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COURSE SUMMARY

Microlocal analysis studies singularities of distributions in phase space, by describing the
behaviour of the singularity in both position and direction. It is a part of the field of partial
differential equations, created by Hormander, Kohn, Nirenberg and others in 1960s and 1970s,
and is used to study questions such as solvability, regularity and propagation of singularities
of solutions of PDEs. To name a few other classical applications, it can be used to study
asymptotics of eigenfunctions for elliptic operators, trace formulas and inverse problems.

There have been recent exciting advances in the field and many applications to geometry
and dynamical systems. These include dynamical zeta functions and injectivity properties of
X-ray (geodesic) transforms with applications to rigidity questions in geometry. The study
was originally designed for linear PDESs, but there are more recent techniques for studying
nonlinear problems through the paradifferential calculus.

In this course, we study the fundamentals of microlocal analysis. We aim to develop main
tools and provide some of the recent striking applications. A sketch plan of the course is
given below.

Contents

1. Distributions and Fourier transform (recap). Symbol classes and oscillatory integrals.
Fourier integral operators. Non-stationary and stationary phase lemma. (2-3 lectures)

2. Pseudodifferential operators (PDO). Compositions, changes of coordinates, calculus
of PDOs. PDOs on manifolds. (2 lectures)

3. Elliptic regularity. L?-continuity. Sobolev spaces and PDOs. (1-2 lectures)

4. Wavefront set. Products, pullbacks of distributions. Propagation of singularities. (2
lectures)

5. Possible applications: Egorov’s theorem. Weyl’s law and Quantum ergodicity. Ex-
istence of resonances for uniformly hyperbolic (Anosov) diffeomorphisms/flows via
adapted anisotropic Sobolev spaces. Inverse problems. (5-6 lectures)

Note below: the applications part of the course will change according to the time con-
straints.

Pre-requisites

Elementary theory of distributions and Fourier transforms (these will be recalled briefly).
Basics of functional analysis and differential geometry.

Literature

There will be lecture notes provided by the lecturer. However, the following books provide
with complementary reading:

1. F.G. Friedlander, Introduction to the theory of distributions, Second edition. With
additional material by M. Joshi, Cambridge University Press, Cambridge, 1998.

2. A. Grigis, J. Sjostrand, Microlocal analysis for differential operators. An introduction,
London Mathematical Society Lecture Note Series, 196. Cambridge University Press,
Cambridge, 1994.
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3. M. A. Shubin, Pseudodifferential operators and spectral theory, Translated from the
1978 Russian original by Stig I. Andersson, Second edition, Springer-Verlag, Berlin,
2001.

4. M. Zworski, Semiclassical analysis, Graduate Studies in Mathematics, 138. American
Mathematical Society, Providence, RI, 2012.

There are also a few relevant papers and surveys:

1. F. Faure, J. Sjstrand, Upper bound on the density of Ruelle resonances for Anosov
flows, Comm. in Math. Physics, vol. 308 (2011), 325-364.

2. S. Zelditch, Recent Developments in Mathematical Quantum Chaos, Current develop-
ments in mathematics, 2009, 115204, Int. Press, Somerville, MA, 2010.
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NOTATION

For a given open set 2 C R", we denote the set of compactly supported smooth functions
by C5°(2).

For an integer N > 0, the space of N times differentiable function with support in K C R"
is denoted by C¥(K).
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1. REcapr: LCS TOPOLOGIES, DISTRIBUTIONS, FOURIER TRANSFORMS

Distribution theory makes sense of the ad-hoc constructions coming from physics and
provides a framework to study PDE. For example, the Dirac delta §(z) is the distribution
that makes sense of the following, for all f € C3°(R™)

o(z)f(x)dx = £(0) (1.1)
RTL
Aim: define the space of distributions as a dual space to C{°(R™) with suitable topology,
with operation properties defined by duality.

1.1. Topological vector spaces. Let us recall some definitions. A topological vector space
X is a complex or real vector space equipped with a topology in which multiplication with
a scalar C x X — X and addition X x X — X are continuous operations. In fact, since
translation is continuous, it is enough to specify a base of neighbourhoods at zero.

Moreover, a topological vector space is called locally convex if there is a base of neighbour-
hoods at zero consisting of sets which are convex, balanced and absorbing. A set U is called
conver if tx + (1 —t)y € U for all 2,y and 0 < t < 1; absorbing, if for all € X, there is
at>0with z € tU = {ty | u € U} and finally U is balanced if cx € U for all x € U and
|t| < 1. All the topologies we will consider will be locally convex.

A seminorm p on a vector space X is a function p : X — R homogeneous in the sense

p(cx) = |e|p(x) for all z € X and c € C (1.2)
and satisfies the triangle inequality
plx+vy) <p(z)+ply) for all z,y € X (1.3)

A family of seminorms P on a vector space X is called separating if for all x € X, there
is a p € P with p(x) # 0. Given a separating family P of seminorms on X, we may induce
a locally convex topology, by declaring the base of neighbourhoods at zero consisting of, for
every ¢ > (0 and p € P

Ule,p) = {x | p(z) < e} (1.4)
and taking finite intersections of such sets. We call this the topology generated by the
seminorms in P.

Conversely, let X be a locally convex topological vector space. If U is a convex, balanced
and absorbing neighbourhood of zero, we may introduce the Minkowsk: functional of U

pu(z) =inf{t >0 | x € tU} (1.5)

It is an exercise to check that this is a seminorm, and to show that the topology on X is
generated by these seminorms.
An important special case happens when P is countable, say P = {p1,ps,...}. Then it

can be shown that

1 pu(z—y)
d(z,y) = — - 1.6
gives a metrization of the topology on X generated by P. Conversely, one can show that if a
loclly convex toplogical vector space is metrizable, then it can be generated by a countable
family of seminorms.
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A Fréchet space is a locally convex topological vector space which is metrizable with a
complete metric.

Example 1.1. Given a compact set K C R", we may introduce the norms py for N € Ny
on CY(K) as follows

pv k() = D sup|9¢(w)] (1.7)
la|<N zeK
It is an exercise to show that C¥(K) with norm py  is a Banach space. Similarly, we may
topologise C§°(K) by using the seminorms in the set P = {pnxx | N > 0}. The obtained
LCS topology is a Fréchet topology, since C{¥ (K) is a Banach space with the norm py k.

If @ C R" is an open set, and K; C (2 is an increasing, exhausting sequence of compact
sets, then we may equip C*°(2) with the locally convex topology coming from the family
P = {pnvk, | N,j € No}. It is an exercise to show C*°(2) is a Fréchet space with this
topology.

We finish the section with a criterion for continuity of maps between two LCS.

Proposition 1.2. Let X and Y be two LCS and f : X — Y a linear map between them.
Assume P and Q) are two families of seminorms generating the topologies on X and Y,

respectively. Then f is continuous if and only if, for each q € Q, there exists py,... ,py € P
and a constant C' > 0, such that for all x € X:

q(f(2)) < Cmax (p1(2),...,pn(2)) (1.8)
Proof. See the proof of Proposition A.1. [3]. O

1.2. Space of distributions. We consider an open 2 C R™ and the space C§°(€2). We will
define a locally convex version of the inductive limit topology on C§°(€2).

This is done by specifying a base of open sets B at zero. We will say X € B if X is convex
and balanced, and additionally we ask that X N C§°(K) is open in the uniform topology as
in Example 1.1.

The sets X € B are absorbing since when intersected with C§°(K), they are open and the
associated topology of C§°(K) is LCS. Therefore we obtain a LCS topology on C§°(£2), which
we call the inductive limit topology. Next, we consider the dual of C§°(£2) and denote it by

D) = (@) (L.9)

We call the space D'(€2) equipped with the weak*-topology, the space of distributions on Q.
A few remarks are in place. The inclusions C{°(K) C Cg°(Q2) are continuous by definition;
so if u € D'(Q2), then u|ce (k) is continuous for all compact K.

Proposition 1.3. A linear functional w on C§°(S2) is in D'(?) if and only if for all compact
K C Q, there is an integer N > 0 and C' > 0 depending on K, such that for all ¢ € C§(K)

[(u,0)] <C > sup|0”¢| (1.10)

la|<N

Proof. 1f u € D'(Q2), then the restriction to C§°(K) is continuous, so the inequality (1.10)
follows from Proposition 1.2.

Conversely, if u is a linear functional satisfying equation (1.10) for all K, the by Proposition
1.2 it is continuous on C§°(K). If we then take a e-ball 0 € B., we easily see that u!(B.)
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is convex and balanced, and intersects each C§°(K) in an open set. Thus by definition it is
open; by translation invariance we see u is continuous. 0

Remark 1.4. It can be shown that C§°(€2) does not have a countable basis at zero; therefore
it is not metrizable.

Proposition 1.5. We have ¢; — 0 in C5°(S2) if and only if there exists a compact K C
with supp(¢;) C K and ¢; — 0 uniformly on K.

Proof. Given the uniform convergence on compact set K, we immediately see the convergence
in the LCS topology.

Conversely, suppose for the sake of contradiction that supports of ¢; are contained in
compacts K;  €). Find points 21 € Ky, 29 € Ko\ K for j =1,2,..., such that ¢;(x;) # 0.
Introduce, for ¢ € C§°(Q2)

()
(2

p(®) Zi_o:sup{ P

Therefore, p is seminorm on C§°(£2). By applying Proposition 1.2 and observing there is
a constant Cx > 0 with p(¢) < Cksup |¢| for ¢ € C§(K), we deduce p is continuous on
C3°(K), hence it is continuous on C§°(€2). Hence p(¢,;) — 0 as j — oo by assumption; but
by construction p(¢;) > 1, contradiction.

:xGKj\Kj_l} (111)

Therefore there is a K with supp(¢;) C K for all j, which finishes the proof. O
Now given a partial derivative 9%, we may extend its the action to distributions via duality
(0%u, @) := (u, (—1)1*5°¢) (1.12)
Similarly we extend the multiplication by a function f as
(fu,d) == (u, fo) (1.13)
So given a linear partial differential operator P = Zlal <m @a0” of order m, it acts via
(Pu, @) = (u, P'¢) (1.14)
Here P is the adjoint of P, given by
tPg — Z (=) (an o) (1.15)
|or|<m

It is an exercise to show P : D'(Q) — D'(Q) is a continuous linear map and that *(*P) = P.
Note we may restrict the distribution to any open subset U C €2 and obtain a distribution
in D'(U). We define the support, written supp(u), of the distribution u as a complement of

the set
{z € Q| u=0 in a neighbourhood of z} (1.16)

We say that u has a compact support if supp(u) and write u € £'(X).

Proposition 1.6. The distributions in E'(X) C D'(X) may be extended to continuous func-
tionals on C*°(X); moreover, we have identification £'(X) = (COO(X)),.

Proof. If u € (C*(Q)), we may restrict to C§°(2) and obtain continuous functional since
restrictions to C§°(K) for compact K are.

Conversely, given u € &£'(§2), we need to show there exists a unique element of (C’OO(Q))/
whose restriction to C3°(2) is equal to u. This is left as an exercise to the reader. 0
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We can also make sense of when is a distribution u € D’(2).

1.3. Schwartz kernel theorem. Here we consider integral transforms of the form

f s kf = /y k(. 9)f (4)dy (1.17)

where k is called the kernel of the transform is a function on X x Y, where X C R" and
Y C R™. Clearly k maps functions on Y to functions on X.

We will write ¢ ® 1 € C°(X x Y) for the tensor product of functions ¢ € C*°(X) and
Y € C*(Y). Then given k € D'(X x Y'), we may consider the bilinear form for ¢ € C§°(X)
and ¢ € C=(Y):

(¢, 0) = (k, 0 @ 1)) (1.18)

For fixed ¢, we get a linear form on Y and for fixed ¢, we get a linear form on X; they are
both distributions (exercise). We write k1 for the linear form ¢ — (k, ¢ ® ¢) and so we have
the sequentially continuous maps v — kv

k:C2(Y) — D(X) (1.19)

We will say that the map in (1.19) is generated by a distribution kernel or a Schwartz kernel
k. By transposing = and y, we obtain the transposed kernel 'k € ) x X, by simply requiring
that

("k, x) = (k,"x) (1.20)
where ¢ € C°(Y x X), x € C(X x Y) and *x(z,y) = x(z,y).
The main point of this section is the following theorem, known as the Schwartz kernel
theorem, which associates a kernel to a sequentially continuous map in (1.19):

Theorem 1.7 (Schwartz kernel theorem). A linear map p: Cg°(Y) — D'(X) is sequentially
continuous if and only if it is generated by a Schwartz kernel k € D'(X x Y'), such that for
all € C3°(X) and ¢ € C(Y) we have:

(1, 9) = (k, ¢ @ 1)) (1.21)
Moreover, the kernel k is uniquly determined by p.

Proof. See the proof of Theorem 6.1.1. [3]. O

We will call a kernel k € D'(X x Y) a regular kernel if it has the following properties:
ko CR(Y) — O%(X) and ' : C2(X) — C=(Y) (1.22)
We can then extend k and 'k to continous maps k : £'(Y) — D'(X) and ‘k : £'(X) — D'(Y)
by duality:
(ku, ¢) = (u,"k) and ('kv, v) = (v, k¢)) (1.23)

for distributions v € £'(Y) and v € £'(X). It is an exercise to show continuity holds. We
will often meet with regular kernels in the course.

Example 1.8 (Differential operators). Consider P : C°(X) — C§°(X) is a differential
operator with C*° coefficients. Then the Schwartz kernel of this operator is given by

kp(x,y) ="Ply,0,)0(z —y)
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Here §(z — y) € D'(X xY) is the Schwartz kernel of the identity map Id, defined via
(0(x —y),x) = [y x(z,z)dx. This follows from

(P(y,0,)6(z — y).6 ® ) = (8(x — ), 6 @ PY) = /X o(2) P (z)dz

1.4. Fourier transform. In this section we recall the definition and basic properties of the
Fourier transform.
The Fourier transform of a function f € L'(R") is given by, for £ € R™:

FfE) =f€) = | f@erda (1.24)

Here x - £ = 2?21 zx&;. We note that by Dominated convergence theorem that f € CO(R")
for f € L'(R").

Note that we cannot use duality directly extend the Fourier transform to D/(R"), since
F does not map C§°(R") to itself. We therefore introduce the space of rapidly decreasing
functions or Schwartz functions, and call a function ¢ € C*°(R™) this way if

I14lla,s = sup 2% D¢ < oo (1.25)

for all pairs of multindices o and 5. We denote the space of such function by S(R™). The
definition (1.25) means that every derivative DP¢ is faster than polynomial decreasing. In
fact, the seminorms |||, s above generate a Fréchet topology on S(R™).

We collect a few basic properties of Fourier transform in one claim:

Proposition 1.9. Let f,g € LY(R™). Then:
1. O < fllzrmny and f()—>0a377—>oo

2. /f z)dr = /f

3. Trg=1

4. S(R"™) — LY(R™) continuously.

5. DU(€) =€°0(€) and a6 = (=1)ID*G(¢) for 6 € S(R")

6. F:SR") — S(R") is a continuous isomorphism and the inverse is given by
F o) = 2m) " [ ag)eag

Proof. See [3, Chapter 8] for details. O

As S(R") is dense in L*(R") and S(R") — L?*(R™) continuously, we may extend the
isomorphism to F : L?(R") — L*(R"™).
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2. SYMBOL CLASSES, OSCILLATORY INTEGRALS AND FOURIER INTEGRAL OPERATORS

In this lecture, we introduce symbol classes, following the first chapters of [4,5]. We fix
X C R"™ an open set and real numbers 0 < p < 1, 0 < § < 1. Also, we fix m € R and
N € Z>,. Our aim is to make sense of distributions kernels

I(a,p) = / @y g (9 0)dh € D'(X x Y)
RN
for suitable choices of a phase function ¢ and a symbol a. For example, we have seen that
the distribution kernel of (1 — A)~™! has a(z,y,0) = 1+|€|2 and ¢(z,y,0) = (z —y) - 0.
2.1. Symbol classes.

Definition 2.1 (Symbol classes). We introduce S7's(X xR™) as the space of all a € C™(X x

RY), such that for all compact K C X and all multiindices o € N2, 8 € NN there is a
constant C' = Cg o p(a) such that, for all (z,0) € K x R"

0905 a(x,0)] < C(1 + |g])mrlBlHdlel (2.1)
We say that SJs is the space of all symbols of order m and of type (p,9).

We equip the space )% (X x RY) with the LCS topology given by the seminorms, for each
compact K C X and multiindices o € N, 5 € NV:

a 90
PK,a,ﬁ(a) — sup |0oc a@ a<x> 9)’

2.2
(@.0)ck xry (1+ |0])m—rlBl+olal (2.2)

A countable family of seminorms is given by taking a nested sequence of compact sets K; X
and seminorms P . It is an exercise to check the induced topology is Fréchet. Moreover,

we clearly have 920 - (X x RY) — ST APleHeld (x5 RY) continuous.

We also observe that S7s(X x RY) C Sp,,(;,(X x RY)if m <m/,§ <& and p > p/. The
space of symbols of order —oo is given by

S™O(X xRY) = (1] Sp5(X x RY) (2.3)
meR

Equivalently, symbols of order —oc are such that for all compact K, multiindices o and S,
and M € R, we have for (z,0) € K x RY:

028 a(x, )] < C(1+ [0)~™ (2.4)

The space S~ also carries the natural Fréchet topology, by choosing “the best” constants
n (2.4). From now on we fix the notation S™ for ST}, and any m.

Remark 2.2. There is no point in introducing S for p > 1 or ¢ < 0. For example, if
a € S5 for m < 0 and p > 1, the equation (2.1) yields that after applying d, many times
and then integrating, that there is a gain in the decay in 0y derivative; so a € S™°.

Example 2.3. We give a few examples of symbols:
1. Assume n = N. Then a(z,0) = >, <,, @0* belongs to the symbols class S7j(X X
RM).
2. More generally, let a € C*(X x RY) be positively homogeneous of order m for |0] > 1,
i.e. a(w,\0) = \"a(z,0) for A > 1 and |#] > 1. Then a € ST(X x R").
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3. Assume N = n, so that e " € S7°(X x R™).

4. We have et € Sf,.

5. Exotic: assume f € C°°(X x RM:[0,00)) and is positively homogeneous of degree 1
for [§] > 1. Then e~/ € S9, (X x RY).

2’2

We now prove a few properties about the topologies on the spaces of symbols, with the aim
to make sense of an asymptotic formula a ~ >7°7  a; where a; € 57’5 (X x RY) for m; — —o0
as j — 0o.

Proposition 2.4. Assume my, mo € R. The map (a,b) — ab on the sets
THX X RY) x STE(X x RY) — STt (X x RY) (2.5)
18 well-defined and continuous.

Proof. 1f we apply the Leibniz’ formula to 6“85 a, we get
000 (ab) = > Clon, 0, b1, 32)02 95" a - 9220, (2.6)

aitog=

B1 +52:5

for suitable multinomial coefficients C'(aq, o, 51, f2). Well-definedness follows from the esti-
mates (2.1) applied to each summand on a set K x RY; continuity follows from estimating
the RHS and applying Proposition 1.2. O

Proposition 2.5. Let (aj);?‘;l be a bounded sequence' in s, Wwhich converges pointwise for
each (x,0) € X x RN, Then the pointwise limit a belongs to S5(X x RY) and for every
m' > m, we have a; — a as j — oo in the topology of S} (X X RN)

Proof. By assumption, the Pk o 3(a;) are bounded uniformly on j. So by Arzela-Ascoli on
compact subsets, there exists a convergent subsequence; by uniqueness of limits this is a and
so a is smooth.? By the same argument moreover a; — a uniformly in C*(X x RY).

In order to prove convergence in S, consider compact K C X and multiindices «, 3.
Consider for each (z,0) € K x RY:

0)a—a)l _ 1 [9595(a—ay)]
(14 |@])™ —rlBl+olal (14 6)™'=m (1 + |g])m—rlBl+3le]

We analyse this factorisation and aim to prove Py, g(a —a;) — 0. First, observe that in the
regime where |f| > L where L is large enough, by boundedness of the second factor, we have
ki(x,0) <e

In the regime where |f| < L, by uniform convergence in C* we have k;(x, ) — 0 uniformly
on K x B(0, L). Therefore, by taking ¢ small enough, we see that

lim sup kj(z,0) =0 (2.8)

J=%0 (3 0)eK xRN

This finishes the proof. 0

"n the LCS topology.

2Alternatively, conclude that a is continuous by Arzela-Ascoli. Then apply the inequality [7/(0)] <
Ce(lf Nz 1f" o + I fI7e), where f € C?([—¢,e]). Then argue that (a;)32,; is Cauchy in C* by applying
this inequality to terms (a; — a;); iterate to get Cauchy in C* for each k.
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Proposition 2.6. If m' > m, then S™°(X x RY) is dense in Sy’5(X x RY) in the topology
of S5(X x RY).

Proof. Let x € C(X x RY) with xy = 0 for |§] < 1 and |§] > 2. Then x,(0) = X(%) for
j=1,2,... is a bounded sequence in 57 o(X x R¥Y). The amounts to checking that

5:(6) =i o5 (1) = (11 + o)) (29)

uniformly in 7,6, according to (2.1); this follows since x is supported on 1 < |0 < 2. To
finish the proof, it suffices to put a;(x,6) = X(?)a(w, ) and apply Propositions 2.4, 2.5 and
the inclusion 7, C S} ;. O

We now come to the main point: we may sum the symbols asymptotically.

Proposition 2.7. Let a; € SZE(X x RN) for j =0,1,... withm; \, —o0 as j — oo. Then
there exists a € S™ (X x RY), unique modulo S=°(X x RY), such that for every k = 0,1, ...

a— Y a; €SIEHX xRY) (2.10)
0<j<k
Proof. Uniqueness part follows from the fact that, if a’ also satisfies (2.10), then (a—a) € S7'5

for all k.

For existence, assume first w.l.o.g. m; is strictly decreasing by regrouping the summands
according to order. Let Pj, P;,... be an enumeration of the seminorms defining the topol-
ogy of S;'?g. Then Proposition 2.6 implies that, for every j, there is b; € S7°° such that for
al0<v,p<g—1

P, u(a; —b;) <277 (2.11)
Therefore, the sum } .., (a;—b;) converges in S’ for all k, and if we put a := 372 ((a;—b;) €
S)'s, then

a—> aj=->b +Z S (2.12)

<k Jj<k

O

Remark 2.8. We want to make few remarks. First, the argument in the previous proposition
uses a form of Cantor diagonal argument in the choice of approximating b;. Secondly, the
proposition is reminiscent of a statement known as Borel’s lemma. This lemma states that
we may construct smooth functions with prescribed jets; i.e. for any given a,, there exists
f e C®(R™) with 0*f(0) = ana!. Finally, the form of the a we constructed can be seen as

follows:
=5 ()

where t; — oo are chosen to grow sufficiently fast so that the sum and the derivatives
converge.
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2.2. Oscillatory integrals. We start with a definition of a phase function
Definition 2.9. A function ¢(x,6) € C*(X x (RV\0)) is called a phase function if for all
(z,0) € X x (RN 0)

1. Imp >0

2. o(x, \0) = Ap(x,0) for X\ >0 (positive homogeneity)

3. dypp #0

Recall that we aim to make sense of the integrals of the form, for a € S7%(X x RY) and ¢
a phase function

I(a, ) —/el ?@0q(x,0)do (2.13)

We will call integrals of this form oscillatory integrals. Observe that if m < —N — k the
above integral converges and I(a,p) € C*(X). To make sense of it we integrate by parts
many times; e.g. if N =n and ¢(x,0) = x - 0, we trade z derivatives of u for inverse powers

of 0.

Lemma 2.10. Let ¢ be a phase function. There exists a; € S°(X xRY), b, c € STHX xRY)
forg=1,... ,N and k=0,... ,n, such that

N n
0 0
7j=1 k=1

satisfies tLe'? = . Here 'L is the formal adjoint® and is given by

Oau) <= O(bru)
t - _ J7
Lu = E a0, kgﬂ oz, +cu (2.15)

Jj=1

end of Lecture 3, 24.10.2018.

Proof. Introduce

(2.16)

02| O
o(w.0) =3 || + 0|5

The following properties hold true: ®(z,0) # 0 for § # 0 by properties of ¢, ®(x, \0) =
N2®(x,0) for A > 0 and 6 # 0. Denote by y € C5°(RY) a bump function such that y = 1
near zero. We let

‘L (Z| |239 aa Zf)xk axk) x(0) (2.17)

N n
0 0
= — 4 v, ! 2.18
Zaﬂagj Z Fom T C (2.18)

j=1

It is easy to check that the coefficients o € S%, b, € S~! and ¢ € S™>°. Then one sees that
Le" = €' and the formal adjoint L = *(*L) satisfies the conditions of the lemma. O

Sle. [ [Lfg= [ [ f'Lgfor all f,g € C°(X x RYN).
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Theorem 2.11. Assume p > 0 and § < 1 and that ¢ is a phase function. Then there exists
a unique way to extend I(a, @) from S7(X x RY) to S55(X x RY) = UperSis(X x RY),
such that

(X xRY) 3 a s I(a, ) € D'(X) (2.19)

is continuous. *

Proof. Uniqueness is clear, as we have 5™ dense in S5} in any topology S;?(; for m’ > m by
Proposition 2.6. For existence, we integrate by parts formally. For a € S7>° and u € C§°(X):

(I(a,p),u) :://ei‘p(z’e)a(x,ﬁ)u(x)dxdé’ (2.20)

Consider now L given by Lemma 2.10. Let ¢ := min(p,1 — ). For general a € )%, observe
that L*(a(z, 0)u(z)) € ngé_kt by Proposition 2.4. So choose k with m — kt < —N and define
It(a, ) by the following expression:

(Ir(a, ), u) = //ei“’(z’g)Lk (a(z, O)u(x))dzdd (2.21)
Observe we have the following estimate, for K & €

sup [ L*(au)|(1+ [6]) 7" < fixe(a) - Y sup |0%u(a)| (2.22)
K xRN o<k
where f; x(a) is a suitable seminorm on S7%. This implies that Ii(a, ¢) € D'*)(X) and that
S5 a s Iy(a, @) € D'®(X) is continuous.
It is left to notice: for any choice of k' with m — k't < —N, we Ii(a, ) = Ix(a, ) and
I(a, ) = Ix(a, ) for any a € S™>°. Therefore, the extension is well-defined. O

Next, we prove simple properties of oscillatory integrals I(a, ¢) and give the definition of a
Fourier Integral Operator (FIO in short). We specialise this definition to pseudodifferential
operators.

Given a phase function ¢ on X x (RN \ O), define the critical set of ¢ as
Cp ={(z,0) € X x (RV\0) | dpgp(x,0) = 0} (2.23)

The next claim is that the singularities of I(a, ¢) are determined by the behaviour of a and
¢ near C,. We let IT: X x RY — X be the projection to the first coordinate.

Proposition 2.12. The following two claims hold, if a € S)s(X X RYM):

1. singsupp I(a, p) C II(C,,)
2. If a vanishes on a conical neighbourhood of C,, then I(a,y) € C=(X).

Proof. Let R, = X \ II(C,). The first part will follow if we show

I(a,¢)(x) = /ei‘p(“é))a(m,g)d@ (2.24)

is smooth on R,. But this integral is itself an oscillatory integral depending on a parameter
x € R,. Differentiating under the integral sign gives integrals of the same type.

4Moreover, if k € N and m — kmin(p,1 —§) < —N, then Srs>a—I(a,p) € D'(*) is continous. Here, by
D' M) (X) we denote the space of distributions of order < k. By definition, this is the dual space of CE(X).
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For the second part, we will follow the proof of Lemma 2.10. Introduce

Ly ol i
Lo = L2 X0 g2 Zae ae + Xo (2.25)

Here xo € C3°(X x RY) is such that xo = 1 near zero and zero for || > 1. Then, y is
such that xy = 1 on C, and supp x C (suppa)® U By, but supp(x — xo0) C (suppa)® (draw a
picture). Then one computes ‘Le™ = (1 — x + xo)e'?.

We see that the coefficients of L = (L) = Zaj(a:ﬁ)a%j + c(z,0) satisfy a € S° and
c € S71, as before. Therefore, we have I(a, ) = I(L*(a), ), but since L*(a) € S;fé_kt, we
have I(a,p) € C(X) for any [, which finishes the proof. O

As an example of previous theory, we consider X x Y x RV, where X C R® and Y C R™.
An operator A : C*(Y') — D'(X) of the following form, for a € S75(X x Y x RY) is called
a Fourier Integral Operator (FI1O)

// @wd) gz, y. 0)uly)dydd (2.26)

Here v € C§°(Y) and we think of K4 = I(a,¢) € D'(X xY) as a distribution kernel (c.f.
Schwartz kernel theorem 1.7) generating operator A via
(Au,v)x = (K4, @ u)xxy (2.27)

Here v € C¥(X). f X =Y, N =n, p(x,y,£) = (x —y) - € and K4 = (27)"I(a, p),” then
A is called a pseudodzﬁemntml operator (PDO). More precisely, for PDOs we have

Aulz) = (21)" // @00z, y, 0)u(y)dydd (2.28)

We denote the space of such operators W7';(X) and say that A € U7's(X) is of order < m
and of type (p,d). We write just U=>°(X) to denote the set of operators of order —oo.
We now prove first properties of PDOs. We denote by A the diagonal in X x X.

Proposition 2.13. Leta € SZ’;;(X x X xR™) and A is the associated PDO given by equation
(2.26), then:

1. A is a continuous map A : C§°(X) — C*(X).

2. A has a unique continuous extension A : E'(X) — D'(X).

3. K4 € C*(X x X\ A).

4. sing supp(Au) C singsupp(u) (pseudolocality)

Proof. For the first point, note that d, gp = (—0,2 —y) # 0 for all points (z,y,0) € X x X x

R". By Lemma 2.10, there is an L € 5905)9 ® Sl_éaay Sfé, depending smoothly in z, such

that 'L(e"?) = €', Then for u,v € C°(X) and k € N with m — kt < —N:

(Au,v) = (K4, v @ u) = /// =0y (2) LF (a2, y, 0)u(y)) dedydd

Therefore, Au(z) is the smooth function given by
Au(z) = (2m)™" / / e IR (a(x,y, 0)u(y))dydd

"Note the extra (2r)~" factor.
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The continuity of A : C3°(X) — C*°(X) follows from this formula. For the second part, in
view of Schwartz kernel Theorem 1.7, the transpose of A is given by A : C§°(X) — D'(X)
by exchanging the roles of z and y, i.e. for u,v € C§°(X)

(u, " Av) = (Au,v) = (K 4,v @ u)

Note that *A is generated by the symbol a(y, z,0); since d, g = (6,2 — y) # 0 as above, we
get 'A: C5°(X) — C=(X). Therefore, there is a unique extension given by, for u € &'(X)
and v € C§°(X):

(Au,v) = (u," Av)

The third point follows from Proposition 2.12 and as C, = A x (]R” \ O).

For the fourth point, let v € £'(X) and take zo € X \ singsupp(u). Take ¢, 9 € C§°(X)
with supp(p) Nsupp(¢p) = 0, with ¢ = 1 near zy and ¢» = 1 near singsupp(u). Then by 1.
above we have A((1 — ¢)u) € C*°(X). Furthermore, since by 3. above p(z)Ka(z,y)¢(y) €
C*>°(X x X), which is the kernel of the operator p A, we have

pA(Yu) € C(X) (2.29)

Combining the above two facts, we have p Au € C*°(X), which by definition implies that Au
is C'™ outside sing supp(u). O

Remark 2.14. We give a few remarks about the proof of the previous proposition. First, in
proving the smoothness in (2.29) we used a fact from the theory of distributions, i.e. whenever
we have a continuous operator B : C§°(Y) — D'(X) with distribution kernel K € D'(X xY')
(c.f. Theorem 1.7), then the following two statements are equivalent:

1. B extends to a continuous operator B : £'(Y) — C>(X).

2. Kpe C®(X xY).

If either of two statements hold, we say B is smoothing.

end of Lecture 4, 31.10.2018.

We note that the set of smoothing operators for which X = Y coincides with the set

U~*(X) of pseudodifferential operators. To see this, assume first A € U=>°(X). Then

the integral kernel K(z,y) € C*(X x X) (as I(a,p) is smooth, where a € S~ is the

corresponding symbol). Conversely if A is smoothing, then K4(z,y) is smooth. So pick

a(z,y,0) = Ka(x,y)e @90y (0) € S~ where y € C°(R") with [ x(0)df = 1. Tt is easy
to see that A is of form (2.28). Hence the conclusion.

3. METHOD OF STATIONARY PHASE

In this chapter we consider integrals of the form, for ¢ € C*(X;R), u € C{°(X) and
AeR:

](/\):/)(ei’\“’(x)u(a:)d$ (3.1)

We are interested in the asymptotic behaviour of I(\) as A — oc.

If we assume dp # 0 on X and take 'L = M\alch|2 > i1 92 9 (cf Lemma 2.10), so that

tLe? = % then by repeated integrations by parts, we get

I(\) = O(A™)
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by which we mean, for each N > 0 there exists Cy such that
[TV < CpA™Y
We arrive at the following natural question.
Question 3.1. What is the asymptotic behaviour of I(\) as A — oo if ¢ has critical points?

The idea is that I(\) will asymptotically be affected by values of u and ¢ near the critical
points of .

Recall that zo € X a non-degenerate critical point of ¢ if dp(xy) = 0 and ¢"(zg) # 0.
Here ¢"(x) = det ( et )(:c) denotes the Hessian. By Morse lemma, near such a point z,

there exists a local dlffeomorphism H:x9 €U — 0€V with H(xg) = 0, such that®

1
poH (w1, ) = p(T0) + (@1 H A — i — )

Here r is the maximal dimension of a subspace on which the matrix ¢"(z¢) is positive; we
denote by sgn¢”(zg) = r — (n — r) the signature. Morse lemma reduces Question 3.1 to
considering a symmetric, quadratic form @ with signature sgn @ =r — (n —r).

Recall the following identity:

F(exi®Q)) = (27)3 17809 det Q| 2¢~6Q 71O/ (3.2)

Now by Parseval’s identity (c.f. Proposition 1.9 3.), we obtain:

/ MN@Q2) 20 (1) da = (2) 3 €T %809 det Q,%)\S/ e~ HERTIO/ NG (£)dg
X

n

Now an application of Taylor’s formula gives that ‘eit— ivfol ng ’ < ‘;': fort € R. Therefore,
we obtain:
N-1 X
p—iEQTIE/(2Y) _ E( (£,0" £>> + Ry(£,\) (3.3)
k=0

where we have the remainder estimate |Ry (&, )| < (20)"V[(£, Q7)Y /N
Also, by the properties of the Fourier transform (c.f. Proposition 1.9 5.), we obtain

/ (£.Q ) A(E)dE = (2n)" ((Da. Q' D,)*u) (0)

Here (D,, Q'D,) is the second order operator —Q;jl@-aj associated to Q~!. Combining the
results above, we obtain the expansion

N-1 2ez4sgnQ

1 k
/MxQx/? H'detQ' e (5300 Q700 ) w(0) 4 8w ) (34)
k=0

Here we have remainder estimate of the form Sy (u, A) = O,(A~27") (here O, indicates that
the constant depends on u).

OFor a proof of this fact, see [4, Lemma 2.1.].
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0 —Id
—Id 0
to (z,y) € R*" variables, so that 1((z,y), Q(z,y)) = —z - y. Then by equation (3.4)

ANT . i . k
() / n / ez, y)dady = ];W(gz;a%ayj) u(0,0) + Sy (u, \)
- =

We now specialise to () = , where each block is an n by n matrix, and switch

. (3.5)
= Z W@?@;u(o, 0) + SN(U, )\)
la]<N-1
We record this expansion for subsequent use. We also have the remainder estimate
[Sn(u, )] < CAN Y 09070, - 9,)Vu| o (3.6)

|a+B|<2n+1

Remark 3.2. More generally, assume ¢ has a single non-degenerate critical point xq (if there
are more, we just sum over these). By Morse lemma and using expansion (3.4), one has

/ M@y (x)dx ~ Z A3 Ry,
X k=0

Here ¢, are coefficients determined by applying a differential operator As; of order 2k to u
at xg; the coefficients of Ay, depend on derivatives of ¢ at xy. The expansion is in powers of
A~L. For instance, we have

(2m) 2 ¢i s8n " (w0)

| det " (z0)|2

Remark 3.3. This method is useful in various areas of mathematics and physics: in PDEs,
proving various formulas, Chern-Simons theory (infinite dimensional setting) etc.

4. ALGEBRA OF PSEUDODIFFERENTIAL OPERATORS

The aim for this section is to prove: left symbol quantisation for PDOs, composition prop-
erties of PDOs, invariance under coordinate changes and to extend this theory to compact
manifolds.

To this end, say C C X x Y is proper if the projections II, : X x Y — X and II, :
X xY — Y are proper maps. Recall a map f : V — W is proper is f1(K) C V is
compact for all compact K C W. An operator A : Cg°(Y) — C>(X) is properly supported
if supp K4 C X x Y is proper. Given K CY, L C X and C C X XY, write

C(K)={zeX|IyeKst (r,y) e C} =II,(CNIL,'K)
and
CYL)y={yeY|IreLlLst (v,y) € C}=1,(CNI;'L)
Observe that for u € Cg°(X) and for a properly supported A € U7's(X), we have
supp(Au) C supp K 4(supp u) (4.1)

Since A is properly supported, we have A : C§°(X) — C§°(X) is continuous. Analogous
argument applies to A and so by duality A extends to a map A : D'(X) — D'(X). Moreover,
notice that (4.1) holds for u € £'(X) (c.f. Proposition 2.13), so we have A : £'(X) — &'(X);
as before, by duality we have A extends to a map A : C®°(X) — C>(X).
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Note also that if A properly supported PDO and B an arbitrary PDO, the compositions
Ao B,Bo A are well defined maps C§°(X) — C*(X), by above properties.

Proposition 4.1. Any PDO A € V7'5(X) can be written as A = Ag + Ay, where A, €
W=°(X) is smoothing and Ag € W}'s(X) is properly supported.

Proof. Let x € C*(X x X) be such that x = 1 near the diagonal A and suppy C X x X
proper (exercise: prove the existence of such a function). We put

aO(xayae) ZX(af,y)a(x,y,H) and @1($,y,9) = (1 —X(x,y))a(m,y,Q)
Consider the operators Ay and A; associated to symbols ay and a;, respectively. Then

Ka,(z,y) € C*(X x X) by Proposition 2.13 and K4,(z,y) is properly supported by the
properties of y. Therefore, we have A = Ay + A; with desired properties. O

The next result establishes the left quantisation, i.e. eliminates the dependence on y in
the symbols a(x,y, §).

Theorem 4.2. Let A € W7 be properly supported and assume p > 5. Then b(x,§) =
"™ EA(e)E) belongs to SIS (X x X x R™) and has an asymptotic development

i~ lal e
b(l’, g) ~ Z ? (af ay CL(JI7 Y, 5)) |y:m (42)
aeNg
Moreover, Au(z) = (2r)™" [ €™b(x, E)u(§)dé for u € Cg°(X). We call oa(z,€) := b(z,£)
the complete symbol of A.
Proof. By multiplying a(z,y,0) by a cut-off x € C>°(X x X) with x = 1 near supp K4 and
with supp x proper, we may assume that I, ya = {(z,y) € X x X | 30 € R" s.t. a(z,y,0) #

0} is proper. Furthermore, for simplicity from now on assume p = 1 and § = 0. Then we
write

efixéAei(J{ — (QW)”//a(x,y, e)ei(a:fy)-(efé)dyde —. b(x,é‘) (43)

The integral is interpreted as an iterated one and note that the phase (x — y) - (0 — &) has
critical points at 6 =&, x = y.

Let x € C§°([0,00); [0,1]) be such that x =1 on [0, 5] and supp x C [0, 3). For [£| > 2 and
r € K C X compact, put

ba(z,€) = (2#)‘”//a(m,y,9)<1 - X(%))eiu_y)'w_f)dyde (4.4)
In this integral, we integrate by parts with L = @ Z;L:l(fj —0;)D,,; observe that ‘L = —L
and Le(*v)(0=8) — ¢ilz=v)-(9=8)  Observe also that on the support of 1 — X(%), we have
0 — & ~1+10] +|£." Then
(1 +[6)™ (1+ Jgmenrt=
(1+ 0]+ [£]) (1+ o))+

Here we write Og(1) for a term uniformly bounded in (£,6), k¥ € N and we also assume
m+n+1—k < 0. Now for such k € N, from (4.4) we have by(z,&) = Og(1)(1 + [£])mFT1=FR,

L¥(a(1 - x)) = Ok(1) P = O+ 10+ (€)™ = Ox(1)

"Here we write a ~ b if there is a C' > 0 such that % <b<CCa.
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Similar estimates for derivatives of by yield by € S™°.

end of Lecture 5, 7.11.2018.
It remains to study for |{| > 1 and x € K C X compact,

by(z,&) = (27r)_”//a(m,y,@)x(|9|g|€|)ei(x_y)'(e_f)dydﬁ (4.5)
o]

=(2m)™" //a(x,a: + 5,6+ o)x(m)e_“"dsda (4.6)

= (%)n//a(x,qus,)\(w+0))X(|0|)6_i’\50dsd0 (4.7)

Here, in the second line we used the substitutions y = x + s and 6 = £ 4 o; in the third line,
we put & = Aw, where A\ = |{| and changed the variables by writing 0 = Ag. We want to
apply the method of stationary phase from Section 3. More precisely, we use the expansion
in (3.5) to write

bile )= S ATllillgeae (a(:c, z+ 5, \w + a))) 4 Sx(N)
lal<N—1 =0
i el e
= |§;‘ i (@oeatey.0)|  + s

The remainder term is estimated using (3.6)

ISy < Oy h™ > sup 02070, - 0,)™ (alz, 2 + 5, Mw + 0))x(|o])|

la+B|<2n+1 *7

Now a typical term of the operator (9, - 9,)" acting on ay is of the form A'Bl‘((?;/@g/a(x, x +
s, Mw+0))0%"x(|o|) with '+ " = o with |o/| = N. If we apply 9202 with |a+ 8] < 2n+1
to such a term, we get an upper bound of CA™. Thus |Sy(A)| < Cy|&|™ ¥ for z € K and
€l > 1.

A similar argument applies to provide estimates on derivatives of by (z,£) and this shows
directly that by(x,£) € S™ and that b; has the good asymptotic expansion. Furthermore,
since b = by + by and by, € ST, we deduce the properties of b.

Finally, if u € C5°(X), we write u(z) = (2r)™" [ €™*4(£)d¢ and approximate this integral

by Riemann sums
e\" VTV
us(z) = <%> Z e u(v)

yE(sZ)”,|y|§é
Then u. — w in C°(X). Since A : C*(X) — C*(X) is continuous, we get
Aule) = (2m) " [ A=) = (2m) " [ o, a6 de
This finishes the proof. 0

Recall now that by Proposition 4.1, any PDO A € ¥7';(X) can be decomposed as A =
Ao+ Ay, where A; is smoothing and Aq properly supported. We define the complete symbol
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of A, 04 € SJ5(X x R")/S™ as the class of 04, (check this is well-defined). This way, we
obtaln a leectlve map

A oq: U(X) /T = ST(X x R") /5

Equip now L?*(X) with the standard inner product (u,v) := [ u( x)dzx. Now if A :
C(X) — D'(X) is continuous, we define the complex ad301nt A C"O( ) = D'(X) via
(Au,v) = (u, A*v). Thus Kx+(z,y) = Ka(y, x).

Theorem 4.3. Assume p > §. Then
1. Let A€ W)'s(X). Then A* € W7'5(X) and

o (1, €) ~ Z —0¢ DSou(x,€) (4.8)

2. Let A € \If;'f;(X) and B € \P% (X), with at least one of A, B properly supported.
Then the composition AB € \IIZ?;M”N (X) and

74 (0,6) ~ 3~ 8 0a(5,€) Diers(,©) (4.9

o

Proof. One checks directly that the symbol of A* is given by a*(z,y,£) = a(y,x,€) and so
A* € UP5(X). Now recall that we may take a(zr,y,§) = oa(z,§) modulo 57>, so Theorem
4.2 gives the expansion (4.8).

For the second part, assume both A and B are properly supported, by using Proposition
4.1 and observing that the result is unaffected by changes modulo W~°°. By Theorem 4.2 we
may assume

Au(z) = (27r)_"//ei(x_y)'ga(x,f)u(y)dydf (4.10)
Bu(z) = (21)~" / e (z, €)(E)de (4.11)

Here a = 04, b = op and v € C3°(X). Approximate the integral defining Bu by Riemann
sums converging in C*°(X) (c.f. proof of Theorem 4.2), to obtain

2m) A [ by s = (2m) " [ @S mEAEO, ) ae)ag

-

g

c(z,8):=
By the proof of Theorem 4.2 we find ¢ € 757" (X) and

z,§) ~ Zé@gD;(a(x,g)b(y, 6’)) Yz 0t Z 8§ oa(z,§)Dop(x,§)

O

Remark 4.4. Alternatively, for 2. in the previous theorem, argue as follows. Show that for
B properly supported and u € C§°(X), we have Bu = [e¥op(y, —&)u(y)dy. Therefore

ABu(z) = (2m)” // Doz, §)op(y, —€)uly)dyds

Then apply Theorem 4.2 directly and manipulate the expansion.
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4.1. Changes of variables (Kuranishi trick). We discuss transformations of PDOs under
changes of variables. Let x : X — X be a C® diffeomorphism. This defines the pullback
K*: C®(X) = C®(X) by k'u =uok. If Ae o 5(X) is a PDO on X, we want to study

A=rk*odAo (k) !:CC(X) = C®(X). We may write

Au(z) = Ao x™)(x(z)) = (27)" // DG (), 7. D)k (7)) dGdD (4.12)

If we make a change of variables y = x(y), we obtain

P(z,y, 5)

(2m)" / / 9) 050 (x),m(y),g)u(y)}detg—g‘dydg (4.13)

Here | det By‘ denotes the Jacobian. Note that b € S™ 75(X x X x R") and that ®(x,y, 0) is a
phase functlon so A is an FIO. By a change of Varlables in the fibres, usually referred to in
literature as the Kuranishi trick, we would like to show A € \If;’f(;(X ). By Proposition 2.12 1.,
we have that the kernel K4 = (27r)~"I(b, ®) is smooth away from the diagonal A. Therefore,
we may restrict attention to a neighbourhood € of A. Then for (z,y) € © we may write
(z,y,0) = (F(w,y)(x - y),0) = (x — y, G(x,y)0), where G(z,y) = "F(x,y) and’

B Ok(tr + (1 —t)y)
F(z,y) = /0 5 dt (4.14)

Then F and G are smooth in Q and F(z,z) = 2%(z). We choose 2 small enough such that
F and G are invertible on 2. _

After a change of variables in the fibres depending on (z,y) € Q, § = G(z,y)0, we may
introduce

| det %52

o(e9.0) = A(x(a).K(0). G~ 0.0 it

(4.15)

We obtain on § that K4(z,y) = (2r) ™ [ €@ ¥%(z,y,0)dd, so it remains to determme the
symbol class of a. On a compact set K C {2, we check that for each ¢, since a €

la(z,y,0)] < C(1+ |G~ (z,y)0])™ < Cx(1+[0])" (4.16)
|0z,a(@, y, 0) < Cre(1+[0)™ + Cre (1 + [0])" (4.17)

Here we used the chain rule in the second estimate. We conclude that we must have p+4 =1
in order to get the estimate (2.1), which we assume further on. We use the notation S} :=

S, and U = W, - Iterating, we then get a € S'(2 x R") and so A € UJ'(X).
Assuming p > 0, 1.e p > , by Theorem 4.2 we get:
Ok (y
1 | det 2514 |
o3 Lo o LY
£~ 2 i Dy (oalwlo), 6o ) ) gy )

8Here (a,b) = 3, a;b; is the usual inner product on R™.
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It is possible to show directly that o4 does not depend on the choice made. In particular, by
identifying the leading order terms in (4.18)

04(z,€) = 05(k(2), ('K (x))7'€) mod Sy~ Gy (4.19)

Here r/'(x) denotes the differential of k.

end of Lecture 6, 14.11.2018.
We now introduce the principal symbol of a PDO.

oy m 1 .. .
Definition 4.5. Let A € W(X), for p > 5. The principal symbol of A is defined as the
image of o4 in (S?/S;nf(prl))(X x R™).

Observe that the principal symbols gives rise to a bijection
m /\ym—(2p—1) m | gm—(2p—1)
Wl e — S/ SEP
Coming back to changes of variables, we conclude that if a and a denote the principal symbols
of A and A respectively, then

alz, '/ (2)€) = k(). €) (4.20)
Finally, we introduce a special class of symbols, called classical symbols, denoted by S7' (X x
R"™) C S™(X x R"), and defining a(z, ) € S by asking
a(2,0) ~ S (1= X(O))am_5(x,6) (421)
=0
Here x € C§°(R™) and x = 1 close to 0, and ag(x,0) € C*(X x R™) are positively homo-
geneous of degree k in 6 (c.f. Example 2.3 2.). We let U7(X) C U™(X) be the class of

PDOs A for which o4 € S7'; we say A is classical. For such an operator we may identify
the principal symbol in S7%/S™~! with the positively homogeneous function a,,(z, &) if the

expansion (4.21) holds for o4(z,&).

Remark 4.6. Note that the class of classical PDOs is closed under taking compositions in
the sense of and by Theorem 4.3. It is also closed under changes of variables by the expansion
(4.18). Note also that differential operators are classical PDOs.

5. ELLIPTIC OPERATORS AND L?-CONTINUITY

From now on, we assume p = 1 and § = 0. Let P € U™(X) with symbol p(x,£). We
say that P is elliptic or non-characteristic at (xq, &) € X X (R" \ O) if there exits a conical
neighbourhood V' of (z¢,&) in X x (R™\ 0) and C > 0 such that

(. ) > (1 + )" (5.)

for (z,€) € V with |£] > C. We say that P is elliptic at o if P is elliptic at (x¢,&) for all
¢ € R"\ 0. Furthermore, we say P is elliptic on X’ C X if it is so for all z € X".
In what follows we denote the symbols by lower letters.

Theorem 5.1. If P € V(X)) is elliptic, there exists Q) € W~™(X) properly supported, such
that’

PoQ=QoP=1d mod V¥~ (5.2)

9We write A = B mod ¥* for some k and PDOs A and B if A — B € ¥*(X).
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Moreover, Q) is unique modulo W~>°(X).

Proof. Using a partition of unity, we may find gy € C*(X x R") such that for every K C X
compact, there exists Cx > 0 with

%(%f) = !

p(z,§)’
Lemma 5.2. We have qo(x,&) € S™™(X x R").

Proof. Let x € K and |£] > (Y., such that |g(z, )| < C(1+ [¢])~™. By induction, we may
assume for x € K and |a| + |B]| < N

for z € K, |£] > Ck

1020¢ qo(, €)| < Cap(1+ (€)™ (5.3)
Now let || + |B| = N. Differentiating gop = 1, we get
PR = Y Ol f.a" 8070 p) (020 ) <COU+ DT (54)
o' +a'" =a,a’ #£0
B'+6"=8,6'#0

Here we used the symbol estimates for p and the induction hypothesis. Therefore, we con-
clude:

950, a0l < C(1+ [y (5.5)

O

Take now a properly supported operator Qg € W~""(X) with symbol ¢y modulo S~°. By
Theorem 4.3 we see Qoo P — Id € ¥ 1(X). Now let Q; be a PDO such that

(Qo+ Q1) o P —Ide U 2(X) (5.6)

For this, by Theorem 4.3 we see it sufices to take ¢; = —220°~1? By Lemma 5.2, we see

g € S7™ 1t and so Q, € "™ 1(X). Iterating, we obtain Q; € ¥""7%(X) for all k¥ € Ny,
such that

(Qo+Qi+...+Qp)oP —Ide ¥ 1(X) (5.7)

Taking the operator @y, to be associated to the asymptotic expansion ) i>04j gives Qo P —
Id € ¥~°°. Similarly, there is a properly supported Qg with Po Qr — Id € ™.

Applying Qg to the right of QP = Id mod V™= gives ) := @ = Qg mod V™.
Uniqueness of () is now easy to see. O

Such @ in Theorem 5.1 is called a parametriz.

Corollary 5.3. Assume P € V™(X) is elliptic and properly supported. Then
1. P:D'(X)/C>®(X) = D'(X)/C>(X) is a bijection.
2. For u € D'(X), we have sing supp(Pu) = sing supp(u).

Proof. Note that P is well-defined on D’(X) since it is properly supported. For 1., the inverse
of P is given by the parametrix from Theorem 5.1.

For 2., it suffices to apply pseudolocality of PDOs from Proposition 2.13 4. to P and its
parametrix. 0]

Remark 5.4. 1. If £ is an elliptic differential operator, such that Lu € C*°(X) for
u € D'(X), then u € C*°(X). Thus we re-obtain a result about elliptic regularity.
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2. More generally, a PDO P is hypoellipic if Pu € C*° implies u € C*°. It is possible to
show, for example, that the heat operator 0, — A is hypoelliptic.
3. Later, we will be able to show a more precise regularity result using wavefront sets.

5.1. L*-continuity. We focus on mapping properties of PDOs in U°(X) between L? spaces
at first, and then generalise to mappings on Sobolev spaces.

Theorem 5.5. Let A € V(X)) with K4 € E'(R™ x R™). Define
M :=limsup sup |oa(x,§)| (5.8)

|€] =00 zER™

Then A : L*(R™) — L*(R") is continuous and for every e > 0, we can find a decomposition
A = A, + K., where ||Acl] < M + ¢ and K. € V"°(R"). Also, we have supp K4, C
supp K4 + {0} x B(0,¢).

Proof. Since supp K 4 is compact, we may assume o4(z, ) vanishes for = outside a compact
set. The idea is to show that A*A < (M + ¢)?Id in the sense of self-adjoint operators by
constructing a square root of (M + ¢)2Id — A* A.

Lemma 5.6. For all ¢ > 0, there exists B € WO(R™) with Ky+eyia—p € E'(R™ x R™) and
such that

(M +¢)’ld= A*A+ B*B+ K
where K € U~>°(R").
Proof. Consider the formally self adjoint operator C' = (M + €)?Id — A*A. Then
loc(z,&)| > const. > 0 (5.9)

for |£] large. Also, we have o —o¢c € S

end of Lecture 7, 21.11.2018.
We claim we can find by € S°, with by = M + ¢ for x outside a compact set, such that

oc — boby € STHR™) (5.10)

Existence of such by can be shown by setting by = /(M +¢)2 — |o4]? for large |¢| and
by = M + ¢ for x outside a compact set; one checks by € S° similar to the proof of Lemma
5.2. Then we may write

By = (M +¢)Id+ D
Here By has the symbol by modulo ST and supp Kp is compact. Thus we have
BiBy = (M +¢)*Id + (M +¢)(D+ D*) + DD* = C + C, (5.11)

Here C; € ¥~ is implicitly defined, formally self-adjoint and has supp K¢, compact. We
think of By as a zeroth order approximation to the square root, as C — BiBy € U~!. We
seek for the next approximation By + B;, where B; € U~

C — (Bj+ B})(By+ By) = (C — B{By) — (ByB1 + BiBy) — B By (5.12)

To reduce the order of the operator on the right hand side, we take B; to be properly
supported with symbol b; € S™! such that for large ||

201 (, §)bo(7, §) :UCfBgBo(*%g) (5.13)
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Now by is bounded from below by (5.9) and (5.10) and so by Lemma 5.2, by* € S° and we
define b; € S~! by the previous relation.
We iterate this procedure and obtain Bj, € W—*(R") with symbols by, with

C—(By+ ...+ Bp)*(Bo+ ...+ By) € U 1R (5.14)

The operator B is constructed by taking the properly supported operator associated to

> neg bk, or in other words take B ~ Y, Bi." O
For u € C§°(R"), we have (B*Bu,u) = ||Bu||> > 0. Thus

[Au]|* < (M +e)*[lull* + | (Ku, u)| < const.||ul|* (5.15)

Here we used the classical fact that K € U~ is a continuous map L*(R") — L?(R™), since
Ky € C(R™ x R™).* This proves the first part of the statement.

We sketch the second part. Let ¢ € C§°(B(0,3)) with [¢(z)dz =1 and ¢ > 0. Then
also 0 < [¢)] < 1 and ¢(0) = 1. Put x = ¢ ¢ € C°(B(0,1)), where ¢(z) = ¢)(—x). Then
X = |@//J\|2 (c.f. Proposition 1.9 3.), so also 0 < ¥ < 1 and x(0) = 1. Put x.(z) = ¢ "x(%) and
define P.u = u — . * u.

Now by Fourier and Plancherel theorems (c.f. Proposition 1.9), ||P.u|| < |Ju||. Then define
A = AP, so Au = A.u+ A(xe *u). Now apply the inequality (5.15) to A. to conclude the
result. O]

5.2. Sobolev spaces and PDOs. Our aim is now to extend the L?-continuity properties of
PDOs to properties about mappings between Sobolev spaces. We will recall some properties
of Sobolev spaces first, but will not prove them.

Recall that for each s € R, we may define the Sobolev space H® as

H*(R") = {u e S'(R") | a(&)(1 + [¢[*)2 € L*(R")} (5.16)
We equip H*(R") with the norm
ey = 2™ [ 1+ 1€RYTat e (5.17)
and consider the associated inner product, given explicitly by
(w0 e = (2" [ (14 €y T (.19

We will sometimes use just the sub-indices H® or s to denote the Sobolev norms. We
collect the basic properties of Sobolev spaces in one Proposition:

Proposition 5.7 (Properties of Sobolev spaces).

1. H*(R") is a Hilbert space with the inner product given by (5.18) and S(R™) C H*(R")
is dense.

2. H5(R™) C HY(R™) for s > t.

3. There exists a non-degenerate continuous pairing, continuously extending the one on

S(R™) x S(R?)

H*R") x H*R") - C, (u,v)— (u,v) = / u(z)v(x)d

n

10Alternatively, set By = By — %(Bo_l)*C'l and iterate this.
HExercise: prove this elementary statement directly!
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This gives a canonical isometric isomorphism H*(R™) = (HS(R”))/, the dual space
of H*(R™).
4. We have an alternative definition of Sobolev spaces for m € N:

H™(R") = {u € D'(R") | D*u € L*(R") if |a] < m}

The norm ||lul| g« is equivalent to 37, <, [|D"u|| z2(wn)-

5. The map My, : v — ou, for ¢ € S(R"), is continuous M, : H*(R") — H*(R").
Therefore a differential operator P of order m with coefficients in S(R™) is continuous
P H5(RY) — H™(R").

6. Sobolev embedding theorem holds: for any k € N, if s > 2+k, then H*(R") — C*(R")
continuously.*

Proof. The proofs can be found in [3, Chapter 9.3.]. To give an taste of the proofs, we prove 6.
Consider the case k = 0 and note that £ — (1+ |¢[*)7* € L'(R") for s > 2. Let u € H*(R")

and put (&) = (1 +[£*)2a(¢). Then f € L*(R") and || f||r2@n) = (27)2 ||ullmsn)- So by
Cauchy-Schwarz

ey < Il ([ 1+ 1Y€ =l
By the inverse Fourier transform (c.f. Proposition 1.9), we have u € C'(R") and |u(z)| <
C||u||gs for any x, which proves the claim.

For k > 0, apply the first part of the claim to D®u for |a| < k; note that D%u € H *(R")
for such range of . O

We next introduce a few versions of Sobolev spaces for an open set X C R™. The space of
distributions that locally live in a Sobolev space is given by

H; (X)={ueD(X)]| ¢ue H*(R") for all ¢ € C5°(X)} (5.19)

We give H} (X)) the topology of a locally convex space, by introducing the space of seminorms
P = {py(u) = |lpullus | ¢ € Cg°(X)}. It suffices to take a countable, exhausting family of ¢,
and then HY (X) becomes a Fréchet space (exercise). Next, let K C X be compact. Then

we define
H*(K)={ue H*(R") | supp(u) C K} C H*(R") (5.20)

The space H*(K) inherits the subspace topology, making it into a Hilbert space. Finally, the
Sobolev space of distributions with compact support is introduced by

Hp(X) = | H(K)

KcX

com

inductive limit topology (c.f. the topology on C5°(X) in Section 1.2). Then one may show
that the pairing H{ (X)) x H_2 (X) is non-degenerate (exercise, c.f. Propositon 5.7 3.)

loc comp
We are ready to present the main theorem of this subsection:

The union is over all K C X compact. We topologise H,, (X) with the locally convex

12We have more: H*(R") — CF(R") continuously, where the sub-index zero denotes the subspace of
f € CF(R"), such that D¥f(z) — 0 as x — oo for |a| < m.
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Theorem 5.8. Let A € V(X)) properly supported. Then for all s € R, A is continious™
A:H) (X)— H ™X), A:H,  (X)—H,"(X) (5.21)

loc comp comp

If A is elliptic, then for all uw € D'(X), we have the qualitative elliptic reqularity
uwe H (X) < Aue H; ™(X) (5.22)

loc

Proof. We show only the argument for H; . spaces, the other case follows similarly. We
first give a reduction argument to X = R". Let ¢ € C§°(X). Then in suffices to show
©A: H (X)— H ™(R") is continuous.

Now let ¢ € C§°(X) be equal to one near the compact set C~*(supp(y)), where C' =
supp K4 (c.f. start of Section 4). Then @A = pAy and it suffices to prove A= pAY -
H*(R™) — H*"™(R"). Here A € U™(R") and supp K 7 compact.

Claim. For every | € R, there is an elliptic, properly supported A; € W!/(R"), such that for
all s € R we have isomorphisms

Ay HS(R™) — H*HR™) (5.2
We assume the claim for a moment and give the proof of the main result. Note that H*(R")
A_,L*(R™) by the claim. So it suffices to prove that B = A,_, AA_, : L*(R") — L*(R")
continuous. But this follows from Theorem 5.5, as B € V(R") and supp K compact.
end of Lecture 8, 28.11.2018.

To prove the claim, we first note that (14 |D[2)2 = (1 — A)? lies in U*(R"); its symbol is

defined as (1 + |¢]2)2 € S{(R™). Note also that by definition of a PDO

(1+|DP)2u=F1((1+]€)20) (5.24)
This means that (1+|D|?)z : H*(R") — H*"!(R") is an isometric isomorphim (c.f. definition
of Sobolev norms (5.17)).
We now modify (1+ ]D\Q)é into a properly supported PDO A; W' that satisfies the required
properties. First observe that we may write (1 + |D[2)2u = v, % u, for u € CS°(X), where

u(z) = (2m) " / P+ EP)RE € DI(X)

n

3

~—

18

is defined as an oscillatory integral. Now by Proposition 2.12 we have v; smooth outside
x = 0. In fact, x is of Schwartz class S for x # 0, as for any k£ € N:

le) = (7)o [ @ A0F (L + 6P

Then take x; € C5°(R™) with x; = 1 near zero and define w; = x;v;. Then, as (1 — x;)v; €
S(R™)

@(€) ~ (1+[)2 = F(u—Du) € SR
Also, for x; = 1 on a large enough set, we see that w;(§) # 0 for all £ € R". Define finally
Apu = w; xu = F~1(@0). Then clearly A; € U' and A, : H*(R") — H*"'(R") is continuous
as 0 — (1+¢[%)2 € S(R™): A, properly supported as its kernel is w; (z —y); its an isomorphism
as U% € 57 (here we use @; # 0) and satisfies properties similar to @. O

BBIf A € ¥ (X) is not assumed properly supported, then it can be shown that A : Hepp(X) — HE (X).
Compare with the mapping properties of PDOs in Proposition 2.13; i.e. we need compact support of functions

in the domain of a general PDO.
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Corollary 5.9 (Quantitative elliptic estimates). Let A be an elliptic differential operator of
order m with smooth coefficients. Then for K C X compact, s € R and N € Z, there exists
C = Ck N such that

s+ |ullg-~),  for ue H™(K) (5.25)

sreem < C(]| Aul

|

Proof. Let B € ¥~™(X) be the parametrix of A. Then u = BAu + Ru, where R € W~ is
smoothing. The estimate follows by applying Theorem 5.8. 0

6. THE WAVEFRONT SET OF A DISTRIBUTION

From now on, we will use the notation 7*X = X xR" for the cotangent space of some open
X C R". All PDOs in this section are assumed to be properly supported, unless otherwise
stated.

Recall that if u € D'(X), then zo & singsupp(u) if and only if there is a ¢ € C§°(X) with
©(xo) # 0, such that pu € C>(X).

Idea. By using pseudodifferential operators instead of cut-offs, we will get a refinement of
the singular support, called the wavefront set WF(u) C T*X \ 0.

Definition 6.1. Let u € D'(X) and (x¢,&) € T*X \ 0. We say that v € C* microlocally
near (xo, o) if there exists A € W™ (X) non-characteristic at (xo,&p), such that Au € C*(X).
Then

WF(u) ={(z,8) € T*X \ 0| u is not C* near (z,£)} (6.1)

We make a couple of initial observations:

1. The set of points in 7*X \ 0 where u is C* is an open conic set, so WF(u) is a closed
conic set in 7% X \ 0.

2. We introduce “symbols in a cone”. Let V' C T*X \ 0 be any subset. Then a € S%(V)
if a € C®°(V), and for all ¢ > 0, o, € N” and W & V, there exists C = C. 45w > 0 such
that |8§‘8§'Ba\ < O+ |g|)m—rlBiFolal for (x,€) € W and |€] > e. The space S=(V) is defined
similarly. The general results for symbols from Section 2 remain valid for S7%5(V).

Definition 6.2. Given a PDO A € V™ (X), we define its wavefront set as:

W F(A) := smallest closed cone I' C 7" X \ 0 s.t. o4|pe € S7(1) (6.2)

We make a couple of observations:
1. Given two PDOs A and B, we have that

WF(Ao B) C WF(A)NWF(B) (6.3)

This is because at least one of 04 and op is S on WF(A)°UW F(B)¢ then so is 0405 by
the composition formula from Theorem 4.3.

2. Moreover, we have that WF(A) = () if and only if A € U=°°(X). This follows from the
definitions.

We prove now that the wavefront set behaves well under the action of PDOs.

Lemma 6.3. Ifu € D'(X) and A € V" (X), then
WF(Au) C WF(A) NWEF(u) (6.4)
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Proof. Let (zo,&) € ( ) ( F(A)NWF(u )) We consider two cases:

Case 1: (xg,&) ¢ WF(A). Then if B € ¥°(X) non-characteristic at (zg,&), with
WF(B) N WF(A) = 0, we have BA € U~°(X) and so BAu € C*(X). This means
that (zo,&) &€ WF(Au). To construct B, take a positive homogeneous of order one symbol,
supported close to &, multiplied with an appropriate cut-off.

Case 2: (x0,&) ¢ WF(u). Let B € ¥™(X) be non-characteristic at (xg,&y), such
that Bu € C*(X). Let V be an open conic neighbourhood of (zg,&), such that B non-
characteristic at every point of V. Then we can construct ¢ € S~ (V') such that

cH#top =1 mod S™(V)

This can be done by following the parametrix construction in Theorem 5.1. Here we introduce
the notation for expressions appearing in the symbol of a composition by (c.f. Theorem 4.3)

0%aD%b

a#b = Z TS
a>0
Let x(z,€) € C®°(T*X), such that y = 0 for small |£|, x positive homogeneous of degree
zero for |£] > 1, x = 1 on an open conic neighbourhood W, where (z¢,&) € W € V and
supp(x) € V' C V, where V' some cone.

Define C; € ¥~™(X) with symbol ¢; = xc € S™™(X); then D := C; o B € ¥°(X) satisfies
op = xc#op mod S™*. Thus Bu € C*(X) implies Du € C*°(X). On the other hand,
op =1 mod ST in W by the construction.

Take E € ¥°(X) non-characteristic at (xg,&) with WF(E) C W. Then by (6.3) we get
WF(EA(Id— D)) c WNW¢®=0 and so EA= EAD mod ¥~>. So

FAu=FEA(Du)=0 mod C*(X)
Then by definition, (xq,&)) € W F(Au). O

The next claim rigorously relates the notions of the wavefront set and the singular support
of a distribution.

Proposition 6.4. Let II : T*X — X be the natural projection. Then H(WF(u)) =
sing supp(u).
Proof. We show the inclusions from both sides and separate two cases:
Step 1: II(W F(u)) C singsupp(u). Let 29 € X \ singsupp(u). By definition, there exists
X € C§°(X) such that yu € C*(X). Multiplication with y is a PDO with symbol x € S°(X),
which is non-characteristic at every (g, Xo), for xo # 0. This ends the first part of the proof.
end of Lecture 9, 12.12.2018.
Step 2: singsupp(u) C H(WF(U)) Let xy € H(WF(u)) By definition, for every £ €
Sm=1 there exists A € UO(X)," non-characteristic at (zg,€) such that Acu € C*(X). By
compactness, we may find finitely many A;,... , Ay € U9(X) such that for every £ € S™!
at least one of A; is non-characteristic at (x¢,&). Then

A= A4 € TV(X) (6.5)

MNote that we may always assume m = 0 in the definition 6.1, by post-composing with a parametrix type
operator C; constructed as in the second step of the proof of Lemma 6.3.
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is non-characteristic at every point (xg,&), & # 0. So by the parametrix construction (c.f.
Theorem 5.1), we have that Au € C*°(X) implies u € C*°(X) near ;. This finishes the
proof. O

Finally, we give an alternative definition of the wavefront set, in terms of directions in
which the Fourier transform is rapidly decaying.

Proposition 6.5. Let u € D'(X) and (x¢,&) € T*X \ 0. Then we have (xo,&) & WF(u)
if and only if there exists ¢ € C3°(X) with ¢(xo) # 0 and a conical neighbourhood I' of &y in
R™\ 0, such that for all N > 0

[pu(©)l < Cn(L+ )™, forgel (6.6)

Proof. First assume that ¢, u, ' satisfy (6.6). Let x € S°(R") such that supp(x) C T, x
positive homogeneous for |£| > 1 of degree zero and x(t&) = 1 for large ¢t. Then define, for
ue Cr(X)

Aule) = ) [ [ ol pn©uty)dude (©.7)
Then a(z,y,£) = ¢(x)p(y)x(§) € S° and so A € VO(X). Also, we have

Au(z) = () F (x(§)Pu(€)) (6.8)

Now we know that y(£)pu is rapidly decaying and so F~'(x(§)pu(¢)) € HY(R") for all
N. By Sobolev embedding (Proposition 5.7 6.) we obtain Au € COO(X ). Now A is non-
characteristic at (zo,&p) by construction, so (zo,&) & WF (u).

For the other direction, assume (xq, &) € W F(u), so there is a properly supported A €
U%(X) non-characteristic at (zg, &) with Au € C=(X). Let now x(£) € S°(R") be a zero
order symbol, positively homogeneous of order zero for |£| > 1 and x(t&) = 1 for ¢t > 1 and
© € C5°(X) with ¢(zg) # 0 and sufficiently small support. By the parametrix construction
(c.f. Theorem 5.1), there is a B € ¥°(X) and R € U=°°(X) properly supported with

xX(D)p=BoA+ R (6.9)

More precisely, we first construct By € V(X)) with op, = %, so equation (6.9) holds

modulo S™! (c.f. Lemma 5.2). We then iterate this to obtain By € ¥~ so (6.9) holds for
B = By+ B; modulo S72 and so on. Note that ¢ and  are such that o4 is non-characteristic
near supp(xy). Write v := pu € £'(X). Thus we have x(D)v € C*(X); by pseudolocality
X(D)v € C>*(R™).

Claim. We have x(D)v € S(R").

To prove the claim, we note that we may write (D) = k%, where we have

K(z) = (2m) " / T (E)de € D/(R)

As in the proof of Theorem 5.8, by integrating by parts using (—A¢)" we get that k € S(R")
outside zero. Thus for large = (outside suppv), the integral

(D)ole) = [ bl = yoty)dy (6.10)

converges absolutely. Since |z| < |z —y] for y € supp v and x large, repeatedly differentiating,
this directly implies that x(D)v € S(R") and proves the claim.
Given the claim, we have x(&)pu(§) € S(R™), which shows the decay condition (6.6). O
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Remark 6.6. Note that for ¢ € C3°(X) and u € D'(X), the Fourier transform @u(§)
belongs to C°°(X), and is moreover analytic. Also, we have pu(¢) = (u(z), p(z)e %)
(see [3, Theorem 8.4.1.] for a proof). If N is the order of u, by distribution estimates this
implies for some C' > 0 (c.f. estimate (1.10) or [3, Lemma 8.4.1.])

pu) < C(1+[¢)™

For the Fourier-Laplace transform and more precise relations between u € £'(R"™) and the
decay of u(&) as £ — oo, see the celebrated Paley-Wiener theorem [3, Chapter 10].

Example 6.7. Here are some simple examples, where we will use Proposition 6.5:
1. WF(5) = {(0,€) | £ # 0}. Here §(x) € D'(R™) is the Dirac delta. This follows since
(&) = ¢(0) for ¢ € C5o(X). /
2. WF(® f) ={(0,2",¢,0) | 2” € supp(f)}. Here u = 6(2') ® f(2"), for 2’ € R™,
2" € R" and f € C®°(R™).

We first assume f(z”) # 0 for all x” Then WF(0® f) = WF(d®1), by Lemma 6.3.
Secondly, if ¢ € C°(RV*""), then @M ®1(¢,¢") = %(5”), where g (z") = (0, 2").
If 2/ # 0, then v = 0; if £’ # 0, then 1/)0 is of rapid decay near £”, so WF(u) C
{(0, 2" f’ 0)}. Assume now (0, z” ) # 0. The other inclusion follows by observing
that for %(f") to be of rapid decay near (¢',0), @bo(f”) = 0 for small £, so ¥y = 0 by
analyticity, contradicting the assumption.

The case when f is allowed to vanish follows similarly.

3. WF(H(zq)® 1(2")) = {(0,2"”,£,0)}. Here H(x;) is the 1D Heaviside step function,
H(z1) =1 for z; > 0 and zero otherwise; z” € R"™!,

Denote F(xy,2") = F(x) = H(xz1) ® 1(z"). First observe that g—i = (1) ® 1(2"),
so by Lemma 6.3 and point 1. above, {0,2”,&,0} C WF(F).

To show this is all, consider (z1, ”,50, ) and note if z; # 0, then F' smooth; if
r1 =0 and & # 0 we let p € C3°(R) and ¢ € C°(R™1). Then oH ®171\(51,§”) and
consider € > 0, such that the cone V' = {|{;| < ¢|£"|} contains (&, &[J). Since ¢(§”) is
Schwartz, we see that in V/, @H@zﬁ(fl, ¢") is of rapid decay, so (0, 2", &, &) € WE(F).

4. Let ¢ be a real-valued phase function on X x R™\ 0 and let a € S (X x RY) with
0 <1, p>0. We put:

Ay ={(z, ¢, (2, 0)) | py(x,0) = 0,0 # 0} (6.11)

which is a closed conic set in 7*X \ 0. Then we claim that
WE(I(a,0)) C Ay

To prove this, we first recall the critical set C,, given by C, = {(z,0) € X x RV \ 0 |
wy(x,0) = 0}. Then by Proposition 2.12 we may assume that a is supported in a
small conic closed neighbourhood I' of C, without affecting the wavefront set.

Then, choose ¢ € C§°(X) supported near g, such that & # ¢/ (z,0) # 0 for all

(x,0) € <supp P xRN \O) NI (we can do so as ¢ a phase function and by the defining

property of C.,).
Now, by homogeneity there is a C' > 0 such that

’a oz, 0) —z- ) = (|9|+|§!) (6.12)
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for (x,0) € (suppz/J x RV \ 0) NI and for £ in a small conic neighbourhood V' of &.

Here it is important that V' and the cone determined by ¢/, (x,6) are disjoint.
Now define 'L = m > (g—;‘; —&;) D, and note that ‘Le™ = ¢'#. Then we
write

J(€) = ¥T(a p)(€) = / / D) o 0)p(x)dd

We integrate by parts using L many times and use the inequality (6.12) to see that
the coefficients of L are in S~! in the cone V. Thus J() is of rapid decay for £ in V
and so (xg,&) € WF(I(a,p)), which finishes the proof.

We collect a few remarks about what we discussed so far and state a few influental results.

Remark 6.8 (Propagation of singularities). Let P € U7}(X) and assume Pu € C*°(X) for
u € D'(X). By definition, then WF(u) € p~1(0) C T*X \ 0, where p € C>(T*X \ 0) is the
principal symbol of P, positively homogeneous of degree m.

Question. Which subsets of p~1(0) can be achieved as W F(u), for some u as above?

Partial answer. Necessary conditions are given by propagation of singularities results.
To formulate this result, we need some notation. We say P is of real principal type if p is
real-valued and dp(x,&) and > &;dx; are linearly independent for £ # 0 and all z.

Next, we consider the canonical symplectic structure on 7% X, given by a closed, non-
degenerate differential two form w. It defines a Hamiltonian vector field H, by w(H,,-) =
dp(-). Note that H, keeps p~!(0) invariant.

Assume P is of real principal type and let vy : [a,b] — T*X \ 0 be an integral curve of H,
in p~1(0). The statement is that then either v([a,b]) C WF(u) or v([a,b]) N WEF(u) = 0.
See [4, Chapter 8] for more details. Note that the theorem implies

WFE(u) =Uyesy CT"X\0

where S is a suitable subset of the set of all integral curves of H,. One can formulate a
version of the theorem for Pu € D'(X) as well.

For a version of this theorem formulated for the wave operator R x R?, see [3, Section
11.5.].

6.1. Operations with distributions: pullbacks and products. Here we outline some
remarks about pullbacks and products of distributions in slightly more detail than at the
lectures. It will be convenient to introduce a notation for distributions with a wavefront set
condition, so for I' € 7*X \ 0 be a closed conic subset:

DA(X) == {ueD(X)|WF(u) CT}, EX):=&(X)NDHX) (6.13)

We equip Dy (X) with the LCS topology given by seminorms P, (u) = |(¢,w)|, ¢ € C5°(X),
as well as seminorms

Povn(u) = Sup |Fu(€)l(1 + (€)™ (6.14)

where N > 0, V. C R™ a closed cone with (suppy x V) NI = (. Note that u; — u in
D (X) implies u; — u weakly; also, it is true that C*°(X) C Dp(X) is dense [4, Proposition
7.5.]. However, for the remainder of this section we ignore the topological issues and point
to references for such details.

We start with a couple of basic propositions; here Y C R™ an open set.



34 M. CEKIC

Proposition 6.9. Let I'y C T*X \ 0 and I'y C T*Y \ 0 be two closed cones. Then the map
(u7 U) = u ® /07 Dfl (X) X Df‘z (Y> — D%1><F2UF1><OyUOx><F2 (X X Y) (615)
is continuous for sequences. Here Ox = X x {0} and Oy =Y x {0}.

Proof. We just prove the upper bound on the wavefront set, whereas the continuity statement
is left as an exercise. We will use Remark 6.6 below.

Let (zo, Yo, &0, m0) € T*(X x Y) \ 0, s.t. both & # 0 and 7y # 0. Take cutoffs p € C§°(X)
and ¢ € C3°(Y). Then if pu(&) is of rapid decrease near &, or pv(n) is of rapid decrease near
7o, then so is @@%(f, n) near (§o,70). So for this range of cotangent vectors, WF(u®v) C
Fl X FQ. e

Assume now 19 = 0. So pu ® Yv(£,n) will be rapidly decreasing near (&, 0) if pu(€) is
rapidly decreasing near &, or v = 0. Similarly for & = 0, and so we have for this range of
cotangent vectors WF(u®v) C I'y x Oy UOx X [',', which finishes the proof. O

Recall our big statement about Sobolev spaces, Proposition 5.7 and the point 3.: one can
extend the pairing (u,v) — [wuvdz to distributions, as long as Sobolev indices of u and v
add up to a non-negative number.

For a set V C T*X, we define =V := {(z,—&) | (z,&) € V}. We then have the following:
Proposition 6.10. Let 'y, Ty € T*X \ 0 be closed cones with Ty N (—T'y) = 0. Then the map

(1, 0) > (1, v) = / w(@yo(z)de, CF(X) x C2(X) = C (6.16)

has a unique, sequentially continuous extension to Dy (X) x &, (X) — C.

Proof. As before, we only prove the existence of such a map; for continuity see [4, Proposition
7.6.]. Uniqueness then follows by density of C*°(X) in D'(X).

Let u € Dp (X) and v € &, (X). We first make a local construction: let zo € X. Take
¢ € Cg°(X) with ¢(zg) # 0 such that Vi N =V, = 0, where V; = {{ € R*\ 0 | 3z €
supp ¢, (z,€) € I';} be the union of all directions in I'; near z,. Then define (pu,pv) by
Parseval’s formula (c.f. Proposition 1.9 2.):

(u, ) = (2m)" / GuE)Fo(~E)de (6.17)

The integral above converges, since pu(§) and pv(—§) are of rapid decrease outside any
conic neighbourhood of V; and V5, respectively (and by Remark 6.6).

For a global definition, let {gp?}j be a locally finite partition of unity, s.t. > gp? = 1 with
each ¢; as above. Define (u,v) := > (p;u, ¢;v) with each summand defined as above. O

We now discuss mapping properties of wavefront sets under integral transforms. Given an
operator K : C§°(Y) — D'(X), we consider its kernel K € D'(X x Y') by the same letter and
denote:

WF(K) = {(z,&y,—n) e THX x Y)\O| (2, & y,m) € WF(K)}
WF(K):={(z,§) e T*X \ 0|3y € Y with (z,&;y,0) € WF'(K)}
WFE(K) :={(y,n) € T*Y \ 0| 3z € X with (z,0;y,n7) € WF'(K)}

15This actually proves WE(u® v) C Ty x (suppwv x {0}) U (suppu x {0}) x T'.
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If WF'(K) is considered as a (set-theoretic) relation T*Y — T*X, then WF (K) is the
image of Oy and W FY,(K) is the inverse image of Ox. The elements of T*(X x Y) will be
denoted by (x,&;y,m). We now state a theorem about the action of K.

Let I € T*Y'\0 be a closed cone with W FL(K)NI = @ and let T' = WF'(K)(I)UW Fi (K).
Then K has a unique, sequentially continuous extension
K :Dp(Y) — D%(X) (6.18)

We give no proof of this fact: for details, see [4, Theorem 7.8.].
We now specialise to pullbacks and consider a C*® map H : X — Y and the operator H*
acting on C§°(Y') by H*(u)(x) = u(H(x)), so we can write:

H*u( (2m)~ // (@ =9) 1, (1)) dydn

Similarly to Section 4.1, H* is a FIO with phase (H(z) — y) - n, and by Example 6.7 4., we
have for A = H*

WEF'(A) C {(z,&y,n) |y =H(z) and § = "H'(z)n}
By definition it follows that WF%(A) = 0 and that WEY.(A) C {(y,n) | 3z € X with y =
H(x), "H'(x)n = 0}. By putting K = H* = A in equation (6.18), we have:
Lemma 6.11. Ifu € D'(Y) and WF(u)NWF},(H*) = 0, then H*u is well-defined in D'(X)
and
WF(Hw) C{(2,§) € T"X\0|3(y,n) € WF(u), y =H(z), § ="H'(2)n}
We are finally ready to make a statement about products of distributions.

Theorem 6.12. Let uy,us € D'(X) satisfy WF(u1) N =W F(uy) = 0. Then ujug is well
defined in D'(X) and

WE(urm) € {(1.6 +6) | (1.6) € (suppu; x {0) UWF(w)}  (6.19)
Proof. Let H : X > x — (z,2) € X x X. Then we define ujus = H*(u; ® uy). We
may do so by Proposition 6.9 and Lemma 6.11; note that "H'(z)(&,&) = & + &, where

(x,2,&,&) € T*(X x X). The upper bound on the wavefront of ujus is also a consequence
of the lemma above. O

Remark 6.13. We make a couple of remarks on the wavefront set under coordinate changes.
1. Let H: X — Y be a diffeomorphism and v € D'(Y’). Then by Lemma 6.11

WE(H u) = {(z,"H'(2)€) | (H(z),£) € WF(u)}
This implies that the wavefront set transforms as a subset of the cotangent space and
thus can be defined for distributions on manifolds.

2. In particular, if § C R” is a hypersurface, we may define dg to be the associated delta
distribution, given by dg : ¢ — |, ¢ pdvols, where dvolg is the volume element of S.
The point 1. above and the point 2. in Example 6.7 show W F(dg) = N*S'\ 0, where
N*S ={(z,§) e T"R" |z € S, ({,v), =0 for all v € T,,S} is the conormal bundle.

3. Let H : S — R" is the inclusion of a hypersurface and assume u € D'(R™). By
Lemma 6.11, we may form the restriction H*u if

WFE(u)NN*S =0

end of Lecture 10, 9.1.2019.
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7. MANIFOLDS

Here we outline how to build the theory of distributions, calculus of pseudodifferential
operators and Sobolev spaces on compact manifolds. For this purpose, let M be a compact
smooth manifold. We will follow mostly [7, Chapter 14].

We denote by TM = UyenT, M the tangent bundle of M and by T*M = U,epnTr M the
cotangent bundle, where 7y M denotes the dual vector space to T, M. Recall that a vector
bundle 7 : V' — M of rank N is determined by a system of trivialisations {(U;, ¢;)}icr,
where I an indexing set, U; C M open sets and ; : 7 1(U;) — U; x CV an ismorphism.
Furthermore, it is enough to give transition maps for 7,7 € I

vij =0yt € C(U;NU;, GL(N, C))

satisfying the natural cocycle conditions, to define uniquely V. We now discuss several
relevant constructions to transfer the calculus in R™ to manifolds.

s-density bundles Q°(M). Let {(U;, i)} be a set of coordinate charts of M, where ; :
Ui — ¢;(U;) € R™ diffeomorphisms. Define Q*(M) for 0 < s < 1 to be a line bundle (rank
1) with transition functions given by, for z € U; N U;

vii(x) = [ det(d(p; 0 ;)" 0 pi()

Now given a section u € C*(M;Q(M)),'® one may define invariantly the integra

K

Riemannian manifolds. A Riemannian manifold (M, g) is a manifold M equipped with a
smooth inner product g, on fibers T, M; in other words g € C*°(M;T*M ® T*M). Given a
pair (M, g), there is a canonical 1-density given in local coordinates (z1,xs, ... ,z,) by

Wy 1= \/gldxy A ... dz,|

Here /g is a shorthand for y/det g. Here |dziA. .. dz,| denotes 1-density induced by the coor-
dinate system. It is an exercise to check that w, is well-defined independently of coordinates.
We will sometimes denote w, simply by dz.

Musical isomorphism. Given a metric g on M, there is an identification (isomorphism)
between T'M and T*M. Explicitly, it is given by

ToM>&—veT,M, where &(u)= g,(u,v) forall ue T,M

An inner product is then also induced on fibers T*M by asking ¢.(&,§) := g.(v,v).
Symplectic structure on T*M. We define the canonical 1-form on T*M by setting for each
(x,§) e T*M and n € T, [ T*M

117

Owe)(n) := n(dr§)

Here 7 : T*M — M is the canonical projection. Now define the symplectic 2-form by w := d#.
Thus w is exact. By going to local coordinates we see § = > | &dx;, so w =Y d& A du;
is seen to be non-degenerate.

We may thus define the symplectic volume form by w™ = w A ... Aw (we wedge n times),
which defines a 1-density on T*M and so a way to integrate functions.

16A € map u: M — QY(M) such that m o u(z) = z for all z € M.

'"Hint: take a partition of unity {p;} subordinate to a cover by coordinate charts U;. In a local trivialisation
define the integral simply by integrating with respect to Lebesgue measure. Check that the integral doesn’t
depend on any choices made.



LECTURE NOTES: MICROLOCAL ANALYSIS 37

Hamiltonian dynamics. Given a real-valued function p € C*°(T*M), or in other words a
classical observable, we may define the Hamiltonian vector field H, on T*M via

w(Hpy,v) =dp(v) forall veTlTM (7.1)
This is well-defined as w non-degenerate. The flow ¢ defined by H,, is called the Hamiltonian

flow of p.

We claim two things: 1! preserves the symplectic volume and the level sets of p. The proof
is simple and we give it here for completeness. First note that Ly w = dig,w = ddp = 0
and so Ly w" = 0 by Leibniz’s rule.!® Therefore 1 is volume-preserving. Next, note that
8p0¢

li—o = H,p = w(H,, H,) = 0, so p is indeed constant along the flow .
Funct@on spaces on manifolds. We start by carrying over the notion of a distribution to a
manifold.

Definition 7.1. A linear map u : C*°(M) — C is a distribution on M if there is a finite set
of charts {(U;, 0;)}Y., covering M, such that puu is a distribution on ¢(U;) C R™ for each
1, where

(i, ) = (u, j1p),  for all Y € C°(i(Uy)) (7.2)
If u is a distribution on M, we write u € D'(M).

Remark 7.2. Firstly, one can check that this definition is coordinate invariant. Secondly,
we may define a metric topology on C°°(M) coming from charts ¢;(U;) in such a way that
D'(M) = (C=(M ))/ Thirdly and finally, the notion of the wavefront set of a distribution
WF(u) C T*M \ 0 can be defined similarly by going to local charts and using Remark 6.13
to check coordinate independence.

Definition 7.3. The following generalises L?-Sobolev space to manifolds
1. L*(M) :={u : M — C measurable | ||u||L2(M = [y [ulPde < oo}

2. Let s € R. Let {(U;, )}, be a cover of M by coordinate charts. Then we say
u € D'(M) lies in H*(M), ngoz*u € H*(p;(U;)) foralli=1,... ,N.
Take now a finite partition of unity {p;}~., subordinate to U Then we define for

ue H°(M)
N
Hs(M) ‘= Z”%‘*(Pm)
i=1

Remark 7.4. It is an exercise to show that: H*(M) is a Hilbert space equipped with the
norm above and that all possible norms defined in this way are equivalent. It is also an
exercise to show D'(M) = Uger H*(M) (hint: recall the proof that all distributions in £'(R")
are of finite order).

] | 225 (1 (02)

Pseudodifferential operators on manifolds. For a guideline on how to prove what follows,
see [4, Exercise 3.4.].

Definition 7.5. Let P : C°(M) — D'(M) be a linear operator. We say P € V™(M), the
space of pseudodifferential operators on M of order m, if the following two condition hold:

1. There is a covering set of charts {(U;, 0:)}X, and P; € ™ (p;(U;)) such that for all
i=1,...,N and all u € C§°(U;)

Puo ;= Pi(uoy;')

18We used Cartan’s magic formula for the Lie derivative Lx = txd + dix.
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2. For every x1,x2 € C*°(M) with supp x1 Nsupp x2 = 0, we have x1Pxo extending to
a map
xX1Px2 : D'(M) — C™(M)

Remark 7.6. The following points hold:

1. It can be straightforwardly checked from the definition that P : C*°(M) — C*>°(M).

2. We define the set of smoothing operators as W=>°(M) := NgerV*(M).

3. We may define the spaces S™(T*M) as a suitable subspace of C*°(T*M), by asking
that a belongs to S™(T*M) if locally in a system of charts, we have a belonging to
local S™ spaces. To see this is invariant of any choice of coordinates use results proved
in Section 4.1, which also explains why the cotangent space is natural to consider.

4. Similarly to the previous definitions, the space W} (M) is defined and so are the spaces
of symbols STH(T*M).

5. There is a suitable principal symbol map, ¢ : V™(M) — S™(T*M)/S™ 1 (T*M).
Exercise: define o locally and use (4.20) to show well-defined. If A € U7, then
o(A) € SIH(T*M) is a well-defined positive homogeneous function of order m in &.

6. An operator P € W™(M) if it is said to be elliptic if its local representatives P; are
elliptic. Equivalently, P is elliptic if o(P) € S™(T*M)/S™ Y(T*M) has a suitable
asymptotic growth in the £ variable.

Theorem 7.7. The following holds true for PDOs on manifolds

1. There is a (non-canonical) quantisation map Op : S™(T*M) — V™(M), such that
the following is a short exact sequence'®

0 — U™ HM) < O™(M) L S™(T*M)/S™ HT*M) = 0 (7.3)

The first map is inclusion, while the second is the principal symbol map. We also
have o(AB) = o(A)o(B) for any two PDOs A and B.

2. Given A € W"™(M), we have for all s that A : H*(M) — H*™(M). If A€ UV=>°(M),
then A : H*' (M) — H*2(M) is compact for any sq,s2 € R.

Remark 7.8. It is important to note that proving this theorem is a great exercise of defini-
tions involved.

Also, given A € U™ (M), from this theorem we are able to deduce the existence of a
parametrix B € V""(M) with AB — Id = K, € W~>°(M) and BA — Id = Ky € ¥V~>°(M)
(c.f. the iterative procedure in Theorem 5.1).

8. QUANTUM ERGODICITY

Let (M, g) be a compact Riemannian manifold. We consider the Laplace-Beltrami operator
—A,, defined locally in (z1, ... ,z,) coordinates as

1 .
A, = —\/mai( det gg” 9;) (8.1)
One can check —A, : C®°(M) — C*(M) is a well-defined differential operator. A coordinate
invariant way to define it is —A, = d*d, where d is the exterior derivative and d* its formal
adjoint.
It follows from (8.1) that o(—=A)(z,&) = [£]2 for (2,&) € T*M and so —A, is elliptic.
Therefore, there exists a countably infinite spectrum A3 = 0 < A\? < A2 < ... — oo (with

9This means that ¢ is injective, o is surjective and o o ¢ = 0.
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multiplicity), and an orthonormal basis of (smooth) eigenfunctions {¢;}32, C L*(M), such
that*

—Agp; = A
Question. How does the measure |¢;|*dz distribute when j — co? We say a sequence of
measures (i, on M converges to pu weakly if for all f € C°(M)

/M Fan 2 / Fd

Example 8.1. Here we answer the above question in a few simple cases.

1. (M,g) = (S*, ure). Here pre is the Lebesgue measure. The eigenfunctions are
given by the Fourier basis: v/2sin(2rnx), v/2 cos(2rnz) for n € Ny. Then if we take
f € C>(81), as the coefficients of Fourier series converge to zero, we have

1
/281n2(27mm)f dx—/ f(z)(1 — cos(dmnz))de === / fdx
0

Thus |¢;]2dz — dz, i.e. we have equidistribution as j — 00.
2. (M, g) = ([0,1], ggua). Consider the sequence of Dirichlet eigenfunctions

uji(x,y) = 2sin(jrx) sin(kmy)
with elgenvalues )\] . = 72(j% + k%). From the previous example it follows
a. |uj;|?drdy 2= dxdy, i.e. we have equidistribution.

b. |uj [2dzdy =25 2sin?(my)dady, i.e. there is no equidisitrubution.

3. (M, g) = (5% ground)- Exercise: using the expression for the Laplacian in spherical
coordinates, show that homogeneous, harmonic polynomials v in R?® of degree m,
restrict to eigenfunctions u = v|g2 of —Ag2 with eigenvalue m(m + 1). Moreover, all
eigenfunctions on S? arise in this way.

Take now v, = (z1 + ix2)™ and set u,, = ¢,Vn|s2. Here ¢, is a constant such
that ||um || r2(s2) = 1. Then |uy,[2de — 20cquator 88 m — 00, where deguqtor is the Dirac
measure on the equator {z3 = 0} N S2.

Remark 8.2. Recall that from Quantum Mechanics, the integrals [, [;|?dz have the inter-
pretation of being the probability of finding a particle in stationary state ¢;, in the subset
A C M. On the other hand, in Classical Mechanics the trajectory of a free particle on
(M, g) lies on geodesics; denote the geodesic flow by ¢'. Our aim: show that if ¢* is chaotic
(ergodic), then |p;|?dx equidistributes in the high energy limit.

8.1. Ergodic theory. We recall a few notions from ergodic theory, which studies statistical
properties of dynamical systems (continuous or discrete) in the long time limit.

Recall. Given a point z € M and a vector v € T, M, there exists a unique geodesic
v : R — M with v(0) = z, 4(0) = v. A geodesic satisfies a system of second order ordinary

20Exercise: prove this by using the tools developed in this course, together with the spectral theorem
for compact operators. Hint: consider the formally self-adjoint 1 — A, : H*(M) — L*(M), prove it is an
isomorphism and use H%(M) < L*(M) compact.

Also, if M has a boundary, we may take the Dirichlet conditions, i.e. p;jlap = 0. Then one has the same
basic result about the spectrum.
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differential equations locally, which can be seen as either Euler-Lagrange equations for the

functional ,
- [ hoPa

or more invariantly, as Vs¥ = 0. Here V is the Levi-Civita connection. Locally, geodesics
minimise distance. It can be seen that geodesics have constant speed, i.e. |¥(t)| = |¥(0)| for
all time ¢.

Consider now the unit sphere bundle SM = {(x,v) € TM | |v| = 1}; similarly we introduce
the unit cosphere bundle S*M = {(x,&) € T*M | |£] = 1}.

We define the geodesic flow ¢ : SM — SM by asking

o' (,v) = (7(1), 4(1))
where 7 is the unique geodesic with v(0) = x and #(0) = v. One then sees that ¢° = Id and
Pt = p® o ! for all s,t € R. By the musical isomorphism, we obtain a flow on S*M that
we still denote by ¢'.
Define X := %|t:0 to be the geodesic vector field. Note X is a vector field on SM.
Liouville measure. We equip each hypersurface {|¢| = ¢} C T*M by a measure p,. induced

by the property
// fdxdé = / fdu.dc (8.2)
a<l|g[<b l€|=c

for all f € C({a < |§] < b}). Here w" = dxd{ is the symplectic volume. It can be
checked that the geodesic flow is the Hamﬂtoman flow on T*M for the Hamiltonian function
p(z, &) = [€]2.2' One then sees that dy, is invariant by the geodesic flow, i.e. p*ur = g
for all time ¢, by using the fact that Hamiltonian flows preserve the symplectic volume and
the level sets (c.f. lines around 7.1). The probability measure py := p; will be called the
Liouville measure.

Definition 8.3. We say that the geodesic flow is ergodic on SM (S*M ) or just that (M, g)
is ergodic if for any A C SM (S*M) that satisfies ¢'(A) = A for all t € R, we have
:U’L(A) € {07 1}

end of Lecture 11, 16.1.2019.

Remark 8.4. Here are some important points about ergodicity:

1. (S?, ground) is mot ergodic. Take a small conical neighbourhood N of (z,v), where x
lies on the equator and v in its direction. Iterate N by ¢’ and obtain an invariant set
that has measure strictly between 0 and 1.

2. In the sense of measure theory, ergodicity of (SM, ") is same as irreducibility, i.e. it

means that SM cannot be split into two non-trivial, invariant pieces.

3. Tt is well known that if (M, g) has negative sectional curvature, then ¢’ is ergodic.
Theorem 8.5 (L?-von Neumann mean ergodic theorem). Assume ¢! is ergodic. Then for
a€ L*(S*M) = L*(S*M, uz), we have

T
(a)yp := l/ aopldt 125 adur, in L*(S*M) (8.3)
T Jo S*M

2IExercise: prove this!
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Proof. Consider Hy := {h € L*(S*M) | p"*h = h} C L*(S*M). Then clearly (8.3) holds for
all @ € Hy. Now define Hy := {©™*h — h | h € L*(S*M)}.
One then observes Hy 1. H, and H; closed. Now if f = ¢*g — g, then

T, I
Ne=7 [ @o-gdt=7 [ (goe* = goe)dt=(gar - (o)r
0 0
Therefore (f)r — 0 as T — 0o as limy_,(g)r exists. Thus (8.3) holds for a € H; + Hy =: S.

One now proves (8.3) holds for a € S by a limiting procedure.
To show S = L?(S*M), take h € 5. Note that ¢*h — h,h — o *h € H,. Thus

(0"h — h,p™*h — h)2 = (o"™h — h, "*Rh) — (*h — h,h) = (h — @ ™h,h) =0

Therefore h o o' = h. Consider the sets S. = {h < ¢}. They are invariant under ' and thus
have measure zero or one. Thus h = 0, which finishes the proof. 0

8.2. Statement and ingredients. We are now able to formulate precisely the main re-
sult of this section, which is the Quantum Ergodicity theorem. We will roughly follow the
presentation given in [6].

Theorem 8.6 (Schnirelman, Zelditch, Colin de Verdiére). Assume (M, g) is ergodic. Then
the eigenfunctions ¢, equidistribute in phase space, i.e. there exists a subset S = {i;}7>, C N
of density one,** such that for any A € W9 (M)

(Apiy, 1) —= g oadpr, (8.4)
“M

Remark 8.7. A few points about the theorem are in place.

1. The role of pseudodifferential operators A is to microlocalise the eigenfunctions ¢;, in
phase space (T*M), i.e. there is a localisation in velocities as well as physical space.

2. If a = a(z) is a function on the base M, we obtain equidistribution in space as
considered in Example 8.1.

3. There is an example (by A. Hassell) where we cannot have (8.4) for S = N: one
considers a rectangle in the plane with two half-discs added to the vertical sides,
called the Bunimovich stadium.

4. Tt is a famous conjecture by Rudnick and Sarnak that if (M, g) has negative sectional
curvature, then unique quantum ergodicity holds, i.e. we may take S = N in (8.4).

For the proof of this theorem we will need two auxiliary results, both interesting on their
own: Egorov’s theorem and the local Weyl’s law. We begin with the former.

Let us introduce the wave operator Ut := eitm, which is a quantisation of the geodesic
flow in some sense. Note that /—A, € W!(M) is defined by the spectral theorem and acts
diagonally on eigenfunctions. The operator U is an FIO. Thus we have Ulyp;, = e, for
all k and U™ = U™, i.e. U' is unitary on L?(M).

Now the evolution of the quantum observable A (a PDO) in the “Heisenberg picture” is
given by

a,(A) = U AU

22This means that limpy_, o0 w =1.
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It is known that there is a correspondence with the evolution of classical observables
Fa=aoy', aeC™(S*M)
The relation is made rigorous by the following

Theorem 8.8 (Egorov’s theorem). For A € V7(M), we have ay(A) € V7 (A). Furthermore,
we have for all (z,§) € T*M \ 0

Ton(4)(2,€) = aa 09" (2,6) = ¢ 0a(x,§) (8.5)
We now switch to spectral asymptotics. We will write for the spectral counting function
NA) =#{j [ X <A}

A classical result is the Weyl’s theorem (or law), which says as A — oo

|Bn’ n n—1
e VI )" 4+ 00 (8.6)

Here |B,| is the Euclidean volume of the unit ball and Vol(M, g) is the volume of M with
respect to ¢g. In other words,

N =

Vol([¢] < A)
(2m)"
Here F) is the spectral projection to @y,<AF; and Ej is the eigenspace with eigenvalue \;;

the volume is the symplectic volume. An important generalisation of (8.6) is the local Weyl
law or LWL, concerning traces tr AE), for a PDO A.

tl"E)\ ~

Theorem 8.9 (Local Weyl’s law). Given A € WY(M), we have the asymptotic expansion as
A — 00

S (Agr i = (2m) A" / o adzd + OO ) (8.7)

We postpone the discussion of the proofs of Theorems 8.8 and 8.9 until the last section.
Semiclassical defect measures (or quantum limits). Given a function a € C*°(S*M), we
define the expected value of A = Op(a) € VY, (M) in the state ¢ by setting

pr(a) := (Op(a)pr; o) (8.8)

Note that pg is a linear map on C*°(S*M). We introduce the set of quantum limits or
semiclassical defect measures of the sequence {py}72, as

Q := weak™ limits of py, (8.9)

Now consider a compact operator K : L*(M) — L*(M). We claim (K, @)z — 0 as
k — oo and it suffices to prove that any subsequence has a further subsequence along which
the convergence holds. Note that the set { K¢y }72, is relatively compact by definition. Take a
convergent subsequence K¢;, — ¢ in L*(M). Then [{¢ — Kpj,, 050 < llo — Kpjllrz — 0
as k — oo. Now we just observe that (K, pr)r2 — 0 as k — oo since there is an expansion
in L? of K¢ in terms of the basis py; therefore, (K¢j,, ). )2 — 0. In particular, since
any A € WY M) is compact L*(M) — L*(M), this shows that the the set Q in (8.9) is
well-defined regardless of the choice of the quantisation Op.
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We record another useful inequality for later. By generalising Theorem 5.5 to manifolds,
we obtain the following inequality for A € W% (M) for some C' = C(M) > 0

inf ||[A+ K22 <C sup  |oa(z,&)| = Clloal e (8.10)
K:L2ﬁLtQ (z,£)ES* M
compac

Therefore, by the paragraph above, we obtain the following bound on any limit © € Q, for
any a € C*(S*M):
|p(a)| < limsup |px(a)] < Csup |a] (8.11)
k—o00 S*M

This in particular shows that any p € Q extends as a continuous functional on C'(S*M).

Proposition 8.10. The following properties hold for semiclassical measures

1. If u € Q, then u a positive probability measure on S*M.
2. If p € Q, then u is invariant by the geodesic flow.
3. We have Q # ().

Proof. Claim 1. Assume without loss of generality p, — u weakly. Take a € C*°(S* M) with
a > 0. We want to prove u(a) > 0. By the proof of Theorem 5.5, we know that for any ¢ > 0
there is a B € UY(M) with

Op(a+c¢)=0p(a)+cld+ Ry = B*"B+ R»
where Ry, Ry € W~°°(M). Therefore
lim sup px(a + ¢) = limsup|| Bey||* > 0
k—ro0

k—o00
Thus by taking ¢ — 0, we obtain u(a) > 0. We also get p(1) = 1 immediately. Now apply
the Riesz Representation Theorem to obtain p a positive probability measure.
Claim 2. Assume py — p weakly. For a € C*(S*M), we have

pr(a) = (Op(a)pr, or) = (AU ¢, Ulpr) = (au(A) ok, ¢r) (8.12)
— ((Op(a© ") + R)pr, 1) == p(ao o) (8.13)

In the upper line we used the explicit action of U on eigenfunctions and in the last line we used
Egorov’s theorem 8.8, where R € W_,'(M). Therefore p(a) = pu(p*a) for all a € C®(S*M)
and we get that p is invariant by .

Claim 3. We follow a diagonalisation procedure. Take {a;}52, C C*°(S*M) a countable
dense set in the supremum norm. Now the sequence |p;(a1)| < ||Op(a1)|z2—r2 for i > 1 is
bounded, so there is a convergent subsequence, converging to ¢; say. Re-label and consider

a convergent subsequence of ps(as), p3(az), ..., converging to go. Re-label and iterate this to
obtain a sequence py, ps, ... such that

pi(ar), p2(ar), paar), . .. i3t eal (8.14)

p2(az), ps(az), ... R 42 (8.15)

ps(as), ... 222 gy (8.16)

(8.17)

Now use the density of {a;}32, and the bound (8.11) to define p(a) := limy o px(a) for any
a € C°(S*M). This finishes the proof. O
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Remark 8.11. Semiclassical defect measures can be considered with respect to any bounded
sequence of functions {u;}32, in L*(M) by taking weak* limits of p;, denoted by Q, where
pr(a) == (Op(a)uj,uj) for a € C*°(S*M). Then the points 1. and 3. of Proposition 8.10
hold: Q # 0 and every p € Q is a positive measure. Additionally, if u; satisfies a PDE,
invariance of the measure can be obtained by the flow defined by the principal symbol of the
PDE. See [7, Chapter 5] for more details.

8.3. Main proof of Quantum Ergodicity. Here we use the results outlined above to prove
Theorem 8.6.

Proof of Theorem §.6. We divide the proof in three steps.
Step 1. Denote by w(A) := [,.,, oadpy, for A € WY (M), a “space average” of A. We claim
that

lim N—%l Apjy ) —w(A))P =0 (8.18)

end of Lecture 12, 23.1.2019.
Let us denote the temporal mean of an observable A € W% (M) by

I
t ATt
(Ayr = 2 U AU "dt

Notice that by the local Weyl’s law 8.9 we have
w(A) = lim N > (Agj @) (8.19)

Now the convergence in (8.18) follows by the chain of inequalities, where 7" > 0

Z| i, ;) NAZK )r — w(A))es, o)

1
,\ <A ¥ i SA
% S ((A)r — w(A) (A — w(A)g;. ;)

<
N
A <A

ﬁ—m> / ‘<0‘A>T—W(A)’2d,uL
S*M

T—o0

0

Here we used Cauchy-Schwarz inequality, equation (8.19) and Egorov’s theorem 8.8, and the
mean ergodic theorem 8.5.

Step 2. We extract a density one subset S4 C N such that (8.4) holds on S, for a fixed
A € U9 (M), by using the mean convergence (8.18).

Define the following quantity, that we think of as some kind of variance

e’ Z’ iy p5) — W(A)
)\ <A

By the previous step, we have €(A\) — 0 as A — oo. Consider the counting (probability)
measure on the finite set I, = {j | \; < A} and define the random variable X on I,

Xa(7) = UApj, 1) — w(A)?
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Notice that E(X)) = £(\)?. Now introduce the set

Ty={j e L|{Ap;, o) >N} (8.20)

By Markov’s (Chebyshev’s) inequality®?, we immediately get P(T'y) < EE((’\)\); = () and so for
S)\ = I)\ \ FA

g e(\) (8.21)

P(S)) = 2y 2

Take a sequence Ay 7 oo with e(A;) N\ 0 as & — oo and define Sy := UyS),. This is of
density one by (8.21) and the convergence (Ay;, p;) — w(A) happens for j € S4 and j — oo
by definition (8.20).

Step 3. We find a set S C N of density one such that (8.4) holds for each A € WY (M).
This is done by a diagonalisation procedure similar in spirit to Proposition 8.10 3.

Take {a;}32, C C>(S*M) be a dense countable set in the supremum norm. Now let
S; C N be a set of density one associated to the operator Op(a;) obtained in the previous
step. We may assume that S C .S; for all j > 1.

By the assumptions, there exist N; € N such that N; /oo as j — oo and for all N > N;
we have

1 .
N#{k68j|k§N}Z]_—2_]
Now define S by the relations, for all j > 1
S0 [Nj, Njja) = 55 0 [Ny, Njsa) (8.22)

Therefore S;jo,n;.,) C Sljo,n;,,) for all j € N. By equation (8.22) we have S C N of density
1, and also that for all j € N

k€S, k—o0
(Op(a;)er, pr)re ————> / a;dpr, (8.23)
*M

Now use the inequality (8.11), the density of {a;}52, and (8.23) to finish the proof. More
precisely, we take any b € C*°(S*M) and a sequence b; € C*°(S*M) such that b; — b as

j — oo in the supremum norm, and (8.4) holds for all b; and S as above. Then we have, for
all j e N

lim sup )/ bdpy — (Op(b)gok,gak < lim sup ’/ (b—10,) d,uL‘
S*M S*M

keS, k—oo keS, k—oo

+ limsup )/ bidpr, — <Op(bj)80k790k>’ + limsup ‘(Op(b —bj)¢x, o)
keS, k—oo S* M keS, k—oo

Now the second term on the right hand side vanishes, the first and the third are clearly

bounded by C||b — bj]| o(s+ar)- So it suffices to take j large enough to show (Op(b)gy, ¢r) —

fs*MbdMLask%ooandk:ES. O

Z3Recall Markov’s inequality says that P(X >a) < E(i( for any a > 0 and random variable X.
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9. SEMICLASSICAL CALCULUS AND WEYL’S LAW

In addition to the theory developed so far, there is a parallel theory which parametrises
symbols and operators by a small varying parameter h > 0 — semiclassical analysis. It is
especially important in spectral theory (where h ~ 5, A an eigenvalue), in proving Carleman
estimates (these have the form |e~ % Perul > |ul|, where ¢ a suitable weight function and
P an operator), proving various estimates and properties using semiclassical defect measures
(c.f. equation (8.9)) etc. In this section we briefly sketch how such a theory can be developed
and prove Weyl’s law. See [7] for a detailed account of the theory, or [1, Appendix E] for a
concise but more optimal summary.

A semiclassical differential operator P € Difff(R™) of order k has the form

k—la

P=>Y Y Waa(z)(hD,)"

lal<k j=0

Note that each derivative comes with an A and the excess of ~A’s must not in total exceed k.
The principal symbol of P is given by

O-h(P)<x7§) = Z aaO(‘T)ga

jal<k
Note that the map P~ ¢, (P) has the kernel equal to h Difff~(R™).

Example 9.1. The following basic relations hold
1. We have P = —h%(A — \?) € Diff; (R") and o, (P)(x, &) = |€]%.
2. We have P = —h?A — \? € Diff}(R") and oy,(P)(z,€) = [£]* — N2
3. We have P = —h3A € Diff}(R") and a,,(P)(x, &) = 0.

Symbol classes. Now let X C R™ be an open set. We say a(z, & h) € STo(T*X) if for all
K € X compact and a fixed hy > 0%

sup sup |8”‘8 a(z,&h)|(1+ ENIFI=F < oo (9.1)
he[0,hp) zEK

We may induce a Fréchet space topology on SfO(T *X) by taking the seminorms to be the
left hand sides of (9.1) for varying K € X compact and multi-indices «, (3.
We will write

a(z, & h) ~ Zha]xgh (9.2)

for some a; € Sfaj(T*X) if a(x,&h) — Zé\;l haj(z,&h) € hNSk JM(T*X) for all N > 0.
Similarly to Proposition 2.7, given a; € Sf}gj as above we may always find a € Sfo such that
(9.2) holds. Note that a is unique modulo h> S} g°.

If moreover a; € S, k(T*X) are classical and independent of h, we say a is a polyhomogeneous
semiclassical symbol of order k and write a € SF(T*X).

24Note a slight ambiguity with the standard h-independent Kohn-Nirenberg classes Sl o = S*. From now
on we reserve the 51,0 notation for h-dependent class and use S* for the h-independent.
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Quantisation. We quantise our symbols by introducing the semiclassical Fourier transform
Fr as a rescaling of the usual Fourier transform

n

Fu(§) = / e Cu(y)dy, Ftulr) = (2wh) " / e Fu(€)dg
Now let a € SF(T*X). We write A = Opp,(a) € V¥ (X) if (in the sense of oscillatory integrals)

Opn(a)u(x) = (2mh)™" / / en @V, & Ryuly)dyde = F;, *(a(z, & h) Fu) (9.3)

The principal symbol of A = Opy(a) is given by 0,(A) = ay, if a admits an expansion (9.2).
Sobolev spaces. The semiclassical Sobolev spaces Hj(R™) are equal to the usual ones
H*(R™) as sets, but are equipped with different norms

) = |[(RE) U(E) |2 @)

Recall that here (€) = (14 [€[2)2 is the Japanese bracket. Similarly to Theorem 5.8, we have
an operator P € Wy (X) is bounded uniformly in % as a map P : Hj X) — H; 2 (X) for
any s € R. ,

Manifolds. We just remark that everything developed in Section 7 for compact manifolds
generalises to h-dependent theory by putting h’s in right places. In particular, there is a
short exact sequence for M a compact manifold (c.f. (7.3))

|

comp (

0 — hUFY(M) < OF(M) 2 SHT*M)/hSEHT*M) = 0

Functional calculus. Before proving the Weyl’s law, we need to import some technology
from spectral theory. The functional calculus works well with the semiclassical operators and
yields nice results. In particular, if (M, g) is a compact Riemannian manifold

Theorem 9.2. Assume V : M — R is a C™ potential and let P(h) = —h*A, +V be a
Schrédinger operator. If f € S(R), then

F(P(h)) € W, (M) := (1) Wj(M) (9.4)
ke
with the symbol given by
an(f(P(R)) = fF(ELE + V() (9.5)
Proof. See [7, Theorem 14.9.] for a proof. O

Remark 9.3. Recall that for P(h) = —h?A, + V, the spectral theorem has a simple form;
i.e. given any f € L>®(M), we may define f(P(h)) : L*(M) — L*(M) by

F(P®) =3 F(Bs(0))us (k) & uj(h)’

Here we used the convention that P(h)u;(h) = Ej(h)u;(h), where {u;}52, C L*(M) is
an orthonormal basis of eigenvalues. If u,v € L*(M) we write u ® v* for the operator
u®v*(p) == u [, vedr.

Then the content of Theorem 9.2 is that for sufficiently nice f, the operator f(P(h)) is a
semiclassical pseudodifferential operator.
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Trace class operators. Let H be a (separable, complex) Hilbert space. A compact operator
A: H — H is of trace class, written A € L1(H), if

ZS](A) < 00

j=1
Here s;(A)? are the eigenvalues of the operator A*A. It may be shown that, for any orthonor-
mal basis {e;}%2, C H
L. If A € Li(H), then the trace of A given by tr(A) := 377 (Aej, e;)y is well-defined
and independent of the choice of the orthonormal basis.

2. If A € U=°°(M) has a Schwartz kernel K4 € C®(M x M), then A : L*(M) — L*(M)
is of trace class and its trace is given by the formula

trA:/ Ky(z,x)dx (9.6)
A

Here A = {(z,z) |x € M} C M x M is the diagonal.
For proofs and references, see [7, Appendix C. 3.].

9.1. Proof of Weyl’s law. The proof will express the trace of the spectral projection by
two trace formulas and we will correspondingly divide the proof into two parts. We will
mostly follow the proof in [7, Theorem 14.11.]. Recall that Weyl’s law reads, where (M, g) a
compact Riemannian manifold

B,
N(\) = (|27T>|n Vol(M, g)A™ + O(\" 1) (9.7)
Here N(\) = {j | \; < A} is the spectral counting function. Let us denote P(h) = —h%A,, so
that O'h(P) €%, Let x € C5°(R) be a cut-off function approximating the indicator function

n [—1,1], for some € > 0 small
1, NM<l-¢
X() :{ "

0, [A|>1+4¢

Then by Theorem 9.2, x(—h?A,) € ¥, (M) and is an approximation of the spectral pro-
jection to the interval [0, ].

Y h2
Step 1. We claim that for any A € ¥, (M)
trA = (27Th)_"</ on(A)dzde + O(h)) (9.8)
M

uniformly in h. We sketch a proof of this. Note that by definition, in local coordinates on
X C R™, the Schwartz kernel K4 € C*°(X x X) of A = Opy(a) is given by

Ka(z,y:h) = (27h) " / K€ (0, € h)de

Now putting z = y into this formula and integrating along the diagonal, we obtain an integral
over T*X. Then use the formula (9.6) to sum over all charts and obtain (9.8).
Now apply formula (9.8) to x(—h?A,) to get

trx(—IE8,) = (2rh) ™ [ (€ dads + O ) (9.9)

The notation O, denotes that the remainder depends on ¢ uniformly.
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Step 2. On the other hand, by the definition of trace and taking the orthonormal basis of
eigenfunctions {;}32, C L*(M)

tr x(—h?A,) = Z X(h2A\%) (9.10)

Now take h = A~! and observe that tr x(—h?A,) = N(A) + O(e). Combine this with the
formula (9.9) in the limit ¢ — 0 to get

N\ = (27) "\ / dadé + O\

B*M
= (27) " \"|B,| Vol(M, g) + O(\" 1)

This finishes the proof.

Remark 9.4. Similar argument works to prove the local Weyl’s law, Theorem 8.9 — one

instead considers the traces tr (x(—h*A,)Opn(a)). See [7, Theorem 15.3.] for a detailed
proof.

end of Lecture 13, 29.1.2019.
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