loss of generality assume ω integrates to 1. Let ψ ∈ C∞
0 ((−1

2
, 1
2
)) be non-

negative, even, and such that
∫
R ψ(x) dx = 1. Let σ > 1/2 and choose χT in the construction

of Theorem 8.13 such that −χ′
T (t) = −χ′ = ψ(t − σ); from now on σ is fixed to be large so

that Theorem 8.13 applies. Denote by Rσ(z) the remainder term in (9.1). We claim that

µv(u) = lim
T→∞

1

T

∑
k∈N

ω( k
T
)〈Rσ(0)

ku, v〉 (9.7)

Indeed, we have

−µv(u) +
1

T

∑
k∈N

ω( k
T
)〈Rσ(0)

ku, v〉 = 1

T

∑
k∈N

ω( k
T
)(〈Rσ(0)

ku, v〉 − µv(u))− µv(u)
(
1− 1

T

∑
k∈N

ω( k
T
)
)
,

= o(1), T → ∞,

where the factor in the first bracket goes to zero as T → ∞ by Lemma 9.1, Item 4, while the
second one goes to zero using Riemann sums.

Step 2: a reduction. Next, we claim that
1

T

∑
k∈N

ω( k
T
)〈Rσ(0)

ku, v〉 − 1

σT

∫ ∞

0

ω( t
σT

)〈ϕ∗
−tu, v〉 dt = o(1), T → ∞,

which would immediately prove the initial claim (9.6) using (9.7). For this, using the iterated
resolvent formula (9.3) it suffices to show

1

T

∑
k∈N

ω( k
T
)ψ(k)

σ (t)− 1

σT
ω( t

σT
) = oL1(R)(1), T → ∞.

By a change of variables t 7→ tT , this is equivalent to∑
k∈N

ω( k
T
)ψ(k)

σ (tT )︸ ︷︷ ︸
fT (t):=

− 1
σ
ω( t

σ
) = oL1(R)(1), T → ∞.

Now, since the support of convolutions is included in the sum of the supports, we have for

suppψ(k)
σ (•T ) ⊂ k

T
suppψσ ⊂ k

T
[σ − 1

2
, σ + 1

2
],

and so supp fT is included in a bounded set independently of T (since k
T
∈ suppω). Therefore,

to prove that fT → 1
σ
ω( •

σ
) in L1(R) as T → ∞, it suffices to show convergence in L2(R); in

turn, it suffices to show convergence of Fourier transforms.
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Observe by the assumptions that ψ̂ is real-valued and that we may write its Taylor expan-
sion as

ψ̂(ξ) = 1− ξ2

2

∫
R
t2ψ(t) dt+O(|ξ|4), ξ → 0. (9.8)

where the terms odd in ξ vanish thanks to evenness of ψ and the first term is 1 thanks to
the fact that ψ integrates to 1. We conclude that

ψ̂(ξ) = 1 +O(|ξ|2), ξ → 0. (9.9)

Finally, we record one more property of ψ̂; on one hand, since ψ is compactly supported,
ψ̂ = O(|ξ|−∞) as |ξ| → ∞. One the other hand, |ψ̂(ξ)| ≤ 1 with equality at ξ = 0 and so
combining this with the Taylor expansion (9.8), we get for some c > 0 that

|ψ̂(ξ)| ≤ (1 + c|ξ|2)−1, ξ ∈ R. (9.10)

We compute for fixed ξ ∈ R:

f̂T (ξ) =
1

T

∑
k∈N

ω( k
T
)ψ̂( ξ

T
)ke−ikσ

ξ
T =

1

T

∑
k∈N

ω( k
T
)(1 +O(| ξ

T
|2))ke−ikσ

ξ
T

=
1

T

∑
k∈N

ω( k
T
)(1 + kO(| ξ

T
|2))e−iξσ

k
T

=

∫ ∞

0

ω(t)e−iσξt dt+ o(1) = 1
σ
ω̂( •

σ
)(ξ) + o(1),

(9.11)

as T → ∞, where in the second equality we used (9.9), in the third one we used that | ξ
T
|

is small, and in the last line we used Riemann sums and that k
T
= O(1) as ω has compact

support. This shows pointwise convergence f̂T → 1
σ
ω̂( •

σ
), and in fact, uniform convergence

on compact sets.

Step 3: large frequencies. Let ε > 0 such that suppω ⊂ (ε,∞), and fix δ ∈ (0, 1
2
). Then:∫

|ξ|≥T
1
2+δ

|f̂T (ξ)|2 dξ ≤
O(T )

T 2

∑
k∈N

|ω( k
T
)|2

∫
|ξ|≥T

1
2+δ

|ψ̂( ξ
T
)|2k dξ

≤ O(1)
∑
k∈N

|ω( k
T
)|2

∫
|ξ|≥T− 1

2+δ
|ψ̂(ξ)|2k dξ

≤ O(T )‖ω‖C0

∫
ξ≥T− 1

2+δ
(1 + c|ξ|2)−2εT dξ

≤ O(T )‖ω‖C0

∫
x≥cT−1+2δ

(1 + x)−2εTx−
1
2 dx

≤ O(T
3
2
−δ)‖ω‖C0

∫
x≥cT−1+2δ

(1 + x)−2εT dx

≤ O(T
1
2
−δ)‖ω‖C0(1 + cT−1+2δ)−2εT

Set y−1 := cT 1−2δ; then

(1 + cT−1+2δ)−2εT = (1 + y−1)−yR ≤ 2−R, R = 2εc
1

1−2δ y
2δ

1−2δ ,
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for T large enough. We conclude that∫
|ξ|≥T

1
2+δ

|f̂T (ξ)|2 dξ = o(1), T → ∞. (9.12)

Step 4: intermediate frequencies. We now deal with frequencies 1 ≤ |ξ| ≤ T
1
2
+δ; for this

we perform a discrete integration by parts to gain some decay in ξ variable for f̂T . Let
ρ ∈ C∞

0 (R>0), and set
a0k := ρ( k

T
), b0k := e−iσξ

k
T , k ∈ Z.

Then inductively we set for m ≥ 1 and k ∈ Z

bmk := bm−1
k

e−i
σξ
T

1− e−i
σξ
T

= e−i
σξ
T

( e−i
σξ
T

1− e−i
σξ
T

)m
,

amk := am−1
k − am−1

k+1 =
m∑
i=0

ρ(k+i
T
)(−1)i

(
m

i

)
.

Let supp ρ = [ρ1, ρ2]; we observe the following immediate properties of amk and bmk :

amk = 0, if
k +m

T
< ρ1 or

k

T
> ρ2, bmk = bm+1

k−1 − bm+1
k , k ∈ Z, m ∈ N.

Using the latter identity and the definition of amk we get∑
k∈Z

amk b
m
k =

∑
k∈Z

amk (b
m+1
k−1 − bm+1

k ) = −
∑
k∈Z

(amk − amk+1)b
m+1
k = −

∑
k∈Z

am+1
k bm+1

k . (9.13)

Next, observe that since ρ is smooth, by an iterated application of the Mean Value Theorem
we get

|amk | ≤ C‖ρ‖CmT−m, k ∈ Z, m ≥ 0,

where C = C(m) > 0 is constant depending only on m. Using the estimate |1− eix| ≥ C|x|
valid for |x| ≤ π

2
and some constant C > 0, we get

|bmk | ≤ C
Tm

|σξ|m
, k ∈ Z, m ≥ 0.

Combining the two preceding estimates and applying (9.13) we get:∣∣∣∣∣∑
k∈N

ρ( k
T
)e−iσξ

k
T

∣∣∣∣∣ ≤ (ρ2 − ρ1 + 1)T min(‖ρ‖C0 , C‖ρ‖Cm(|σξ|)−m), m ≥ 1. (9.14)

Let us apply (9.14) with ρ(x) = ω(x)exT log(ψ̂( ξ
T
)), where we notice the logarithm is well-

defined as ψ̂ is real-valued and |ψ̂( ξ
T
)− 1| = O(| ξ

T
|2) = O(T 2δ−1) is small if T is taken large

enough (we used (9.9)). Similarly for T large enough there is a constant C > 0 such that

|T log(ψ̂( ξ
T
))| ≤ C

|ξ|2

T
.

By the preceding estimate we get for some C > 0, and using that ψ̂( ξ
T
) < 0 for T large

enough

‖ρ‖Cm ≤ C‖ω‖Cm

(
1 +

|ξ|2m

Tm

)
exT log(ψ̂( ξ

T
)) ≤ C‖ω‖Cm

(
1 +

|ξ|2m

Tm

)
. (9.15)
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Finally, we deduce from (9.15) and (9.14) that, for |ξ| ≤ T
1
2
+δ

|f̂T (ξ)| ≤ C‖ρ‖Cm |ξ|−m ≤ C

(
1 +

|ξ|2m

Tm

)
|ξ|−mσ−m ≤ Cσ−m

(
|ξ|−m + T−m( 1

2
−δ)

)
. (9.16)

Then we have

‖f̂T − 1
σ
ω̂( •

σ
)‖2L2 =

∫
|ξ|≤1

|f̂T (ξ)− 1
σ
ω̂( ξ

σ
)|2 dξ +

∫
1≤|ξ|≤T

1
2+δ

|f̂T (ξ)− 1
σ
ω̂( ξ

σ
)|2 dξ

+

∫
|ξ|≥T

1
2+δ

|f̂T (ξ)− 1
σ
ω̂( ξ

σ
)|2 dξ = o(1),

as T → ∞, where the first summand equals o(1) by (9.11), the second equals o(1) by (9.16)
and the Dominated Convergence Theorem, and the last summand is equal to o(1) since 1

σ
ω( •

σ
)

has a rapidly decaying Fourier transform and using (9.12). This completes the proof of (9.6).

Step 5: conclusion. Let f ∈ L1(R≥0) such that
∫∞
0
f(x) dx 6= 0. We claim that

IT (f) :=
1

T
∫∞
0
f(x) dx

∫ ∞

0

f( t
T
)〈ϕ∗

−tu, v〉 dt→T→∞ µv(u). (9.17)

Without loss of generality we may assume that
∫∞
0
f(x) dx = 1. By density of smooth

functions, choose (ωi)∞i=1 ⊂ C∞
0 (R>0) such that

∫∞
0
ωi(x) dx = 1 and ωi → f in L1 as i→ ∞.

Observe that

|IT (f)− IT (ωi)| ≤
∫ ∞

0

|f(t)− ωi(t)| · 〈ϕ∗
−tTu, v〉 dt ≤ ‖u‖C0‖v‖C0‖f − ωi‖L1 . (9.18)

Let ε > 0. Pick i such that ‖f−ωi‖L1 < ε and T0 such that T ≥ T0 implies |IT (ωi)−µv(u)| <
ε. Then we have for T ≥ T0

|µv(u)− IT (f)| ≤ |µv(u)− IT (ωi)|+ |IT (ωi)− IT (f)| ≤ ε(1 + ‖u‖C0‖v‖C0),

where in the second inequality we used (9.18). Since ε > 0 was arbitrary, this proves (9.17);
the main clam then follows by taking f to be the indicator function of the interval [0, 1]. �

Remark 9.4. There might be an easier way to deal with Item 4 which does not go through
the complicated estimations of Fourier transforms. To do that, it would help to show that
{ϕ∗

−t | t ≥ 0} are uniformly bounded as maps H+ → H+ (as in Butterley-Liverani, but they
use different spaces).

Before characterising the spectrum on the imaginary axis, we deduce a regularity result
analogous to Lemma 8.20. We will denote by µ the SRB measure introduce in Theorem 9.3,
Item 3.

Lemma 9.5. Let λ ∈ R and u ∈ L1(M, µ) such that ϕ∗
tu(x) = e−iλtu(x) for all t ∈ R and

µ-a.e. x ∈ M. Then there exists a resonant ũ of X at iλ such that ũµ = uµ.

Proof. The proof is similar to the one of Lemma 8.20. We will assume that λ = 0; the case
of λ 6= 0 follows similarly. Let un ∈ C∞(M) be such that un → u in L1(M, µ) as n → ∞
and set vn := Π(0)un ∈ H+. We divide the proof in two steps.
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Step 1. Assume ‖vn‖H+ → ∞. Since vn ∈ kerX|H+ which is a finite dimensional space,
we may assume vn

∥vn∥H+
→ v∞ in H+ with ‖v∞‖H+ = 1. Then for an arbitrary ψ ∈ C∞(M)

〈v∞, ψ〉 = 〈v∞ − vn
∥vn∥H+

, ψ〉+ 1
∥vn∥H+

〈un,ΠX∗(0)ψ〉.

Let ε > 0; since v∞ → vn
∥vn∥H+

in D′(M) as n→ ∞, we thus have for all n large enough that
|〈v∞ − vn

∥vn∥H+
, ψ〉| < ε. For the second term, by Lemma 9.2, we have

ΠX∗(0)(•) =
J∑
i=1

wi〈ṽi, •〉,

where similarly to Lemma 9.2 we denote by (wi)
J
i=1 a basis of the resonant states of X∗ at 0

and by (ṽi)
J
i=1 a basis of resonant states of X at 0, such that 〈ṽi, wj〉 = δij for i, j = 1, . . . , J .

Thus

|〈un,ΠX∗(0)ψ〉| ≤
J∑
i=1

|〈un, wi〉||〈ψ, ṽi〉| ≤ O(1)
J∑
i=1

|〈un, wi〉| = O(1), n→ ∞,

where in the first inequality we used that for each i we have |〈ψ, ṽi〉| = O(1), and in the
second inequality we used that for all n large enough ‖un‖L1(M,µ) ≤ 2‖u‖L1(M,µ), as well as
that the (possibly) complex measure defined by wi (via Theorem 9.3) is absolutely continuous
with respect to µ with bounded density. For all n large enough, we have ‖vn‖−1

H+ < ε and so
|〈v∞, ψ〉| = O(ε). Since ε > 0 was arbitrary, this shows v∞ = 0 contradicting ‖v∞‖H+ = 1.

Step 2. By Step 1 we may assume (‖vn‖H+)∞n=1 is bounded; again, since kerX|H+ is finite
dimensional we may assume vn → v∞ in H+. We claim that ũ := v∞ satisfies the conditions
of the lemma. Notice that zR+(z)u = u for Re(z) > 0, where by slight abuse of notation
R+(z) : L

1(M, µ) → L1(M, µ) is defined by the resolvent formula as in (8.24) and satisfies
the bounds as in (8.25). We compute, denoting 〈•, •〉µ the complex bilinear form defined by
integrating against µ:

〈u− v∞, ψ〉µ = 〈zR+(z)(u− un), ψ〉µ + 〈zR+(z)un − vn, ψ〉µ + 〈vn − v∞, ψ〉µ,

where the terms including vn are well-defined since µ = fΩ for some f ∈ H− and the
integration pairing is bounded on H+ ×H−. We analyse the three terms on the right hand
side; let ε > 0. Since vn → v∞ in D′(M) as n→ ∞ for all n large enough |〈vn − v∞, ψ〉µ| < ε.

For the first term we write, for any z ∈ R>0

|〈zR+(z)(u− un), ψ〉µ| ≤ ‖u− un‖L1(M,µ)‖ψ‖C0 < ε,

for all n large enough so that ‖u−un‖L∞(M,µ) < ε‖ψ‖−1
C0 ; we used (8.25) in the first inequality.

For the second term, we fix n large enough so that the two estimates previously obtained
hold. Observe that zR+(z)un − vn = zRhol

+ (z)un (using the expansion at zero (8.27)). Thus

|〈zR+(z)un − vn, ψ〉µ| = |z||〈Rhol
+ (z)un, fψ〉| ≤ |z|‖Rhol

+ (z)‖H+→H+‖un‖H+‖fψ‖H− < ε,

if |z| is small enough depending on n and ε, where we wrote µ = fΩ for some f ∈ H−, and
using that Rhol

+ (z) is locally bounded in z, and that the integration pairing on H+ ×H− is
bounded.

Collecting the above facts we get |〈u− v∞, ψ〉µ| < 3ε; since ε > 0 was arbitrary, the
conclusion of the lemma follows. �
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For λ ∈ R denote by Mλ the vector space of all complex measures µλv defined in Theorem
9.3, Item 3. We will deduce a correspondence between Mλ and resonant states of X on the
imaginary axis, as well as µ-measurable invariant bounded functions.

Lemma 9.6. Let λ ∈ R and µλ ∈ Mλ; write µλ = uµ for some u ∈ L∞(M, µ). Then
1. µλ (and u) may be identified with a resonant state ũ ∈ D′

E∗
u
(M) satisfying (X+iλ)ũ =

0 in the sense that uµ = ũµ, i.e.∫
M
ψ dµλv =

∫
M
ψũ dµ, ∀ψ ∈ C∞(M).

Moreover, the map Mλ 3 µλ 7→ ũ constructed above is a linear isomorphism between
Mλ and resonant states of X at iλ.

2. Finally, the following map is an isomorphism:
J λ : Mλ 3 µλ 7→ u ∈ {w ∈ L∞(M, µ) | ϕ∗

tw(x) = e−itλw(x), ∀t ∈ R, µ a.e. x ∈ M} =: Iλ.

Proof. Item 1. Take a basis µλv1 , . . . , µλvJ of Mλ and define the required linear map as
T (µλvi) := ũi, where ũi is a resonant state of X at iλ constructed in Lemma 9.5 satisfy-
ing ũiµ = µλvi ; extend T by linearity to Mλ. We claim that (ũi)Ji=1 are linearly independent,
which would prove the claim as dimensions of the spaces agree by Lemma 9.2. If

∑J
i=1 ciũi ≡ 0

for some c1, . . . , cJ ∈ C, then by summing we get
∑J

i=1 ciµ
λ
vi

≡ 0, which implies ci ≡ 0 for
each i = 1, . . . , J by assumption and proves the claim. (Note that a priori given a resonant
state ũ we do not know if ũµ is a measure or if ũµ ≡ 0 implies ũ ≡ 0, that is, if ũ is the
unique representative of µλ.)

Item 2. For the final isomorphism claim, note that the map is well-defined as ϕ∗
tµ

λ =
e−iλtµλ, so u satisfies the required properties (using ϕ∗

tµ = µ and that the density is bounded
by Theorem 9.3, Item 3). Moreover, the map is clearly linear and injective. For surjectivity,
observe the following: for any u ∈ Iλ, Lemma 9.5 gives a resonant state ũ ofX at iλ such that
uµ = ũµ. Notice that ũ is uniquely determined: if ũ1µ = ũ2µ for resonant states ũ1 and ũ2
of X at iλ, then ũ1 ≡ ũ2 by the previous paragraph. Again using that T is an isomorphism,
there is a unique µλ ∈ Mλ such that µλ = ũµ = uµ. This completes the proof. �

We will need one more definition:

Definition 9.7. Let ν be an invariant measure of (ϕt)t∈R. Define the basin (of attraction)
to consist of those points x ∈ M such that for any f ∈ C0(M) we have

ν(f) = lim
T→∞

1

T

∫ T

0

f(ϕ−tx) dt.

We will say that the measure ν is physical if the basin has positive volume (i.e. positive
Lebesgue measure).

We are now able to characterise the spectrum on the imaginary axis; let J ≥ 1 be the
dimension of the space of resonant states at zero. Also, we may compute the ergodic decom-
position of µ, as well as the basins of attraction, from the resonant states at zero.

Theorem 9.8. The following properties hold:
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1. There are precisely J ergodic components of the flow (ϕt)t∈R with respect to the measure
µ. More precisely, there are pairwise disjoint, flow invariant sets (Fi)

J
i=1 ⊂ M

covering M, which are precisely the ergodic decomposition of µ.
2. We have (1Fi

)Ji=1 is a basis of resonant states of X at zero; by duality µi :=
1Fi

µ(Fi)
µ

are linearly independent and span ResX∗(0). Moreover, for each i = 1, . . . , J , the sets
Fi satisfy vol(Fi) = µ(Fi) and therefore µi is a physical measure with Fi its basin of
attraction.

3. The resonance spectrum of X on the imaginary axis is a union of J additive groups,
that is, there are λ1, . . . , λJ ∈ R≥0 such that this spectrum equals

∪Ji=1iλiZ.
Moreover, dimResX(iλ) ≤ J (see the proof for a more precise statement).

4. The flow (ϕt)t∈R is mixing with respect to µ if and only if it is ergodic and there are
no non-zero resonances on the imaginary axis (that is, J = 1 and λ1 = 0).

Proof. Item 1. We start by looking at resonant states at zero. Note that I0 forms a finite
dimensional real algebra (we may restrict to real valued functions in this argument). Note
that this algebra does not have any nilpotent elements: if uk = 0 for some u ∈ I0 and
k ∈ N, then it follows that u ≡ 0. Therefore the Jacobson radical of I0 is zero and so I0

is semisimple, so by Artin-Wedderburn’s theorem we conclude that I0 splits as a direct sum
of matrix algebras; note that a rank at least two (real or complex) matrix algebra contains
nilpotent elements, so each of these ranks equals one. We conclude that there is a basis
(ui)

J
i=1 of I0 such that

u2i = ciui, ci ∈ R, uiuj = 0, i 6= j,

for some 0 6= ci ∈ R and every i, j = 1, . . . , J . If ci < 0 replace ui by −ui, so we may assume
that all the ci are positive and ui(x) ≥ 0 for µ-a.e. x ∈ M. Moreover, we may assume that
ci ≡ 1 by replacing ui with ui

ci
. Now u2i = ui so each ui takes values 1 and 0 (in the measure

theoretic sense); thus there are measurable flow-invariant sets F1, . . . , FJ ⊂ M of positive µ
measure such that ui = 1Fi

is the indicator function of Fi for each i. Each of the ergodic
components Fi is irreducible: otherwise, by Lemma 9.6, this would contradict the fact that
ui are linearly independent and span I0, proving the first claim.

Item 2. We would like to conclude that 1Fi
∈ H+ from ũidµ ≡ 1Fi

dµ, but it seems we need
some a priori regularity for Fi. By the Birkhoff ergodic theorem, and using the separability
of C0(M), there is a set Ωi ⊂ Fi of full µ-measure such that

µi(f) = lim
T→∞

1

T

∫ T

0

ϕ∗
−tf(x) dt, x ∈ Ωi, (9.19)

where µi := 1Fi

µ(Fi)
µ. Note that if x ∈ Ωi, then for any y ∈ Wwu(x) we know that the limit

in (9.19) is valid (here, W u(x) = {y ∈ M | d(ϕtx, ϕtu) →t→∞ 0} and Wwu(x) = ∪t∈RW u(x)

denote the unstable and weak unstable leaves, respectively); denote by Ω̃i these enlarged sets.
Note that Ω̃i ∩ Ω̃j = ∅ for i 6= j, since otherwise we would get µi = µj by (9.19) which would
contradict the disjointness of supports. Using that

∑
i µ(Fi) = 1, we get that µ(Ω̃i) = µ(Fi).

Since Ω̃i are flow-invariant, we may assume that Ω̃i = Fi for each i = 1, . . . , J . Using the
absolute continuity of the foliations and the fact that Fi are (measurable) unions of weak
unstable leaves, by Lemma 9.13 below we have WF(1Fi

) ⊂ E∗
u, i.e. 1Fi

∈ H+ (for m taking
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sufficiently negative values near E∗
u) and so 1Fi

∈ ResX(0). By uniqueness of the resonant
state ũi satisfying ũiµ = 1Fi

µ we deduce that 1Fi
= ũi and so (1Fi

)Ji=1 ∈ ResX(0) forms a
basis.

Notice that the defining relation µ(u) = 〈Π(0)u,1〉 extends to u ∈ H+; therefore using
that 1Fi

= Π(0)1Fi

µ(Fi) = µ(1Fi
) = 〈Π(0)1Fi

,1〉 =
∫
Fi

Ω = vol(Fi), i = 1, . . . , J.

The claim about the physicality of measures immediately follows.

Item 3. Next, notice that Iλ = ⊕J
i=1Iλi as a direct sum, where this splitting corresponds

to the decomposition u =
∑J

i=1 u1Fi
. This splitting translates to a splitting on the level of

resonant states according to Lemma 9.6. To show the first claim, it suffices to show that for
each i, the set of λ for which Iλi 6= {0} forms an additive subgroup of R.

If there are no such λ, we are done. If there are, take the resonance iλi with λi > 0 is the
smallest possible and consider 0 6≡ u ∈ Iλii . Now notice that uk 6≡ 0 in L∞(M, µ) for any
k ∈ N (otherwise u ≡ 0); thus 0 6≡ uk ∈ Ikλii and again by Lemma 9.6 we conclude that ikλi
is a resonance. To get that −ikλ is a resonance we apply the same argument to u. If there
is another 0 < µ 6∈ λiZ and 0 6≡ v ∈ Iµi , then using that 0 6= uavb ∈ Iλiaλ−bµ for any a, b ∈ N,
we obtain a contradiction to the choice of λ. This completes the proof of the first claim.

Next, we claim for each i that dim Iλi ≤ 1, which would complete the proof of the second
item. Assume for the sake of contradiction that there are two linearly independent elements
u1, u2 ∈ Iλi . Then u1, u2 ∈ I−λ

i and so |u1|2, |u2|2, u1u2 ∈ I0
i . As I0

i is spanned by 1Fi
,

we may assume (after re-scaling) that |u1|2 = |u2|2 = χFi
, and also u1u2 = c1Fi

for some
c ∈ S1. Since u1 and u2 are of modulus 1 on Fi (µ-a.e.), we may invert this to get u1 = cu2,
contradicting the linear independence assumption.

Item 4. This part is almost the same as the volume-preserving case, see Lemma 8.22; we
will just spell out the differences. First of all, for (ϕt)t∈R to be ergodic with respect to µ we
must have J = 1 by Item 1. Moreover, if there is a non-zero resonant state of X at iλ for
some λ 6= 0, by Lemma 9.6 there is also u ∈ L∞(M, µ) such that ϕ∗

tu = e−itλu. Integrating
and using that t can be chosen arbitrary we get

∫
M u dµ = 0. However 〈ϕ∗

−tu, u〉 = eitλ‖u‖2L2

does not converge to zero, so the flow is not mixing.
In the other direction, we have to change the spaces slightly and work with L2(M, µ)

and the corresponding domain DL2(M,µ)(X) = {u ∈ L2(M, µ) | Xu ∈ L2(M, µ)} of the
(closed) self-adjoint unbounded operator −iX (see Lemma 9.9 below for a proof). The proof
of Lemma 8.22 applies verbatim up to the place where we study the pure point spectrum; if
u ∈ L2(M, µ) satisfies (X + iλ)u = 0 and has mean zero, then Lemma 9.5 applies and gives
a non-zero resonant state ũ of X at iλ such that ũµ = uµ. By assumption we have u ≡ 0
which shows that pure point spectrum is empty; this completes the proof.

�

We finish this section by a classical result that we include for completeness.

Lemma 9.9. The operator −iX is a closed self-adjoint unbounded operator acting on DL2 ⊂
L2(M, µ), where

DL2 = {u ∈ L2(M, µ) | Xu := lim
t→0

ϕ∗
tu− u

t
exists in L2(M, µ)}.
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Proof. Integration by parts gives that −iX is symmetric on DL2 . To see closedness, assume
DL2 3 ui → u and Xui → v in L2(M, µ). Denote by At :=

φ∗
t−Id

t
the bounded linear

operator acting on L2(M, µ). By integration, the second convergence implies for any t that
in L2(M, µ)

Atui →
1

t

∫ t

0

ϕ∗
tv dt, i→ ∞.

Therefore, for any fixed t we have

Atu−
1

t

∫ t

0

ϕ∗
tv dt = At(u− ui) +

(
Atui −

1

t

∫ t

0

ϕ∗
tv dt

)
.

Since At is bounded, both terms on the right hand side converge to zero as i→ ∞. Therefore
Atu ≡ 1

t

∫ t
0
ϕ∗
tv dt. It is left to observe that

‖Atu− v‖L2(M,µ) ≤
1

t

∫ t

0

‖ϕ∗
tv − v‖L2(M,µ) dt ≤ sup

s∈[0,t]
‖ϕ∗

tv − v‖L2(M,µ) = o(1), t→ ∞,

since t 7→ ϕ∗
tv ∈ L2(M, µ) is continuous, i.e. ϕ∗

t is a strongly continuous semigroup. To see
the latter claim, by the one-parameter property and as ϕ∗

t preserves µ, it suffices to show
continuity at t = 0; assume C∞(M) 3 vi → v in L2(M, µ) as i→ ∞. Let ε > 0; then

‖ϕ∗
tv − v‖L2(M,µ) ≤ ‖ϕ∗

t (v − vi)‖L2(M,µ) + ‖ϕ∗
tvi − vi‖L2(M,µ) + ‖vi − vi‖L2(M,µ)

= 2‖v − vi‖L2(M,µ) + ‖ϕ∗
tvi − vi‖L2(M,µ)

≤ 2‖v − vi‖L2(M,µ) + ‖ϕ∗
tvi − vi‖C0 < 3ε,

where in the second equality we used that ϕ∗
t preserves µ, in the last line we took i large

enough (fixed) so that ‖v − vi‖L2(M,µ) < ε and t arbitrary small enough (depending on i)
so that by uniform continuity ‖ϕ∗

tvi − vi‖C0 < ε. This shows that t 7→ ϕ∗
t is a strongly

continuous semigroup.
Finally, observe that (−iX ± i)−1 = i(X ∓ 1)−1 : DL2 → L2(M, µ) is an isomorphism

(where the former space is equipped with the graph norm), thanks to formula (8.18). Since
T := −iX is symmetric, it suffices to show that the domain DL2(T ∗) of T ∗ is contained in
DL2 . Let u ∈ DL2(T ∗); then, there exists v ∈ DL2 such that (T ∗ − i)u = (T − i)v. Since T is
symmetric, we have Tv = T ∗v and so (T ∗ − i)u = (T ∗ − i)v. Thus

u− v ∈ ker(T ∗ − i) = ran(T + i)⊥ = (L2(M, µ))⊥ = {0},
where in the second equality we used that T + i is surjective. This shows u = v an so
DL2(T ∗) = DL2 proving that T = −iX is self-adjoint. �
9.2. Absolute continuity and SRB measures. We introduce the basic foliation theory
behind Anosov flows. We study the absolute continuity of foliations, that is, despite the
foliations only being Hölder regular, we show that the holonomy maps are absolutely con-
tinuous with respect to smooth measures. We show a similar property for SRB measures
studied previously.

We start by considering open neighbourhoods of the basins of physical measures.

Lemma 9.10. Let µj be one of the physical measures constructed in Theorem 9.8. Then,
the support of µj is a union of full weak stable leaves, and the smallest flow-invariant open
neighbourhood Uj of supp(µj) is given by

Uj := ∪x∈supp(µj)W u(x).
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Moreover, the basin Fj of µj is contained and has full Lebesgue measure in Uj. Finally,
supp(µj) admits an arbitrarily small open neighbourhood that is invariant under {ϕ−t | t ≥ 0},
and there is a decomposition

Π(0) =
∑
j

1Uj
⊗ µj.

We derive an easy consequence of this.
Proposition 9.11. If (ϕt)t∈R is transitive, then Π(0)∗(C∞(M)) is 1-dimensional and spanned
by µ = µ1.
Proof. Assume for the sake of contradiction that there are at least two distinct physical
measures µ1 and µ2 constructed in Theorem 9.8. By transitivity of the flow there is a t ∈ R
such that ∅ 6= V := ϕt(U1) ∩ U2, where U1 and U2 are open sets defined by Lemma 9.10;
by flow-invariance of U2 we have V = U1 ∩ U2. Since the basins Fi of µi have full Lebesgue
measure in Ui, we deduce that F1 ∩ F2 6= ∅, which contradicts the fact that µ1 6= µ2. This
completes the proof. �

We emphasise that under the transitivity assumption, Item 4 of Theorem 9.3 and Propo-
sition 9.11 show that

lim
T→∞

1

T

∫ T

0

ϕ∗
tΩ dt = µ,

in the weak limit sense; note that Ω is an arbitrary probability volume form.
Next, we show that functions smooth in the weak unstable directions have wavefront set

in E∗
u. Before that, we need another definition

Definition 9.12. Let G be a foliation with smooth leaves, U ⊂ M an open set, and f : U → C
a measurable function. We will say that f is uniformly smooth (along the leaves of G) if for
almost all y ∈ U we have f |Gloc(y) ∈ C∞(Gloc(y)) and if for all k ∈ N

ess supy∈U‖f |Gloc(y)‖Ck(Gloc(y)) <∞.

It is then possible to show:
Lemma 9.13. Let f be a measurable function on M which is uniformly smooth along the
leaves of the weak unstable foliation Wwu. Then WF(f) ⊂ E∗

u.
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